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PREFACE. 


'IHE  present  work  is  a  result  of  the  Author's  experience 
in  teaching  Geometry  to  Junior  Classes  in  the  University 
for  a  series  of  years.  It  is  not  an  edition  of  "  Euclid's 
Elements,"  and  has  in  fact  little  relation  to  that  cele- 
brated ancient  work  except  in  the  subject  matter. 

The  work  differs  also  from  the  majority  of  modern 
treatises  on  Geometry  in  several  respects. 

The  point,  the  line,  and  the  curve  lying  in  a  common 
plane  are  taken  as  the  geometric  elements  of  Plane 
Geometry,  and  any  one  of  these  or  any  combination  of 
them  is  defined  as  a  geometric  plane  figure.  Thus  a 
triangle  is  not  the  three-cornered  portion  of  the  plane 
inclosed  within  its  sides,  but  the  combination  of  the 
three  points  and  three  lines  forming  what  are  usually 
termed  its  vertices  and  its  sides  and  sides  produced. 

This   mode  of   considering   geometric    figures    leads 
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iKiturally  to  the  idea  of  a  figure  as  a  locus,  and  con- 
scciuently  prepares  the  way  (or  the  study  of  Cartesian 
CJeonietry.  It  recjuires,  however,  that  a  careful  distinction 
be  drawn  between  figures  which  are  capable  of  super- 
position and  those  which  are  e(iual  merely  in  area. 
The  i)roperties  of  congruence  and  eciuality  are  accord- 
ingly carefully  distinguished. 

The  principle  of  motion  in  the  transformation  of 
geometric  figures,  as  recommended  by  Dr.  Sylvester, 
and  as  a  consequence  the  principle  of  continuity  are 
freely  employed,  and  an  attempt  is  made  to  generalize 
all  theorems  which  admit  of  generalization. 

An  endeavour  is  made  to  connect  Geometry  with 
Algebraic  forms  and  symbols,  (i)  by  an  elementary 
study  of  the  modes  of  rej^resenting  geometric  ideas  in 
the  symbols  of  Algebra,  and  (2)  by  determining  the 
consequent  geometric  interpretation  which  is  to  be  given 
to  each  interprefable  algebraic  form.  The  use  of  such 
forms  and  symbols  not  only  shortens  the  statements 
of  geometric  relations  but  also  conduces  to  greater 
generality. 

In  dealing  with  proportion  the  method   of  measures 
is  employed  in  preference  to  that  of  muitipks  as  being 
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cciually  accurate,  easier  of  comprehension,  and  more 
in  line  with  elementary  mathematical  study.  In  deahng 
with  ratio  1  have  ventured,  when  comparing  two  finite 
lines,  to  introduce  Hamilton's  word  tensor  as  seemin^r  to 
me  to  express  most  clearly  what  is  meant. 

After  treating  of  proportion  1  have  not  hesitated  to 
<.'mploy  those  special  ratios  known  as  trigonometric  fuhc- 
tions  in  deducing  geometric  relations. 

In  the  earlier  parts  of  the  work  Constructive  Geometry 
is  separated  from  Descriptive  Geometry,  and  short 
descriptions  are  given  of  the  more  important  geometric 
drawing-instruments,  having  special  reference  to  the 
geometric  principles  of  their  actions. 

Parts  IV.  and  V.  contain  a  synthetic  treatment  of  the 
theories  of  the  mean  centre,  of  inverse  figures,  of  pole 
and  polar,  of  harmonic  division,  etc.,  as  applied  to  the 
line  and  circle;   and  it  is  believed  that  a  student  who 
becomes  acquainted  with  these  geometric  extensions  in 
this  their  simpler  form  will  be   greatly  assisted  in  the 
wider  discussion  of  them  in  analytical  conies.     Through- 
out  the  whole  work  modern   terminology  and  modem 
processes  have  been  used  with    the  greatest   freedom, 
regard  being  had  in  all  cases  to  perspicuity. 


V>H  PREFACi:. 

As  is  evident  from  what  lias  been  said,  the  whole 
intention  in  preparing  the  work  has  been  to  furnish  the 
student  with  that  kind  of  geometric  knowledge  which 
may  enable  him  to  take  up  most  successfully  the  modern 
works  on  Analytical  Geometry. 

N.  F.  D 

Queen's  College, 

Kingston,  Canada. 
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PART    I. 


GENERAL   CONSIDERATIONS. 

1°^  A  statement  which  explains  the  sense  in  which  some 
word  or  phrase  is  employed  is  a  definition. 
A  definition  may  select  some  one  meaning  out  of  several 

t^Lti:::r\ ""''  °^  '^  -^^^  ^-^rodut  so" 

tecnnical  term  to  be  used  m  a  particular  sense. 

Some  terms,  such  as  space,  straight,  direction,  etc    which 
express  elementary  ideas  cannot  be  defined. 

m^hem^i^atreS^^  '  ^'^  '^^"^^^  ^^^^^^^  ^'  -- 

A  theorem  may  be  stated  for  the  purpose  of  being  sub- 

equently  proved,  or  it  may  be  deduced  from  some  prev  ous 

course  of  reasoning.  previous 

In  the  former  case  it  is  called  a  Proposition,  that  is  some 

tio^orrrh'' '"'  ""f^  °^<">  '"^  ^'^'--' "'  --^a- 

purpose  o     .!"'"'  '""  ^'^  '"'  ^■■^""^"'  "^  P™"^-    The 
purpose  of  the  argument  is  to  show  that  the  truth  of  the 

Whose  truth  has  already  been  established  or  admitted. 

is  a  theor?m'  ""  °'  '""  "'^  """"""=  '^  ^  ^^  ""-"er" 
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2  SYNTHETIC   GEOMETRY. 

Mathematical  axioms  are  general  or  particular,  that  is, 
they  apply  to  the  whole  science  of  mathematics,  or  have 
special  applications  to  some  department. 
The  principal  general  axioms  are  : — 

i.  The  whole  is  equal  to  the  sum  of  all  its  parts,  and 

therefore  greater  than  any  one  of  its  parts, 
ii.  Things  equal  to  the  same  thing  are  equal  to  one 

another, 
iii.  If  equals  be  added  to  equals  the  sums  are  equal, 
iv.  If  equals  be  taken  from  equals  the  remainders  are 

equal. 
V.  If  equals  be  added  to  or  taken  from  unequals  the 

results  are  unequal, 
vi.  If  unequals  be  taken  from  equals  the  remainders  are 

'    unequal, 
vii.  Equal  multiples  of  equals  are  equal ;  so  also  equal 
submultiples  of  equals  are  equal. 
The  axioms  which  belong  particularly  to  geometry  will 
occur  in  the  sequel. 

4°.  The  statement  of  any  theorem  may  be  put  into  the 
hypothetical  form,  of  which  the  type  is— 

If  A  is  B  then  C  is  D. 
The  first  part  "  if  A  is  B  "  is  called  the  hypothesis,  and  the 
second  part  "  then  C  is  D  "  is  the  conclusioji. 

Ex.  The  theorem  "The  product  of  two  odd  numbers  is 
an  odd  number  "  can  be  arranged  thus  : — 

Hyp.     If  two  numbers  are  each  an  odd  number. 
Concl.  Then  their  product  is  an  odd  number. 

5".  The  statement  "  If  A  is  B  then  C  is  D  "  may  be  im- 
mediately put  into  the  form — 

If  C  is  not  D  then  A  is  not  B, 
which  is  called  the  contrapositive  of  the  former. 

The  truth  of  a  theorem  establishes  the  truth  of  its  contra- 
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positive,  and  vice  versa,  and  hence  if  either  is  proved  the 
other  IS  proved  also.  P^^ovea  tne 

6°.  Two  theorems  are  converse  to  one  another  when  the 
hypothesis  and  conclusion  of  the  one  are  respectively  the 
conclusion  and  hypothesis  of  the  other. 

Ex.  If  an  animal  is  a  horse  it  has  four  legs. 

Converse.  If  an  animal  has  four  legs  it  is  a  horse 

As  IS  readily  seen  from  the  foregoing  example,  the  truth  of 
a  theoreni  does  not  necessarily  establish  the  truth  of  its  con- 
verse, and  hence  a  theorem  and  its  converse  have  in  general 
to  be  proved  separately.  But  on  account  of  the  peculiar 
relation  existing  between  the  two,  a  relation  exists  also 
between  the  modes  of  proof  for  the  two.  These  are  known 
as  the  direct  and  indirect  modes  of  proof  And  if  any 
theorem  which  admits  of  a  converse  can  be  proved  directlv 
Its  converse  can  usually  be  proved  indirectly.  Example's 
will  occur  hereafter.  ^^impies 

f.  Many  geometric  theorems  are  so  connected  with  their 
converses  that  the  truth  of  the  theorems  establishes  that  of 
tne  converses,  and  vice  versa. 

The  necessary  connection  is  expressed  in  the  Rule  of 
Identity,  its  statement  being  :— 

If  there  is  but  one  X  and  one  V,  and  if  it  is  proved 
that  X  IS  y,  then  it  follows  that  Y  is  X. 

Where  X  and  Y  stand  for  phrases  such  as  may  form  the 
hypotheses  or  conclusions  of  theorems,  and  the  « is  "  between 
them  is  to  be  variously  interpreted  as ''equal  to,"  «  corre 
sponds  to,"  etc.  ' 

Ex.  Of  two  sides  of  a  triangle  only  one  can  be  the  greater 
and  of  the  two  angles  opposite  these  sides  only  one  can  be 
the  greater.  Then,  if  it  is  proved  that  the  greater  side  is 
opposite  the  greater  angle  it  follows  that  the  greater  an^le  is 
opposite  the  greater  side.  ^ 
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In  this  example  there  is  but  one  X  (the  greater  side)  and 
one  Y  (the  greater  angle),  and  as  X  is  (corresponds  to  or  is 
opposite)  Y,  therefore  Y  is  (corresponds  to  or  is  opposite)  X. 

8°.  A  Corollary  is  a  theorem  deduced  from  some  other 
theorem,  usually  by  some  qualification  or  restriction,  and 
occasionally  by  some  amplification  of  the  hypothesis.  Or  a 
corollary  may  be  derived  directly  from  an  axiom  or  from  a 
definition. 

As  a  matter  of  course  no  sharp  distinction  can  be  drawn 
between  theorems  and  corollaries. 

Ex.  From  the  theorem,  "  The  product  of  two  odd  numbers 
is  an  odd  number,"  by  making  the  two  numbers  equal  we 
obtain  as  a  corollary,  "  The  square  of  an  odd  number  is  an 
odd  number." 

Exercises. 

State  the  contrapositives  and  the  converses  of  the  follow- 
ing theorems  : — 

1.  The  sum  of  two  odd  numbers  is  an  even  number. 

2.  A  diameter  is  the  longest  chord  in  a  circle. 

3.  Parallel  lines  never  meet. 

4.  Every  point  equidistant  from  the  end-points  of  a  line- 

segment  is  on  the  right  bisector  of  that  segment. 
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THE   LINE  AND   POINT. 

9°.  Space  may  be  defined  to  be  that  which  admits  of 
length  or  distance  in  every  direction;  so  that  length  and 
direction  are  fundamentcil  ideas  in  studying  the  geometric- 
properties  of  space. 
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THE   LINE  AND   POINT.  5 

Every  material  object  exists  in,  and  is  surrounded  by 
space.  The  limit  which  separates  a  material  object  from 
the  space  which  surrounds  it,  or  which  separates  the  space 
occupied  by  the  object  from  the  space  not  occupied  by  it  is 
a  surface.  ^  /    ^;  '^ 

The  surface  of  a  black-board  is  the  limit  which  separates 
the  black-board  from  the  space  lying  without  it.  This  surface 
can  have  no  thickness,  as  in  such  a  case  it  would  include  a 
part  of  the  board  or  of  the  space  without  or  of  both,  and 
would  not  be  the  dividing  limit. 

10°.  A  flat  surface,  as  that  of  a  black-board,  is  a  plane 
surface,  or  a  PLme.  ^ 

Pictures  of  geometric  relations  drawn  on  a  plane  surface 
as  that  of  a  black-board  are  usually  called  Plane  Geometric 
Figures,  because  these  figures  lie  in  or  on  a  plane 

Some  such  figures  are  known  to  every  person  under  such 
names  as  "  triangle,"  "  square,"  «  circle,"  etc. 

11°.  That  part  of  mathematics  which  treats  of  the  properties 
and  relations  of  plane  geometric  figures  is  Plane  Geometry, 
buch  is  the  subject  of  this  work. 

The  plane  upon  which  the  figures  are  supposed  to  lie  will 
be  referred  to  as  the  plane,  and  unless  otherwise  stated  all 
figures  will  be  supposed  to  lie  in  or  on  the  same  plane. 

black-board  it  leaves  a  visible  mark.  This  mark  ha.  breadth 
and  occupies  some  of  the  surface  upon  which  it  is  drawn 
and  by  way  of  distinction  is  called  a  physical  line.  B^ 
continually  diminishing  the  breadth  of  the  physical  line  we 
make  It  approximate  to  the  geometric  line.  Hence  we  may 
consider  the  geometric  line  as  being  the  limit  towards  which 
a  physical  line  approaches  as  its  breadth  is  continually 
diminished.  We  rnay  consequently  consider  a  geomet  c 
hne  as  /.;.,//.  abstracted  from  every  other  consideration 
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6  SYNTHETIC  GEOMETRY. 

This  theoretic  relation  of  a  geometric  line  to  a  physical 
one  is  of  some  importance,  as  whatever  is  true  for  the 
physical  line,  independently  of  its  breadth,  is  true  for  the 
geometric  line.  And  hence  arguments  in  regard  to  geometric 
lines  may  be  replaced  by  arguments  in  regard  to  physical 
lines,  if  from  such  arguments  we  exclude  everything  that 
would  involve  the  idea  of  breadth. 

The  diagrams  employed  to  direct  and  assist  us  in  geo- 
metric investigations  are  formed  of  physical  lines,  but  they 
may  equally  well  be  supposed  to  be  formed  of  threads,  wires 
or  light  rods,  if  we  do  not  involve  in  our  arguments  any  idea 
of  the  breadth  or  thickness  of  the  lines,  threads,  wires  or 
rods  employed. 

In  the  practical  applications  of  Geometry  the  diagrams 
frequently  become  material  or  represent  material  objects. 
Thus  in  Mechanics  we  consider  such  things  as  levers,  wedges, 
wheels,  cords,  etc.,  and  our  diagrams  become  representations 
of  these  things. 

A  pulley  or  wheel  becomes  a  circle,  its  arms  become  radii 
of  the  circle,  and  its  centre  the  centre  of  the  circle  ;  stretched 
cords  become  straight  lines,  etc. 

13°.  The  Point.  A  point  marks  position,  but  has  no  size. 
The  intersection  of  one  line  by  another  gives  a  point,  called 
the  point  of  intersection. 

If  the  lines  are  physical,  the  point  is  physical  and  has  some 
size,  but  when  the  lines  are  geometric  the  point  is  also 
geometric. 

14°.  Straight  Line.  For  want  of  a  better  definition  we 
may  say  that  a  straight  line  is  one  of  which  every  part  has 
the  same  direction.  For  every  part  of  a  line  must  have  some 
direction,  and  when  this  direction  is  common  to  all  the  parts 
of  the  line,  the  line  is  straight. 

The  word  "  direction  "  is  not  in  itself  definable,  and  when 
;\pplied  to  a  line  in  the  absolute  it  is  not  intelligible.    But 
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every  person  knows  what  is  meant  by  such  expressions  as 
"the  same  direction,"  "opposite  direction,"  etc.,  for  these 
express  relations  between  directions,  and  such  relations  are 
as  readily  comprehended  as  relations  between  lengths  or 
other  magnitudes. 

The  most  prominent  property,  and  in  fact  the  distinctive 
property  of  a  straight  line,  is  the  absolute  sameness  which 
characterizes  all  its  parts,  so  that  two  portions  of  the  same 
straight  line  can  differ  from  one  another  in  no  respect  exceot 
m  length.  x-  t- 

/?^/-A  plane  figure  made  up  of  straight  lines  only  is 
called  a  rectilinear  figure. 

15°.  A  Curve  is  a  line  of  which  no  part  is  straight ;  or  a 
curve  IS  a  line  of  which  no  two  adjacent  parts  have^he  same 
direction. 

The  most  common  example  of  a  curve  is  a  circle  or  portion 
of  a  circle. 

Henceforward,  the  word  "line,"  unless  otherwise  qualified 
will  mean  a  straight  line.  ' 

16°.  The  "rule"  or  "straight-edge"  is  a  strip  of  wood 
metal,  or  other  solid  with  one  ^^g^  made  straioht.      Its 
common  use  is  to  guide  the  pen  or  pencil  in  drawing  lines 
in  Practical  Geometry. 

17°.  A  Plane  is  a  surface  such  that  the  line  joining  any  two 
arbitrary  points  in  it  coincides  wholly  with  the  surface. 

The  planarity  of  a  surface  may  be  tested  by  applyin-  the 
rule  to  It.  If  the  rule  touches  the  surface  at  some  points  and 
not  at  others  the  surface  is  not  a  plane.  But  if  the  rule 
touches  the  surface  throughout  its  whole  length,  and  in  every 
position  and  direction  in  which  it  can  be  applied,  the  surface 
IS  a  plane. 

The  most  accurately  plane  artificial   surface    known    is 
probably   that   of  a  well-formed   plane  mirror.     Examina- 
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tion  of  the  images  of  objects  as  seen  in  such  mirrors  is 
capable  of  detecting  variations  from  the  plane,  so  minute  as 
to  escape  all  other  tests. 

1 8°.  A  surface  which  is  not  plane,  and  which  is  not  com- 
posed of  planes,  is  a  curved  surface.  Such  is  the  surface  of 
a  sphere,  or  cylinder. 

19°.  The  point,  the  line,  the  curve,  the  plane  and  the 
curved  surface  are  the  elements  which  go  to  make  up  geo- 
metric  figures. 

Where  a  single  plane  is  the  only  surface  concerned,  the 
pomt  and  line  lie  in  it  and  form  a  plane  figure.  But  where 
more  than  one  plane  is  concerned,  or  where  a  curved  surface 
is  concerned,  the  figure  occupies  space,  as  a  cube  or  a  sphere, 
and  is  called  a  spa^m/  figure  or  a  so/i'd. 

The  study  of  spatial  figures  constitutes  Solid  Geometry,  or 
the  Geometry  of  Space,  as  distinguished  from  Plane  Geometry. 

20°.  Given  Point  and  Line.  A  point  or  line  is  said  to  be 
given  when  we  are  made  to  know  enough  about  it  to  enable 
us  to  distinguish  it  from  every  other  point  or  line ;  and  the 
data  which  give  a  point  or  line  are  commonly  said  to 
determine  it. 

A  similar  nomenclature  applies  to  other  geometric  ele- 
ments. 

The  statement  that  a  point  or  line  lies  in  a  plane  does  not 
give  It,  but  a  point  or  line  placed  in  the  plane  for  future 
reference  is  considered  as  being  given.  Such  a  point  is 
usually  called  an  origin,  and  such  a  line  a  datum  line,  an 
initial  line,  a  prime  vector,  etc. 

21°.  Def.  I.— A  line  considered  merely  as  a  geometric 
element,  and  without  any  limitations,  is  an  indefinite  line. 

2.— A  limited  portion  of  a  line,  especially  when  any  refer- 
ence is  had  to  its  length,  is  2.  finite  line,  or  a  line-segment,  or 
simply  a  segment. 
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That  absolute  sameness  (14°)  which   characterizes  every 
part  of  a  line  leads  directly  to  the  following  conclusions  :— 
(i)  No  distinction  can  be  made  between  any  two  segments 

of  the  same  hue  equal  in  length,  except  that  of  position 

in  the  line. 

(2)  A  line  cannot  return  into,  or  cross  itself. 

(3)  A  line  is  not  necessarily  limited  in  length,  and  hence, 

in  imagination,  we  may  follow  a  line  as  far  as  we 
please  without  coming  to  any  necessary  termination. 

This  property  is  conveniently  expressed  by  saying 
that  a  line  extends  to  hijinity. 
3.— The  hypothetical  end-points  of  any  indefinite  line  are 
said  to  be  points  at  infinity.      All  other  points  are  finite 
points. 
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22°.  Notation.  A  point  is  denoted  by  a  single  letter  where- 
ever  practicable,  as  "  the  point  A." 

An  indefinite  line  is  also  denoted  by  a  single  letter  as  "the 
line  L,"  but  in  this  case  the  letter  l 

has  no  reference  to  any  point.  a  b — ' 

A  segment  is  denoted  by  naming  its  end  points,  as  the 
"segment  AB,"  where  A  and  B  are  the  end  points.  This  is 
a  biliteral^  or  two-letter  notation. 

A  segment  is  also  denoted  by  a  single  letter,  when  the 
limits  of  its  length  are  supposed  to  be  known,  as  the  "  seg- 
ment rt."     This  is  a  uniliteral,  or  one-letter  notation. 

The  term  "segment"  involves  the  notion  of  some  finite 
length.  When  length  is  not  under  consideration,  the  term 
"line"  is  preferred. 

Thus  the  "line  AB  "  is  the  indefinite  line  having  A  and  B 
as  two  points  upon  it.  But  the  "segment  AB"  is  that  portion 
of  the  line  which  lies  between  A  and  B. 

23°.  In  dealing  with  a  line-segment,  we  frequently  have  to 
consider  other  portions  of  the  indefinite  line  of  which  the 
segment  is  a  part. 
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As  an  example,  let  it  be  required  to  divide  the  segment  AB 

—^ ^— I ^^ into  two  parts  whereof  one  shall 

be  twice  as  long  as  the  other. 
I  o  do  this  we  put  C  in  such  a  position  that  it  may  be  twice  as 
far  from  one  of  the  end-points  of  the  se-ment,  A  sav,  as  it  is 
from  the  other,  li.  But  on  the  indefinite  line  through  A  and 
B  we  may  place  C  so  as  to  be  twice  as  far  from  A  as  from  B. 
So  that  we  have  two  points,  C  and  C,  both  satisfying  the 
condition  of  being  twice  as  for  from  A  as  from  B. 

Evidently,  the  point  C  doe^  not  divide  the  segment  AB  in 
the  sense  commonly  attached  to  the  word  ^/v^Wc.  But  on 
account  of  the  similar  lelat'ons  held  by  C  and  C  to  the  end- 
points  of  the  segment,  it  is  convenient  and  advantageous  to 
consider  both  points  as  dividing  the  segment  AB. 

When  thus  considered,  C  is  said  to  divide  the  segment 
tntcrnally  and  C  to  divide  it  externally  in  the  same  manner. 

24°.  ^;i-/<7;;/.— Through  a  given  point  only  one  line  can 
pass  in  a  given  direction. 

Let  A  be  the  given  point,  and  let  the  segment  AP  mark 

A %    ^"^^  S'ven  direction.     Then,  of  all  the  lines 

that  can  pass  through  the  point  A,  only  one 
can  have  the  direction  AP,  and  this  one  must  lie  along  and 
coincide  with  AP  so  as  to  form  with  it  virtually  but  one  line. 

Cor.  I.  A  finite  point  and  a  direction  determine  one 
line. 

Cor.  2.  Two  given  finite  points  determine  one  line.  For,  if 
A  and  P  be  the  points,  the  direction  AP  is  given,  and  hence 
the  line  through  A  and  having  the  direction  AP  is  given. 

Cor.  1  Two  lir.es  by  their  intersection  determine  one  finite 
point,  ror,  if  they  determined  two,  they  would  each  pass 
through  the  same  two  points,  which,  from  Cor.  2,  is  impossible. 

Cor.  4.  Another  statement  of  Cor.  2  is— Two  lines  which 
have  two  points  in  common  coincide  and  form  virtually  but 
one  line. 
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25'.  Axiom,~k  straight  line  is  the  shortest  distance  be- 
tween two  given  points. 

Altlioucrh  it  is  possible  to  give  a  reasonable  proof  of  this 
axiom,  no  amount  of  proof  could  make  its  truth  more 
apparent. 

The  following  will  illustrate  the  axiom.  Assume  any  two 
pomts  on  a  thread  taken  as  a  physical  line.  By  separating 
these  as  far  as  possible,  the  thread  takes  the  form  which  we 
call  straight,  or  tends  to  take  that  form.  Therefore  a  straight 
finite  hne  has  its  end-points  further  apart  than  a  curved  line 
of  equal  length.  Or,  a  less  length  of  line  will  reach  from  one 
given  point  to  another  when  the  line  is  straight  than  when  it 
is  curved. 

A/— The  distance  between  two  points  is  the  length  of  the 
segment  which  connects  them  or  has  them  as  end-points. 

26°.  Superposition.-Comparison  of  Figures. -We  assume 
that  space  is  homogeneous,  or  that  all  its  parts  are  alike,  so 
that  the  properties  of  a  geometric  figure  are  independent  of  its 
position  in  space.  And  hence  we  assume  that  a  figure  may 
be  supposed  to  be  moved  from  place  to  place,  and  to  be  turned 
around  or  over  in  any  way  without  undergoing  anv  change 
whatever  in  its  form  or  properties,  or  in  the  relations  existing 
between  its  several  parts. 

The  imaginary  placing  of  one  figure  upon  another  so 
as  to  compare  the  two  is  called  superpositiotu  By  superposi- 
tion we  are  enabled  to  compare  figures  as  to  their  equality  or 
inequality.  If  one  figure  can  be  superimposed  upon  another 
so  as  to  coincide  with  the  latter  in  every  part,  the  two  figures 
are  necessarily  and  identically  equal,  and  become  virt'Iially 
one  figure  by  the  superposition. 

2f.  Two  line-segments  can  be  compared  with  respect  to 
length  only.  Hence  a  line  is  called  a  magnitude  of  one 
dimension. 

Two  segments  are  ^$r«rt/ when  the  end-points  of  one  can  be 
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made  to  coincide  with  the  end-points  of  the  other  by  super- 
position. 

28°.  Z>^— The  sum  of  two  segments  is  that  segment  which 
is  equal  to  the  two  when  placed  in  line  with  one  end-point  in 
each  coincident. 

Let  AB  and  DE  be  two  segments,  and  on  the  line  of  which 

9^ f  AB  is  a  segment  let   BC   be  equal  to 

_^ ^ ^   DE.      Then    AC    is    the   sum    of   AB 

A  B  c  and  DE. 

This  is  expressed  symbolically  by  writing 

AC=AB-f-DE, 
where  =  denotes  equality  in  length,  and  -I-  denotes  the 
placing  of  the  segments  AB  and  DE  in  line  so  as  to  have  one 
common  point  as  an  end-point  for  each.  The  interpretation 
of  the  whole  is,  that  AC  is  equal  m  length  to  AB  and  DE 
together. 

29°.  Z><^— The  difference  between  two  segments  is  the 
segment  which  remains  when,  from  the  longer  of  the  segments, 
a  part  is  taken  away  equal  in  length  to  the  shorter. 

Thus,  if  AC  and  DE  be  two  segments  of  which  AC  is  the 
longer,  and  if  BC  is  equal  to  DE,  then  AB  is  the  difference 
between  AC  and  DE. 

This  is  expressed  symbolically  by  writing 

AB=AC-DE, 

which  is  interpreted  as  meaning  that  the  segment  AB  is 
shorter  than  AC  by  the  segment  DE. 

Now  this  is  equivalent  to  saying  that  AC  is  longer  than 
AB  by  the  segment  DE,  or  that  AC  is  equal  to  the  sum  of 
AB  and  DE. 

Hence  when  we  have    AB=AC-  DE 
we  can  write  AC  =  AB  -i-  DE. 

We  thus  see  that  in  using  these  algebraic  symbols,  ==,-!-, 
and  -,  a  term,  as  DE,  may  be  transferred  from  one  side  of 
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the  equation  to  another  by  changing  its  sign  from  +  to  -  or 
vice  versa. 

Owing  to  the  readiness  with  which  these  symbolic  expres- 
sions can  b«.'  manipulated,  they  seem  to  represent  simple  alge- 
braic relations,  hence  beginners  are  apt  to  think  that  the  work- 
ing rules  of  algebra  must  apply  to  them  as  a  matter  of 
necessity.  It  must  be  remembered,  however,  that  the  formal 
rules  of  algebra  are  founded  upon  the  properties  of  numbers, 
and  that  we  should  not  assume,  without  examination,  that 
these  rules  apply  without  modification  to  that  which  is  not 
number. 

This  subject  will  be  discussed  in  Part  II. 

30°.  Z>^.— That  point,  in  a  line-segment,  which  is  equi- 
distant from  the  end-points  is  the  middle  point  ^^f  the  segment. 

It  is  also  called  the  internal  point  of  bisection  of  the  seg- 
ment, or,  when  spoken  of  alone,  simply  ihepoijit  0/ bisection. 


Exercises. 


I. 


2. 


If  two  segments  be  in  line  and  have  one  common  end- 
point,  by  what  name  will  you  call  the  distance  between 
their  other  end-points  } 

Obtain  any  relation  between  "  the  sum  and  the  differ- 
ence "  of  two  segments  and  "the  relative  directions  "of 
the  two  segments,  they  being  in  line. 

3.  A  given  line-segment  has  but  one  middle  point. 

4.  In  Art.  23°,  if  C  becomes  the  middle  point  of  AB,  what 

becomes  of  C 1 

5.  In  Art.  30°  the  internal  point  of  bisection  is  spoken  of. 

What  meaning  can  you  give  to  the  "external  point  of 
bisection  "  } 
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SECTION   II. 

RELATIONS  OF  TWO  LINES.— ANGLES. 

31°.  When  two  lines  have  not  the  same  direction  they  are 
said  to  make  an  a»or/e  with  one  another,  and  an  aug/e  is  a 

c   difference  in  direction. 

Illiistration.—  'L^X.  A  and  B 

represent  two  stars,  and  E  the 

A'        »A  position  of  an  observer's  eye. 

Since  the  lines  EA  and  EB,  which  join  the  eye  and  the 

stars,  have  not  the  same  direction  they  make  an  angle  with 

one  another  at  E. 

I.  If  the  stars  appear  to  recede  from  one  another,  the  angle 
at  E  becomes  greater.  Thus,  if  B  moves  into  the  position  of 
C,  the  angle  between  EA  and  EC  is  greater  than  the  angle 
between  EA  and  EB. 

Smiilarly,  if  the  stars  appear  to  approach  one  another,  the 
angle  at  E  becomes  smaller;  and  if  the  stars  become  coinci- 
dent, or  situated  in  the  same  line  through  E,  the  angle  at  E 
vanishes. 

Hence  an  angle  is  capable  of  continuous  increase  or 
dmimution,  and  is  therefore  a  magnitude.  And,  being 
magnitudes,  angles  are  capable  of  being  compared  with  one 
another  as  to  greatness,  and  hence,  of  being  measured. 

2.  If  B  is  moved  to  B',  any  point  on  EB,  and  A  to  A',  any 
point  on  EA,  the  angle  at  E  is  not  changed.  Hence  increas- 
ing or  diminishing  one  or  both  of  the  segments  which  form 
an  angle  does  not  affect  the  magnitude  of  the  angle. 

Hence,  also,  there  is  no  community  in  kind  between  an 
angle  and  a  line-segment  or  a  line. 

Hence,  also,  an  angle  cannot  be  measured  bv  means  of 
line-segments  or  lines. 
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32°.  Def.—k  line  which  changes  its  direction  in  a  plane 
while  passing  through  a  fixed  point  in  the  plane  is  said  to 
rotate  about  the  point. 

The  point  about  which  the  rotation  takes  place  is  the  polc^ 
and  any  segment  of  the  rotating  line,  having  the  pole  as  an 
end-point,  is  a  radius  vector. 

Let  an  inextensible  thread  fixed  at  O  ^p  ' 

be  kept  stretched  by  a  pencil  at  P. 
Then,  when  P  moves,  keeping  the 
thread  straight,  OP  becomes  a  radius 
vector  rotating  about  the  pole  O. 

When  the  vector  rotates  from  direction  OP  to  direction 
OP'  it  describes  the  angle  between  OP  and  OP'.  Hence  we 
have  the  following  : — 

Def.  I.  — The  ajif^le  between  two  lines  is  the  rotation  neces- 
sary to  bring  one  of  the  lines  into  the  direction  of  the  other. 

The  word  "rotation,"  as  employed  in  this  definition,  means 
the  amount  of  turning  effected,  and  not  the  process  jf  turning. 

Def  2.— For  convenience  the  lines  OP  and  OP',  which,  by 
their  difference  in  direction  form  the  angle,  are  called  the 
arms  of  the  angle,  and  the  point  O  where  the  arms  meet  is 
the  vertex. 

Cor.  From  31°,  2,  an  angle  does  not  in  any  way  depend 
upon  the  lengths  of  its  arms,  but  only  upon  their  relative 
directions. 
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33°.  Notation  of  Angles.— \.  The  symbol  l  is  used  for  the 
word  "angle." 

2.  When  two  segments  meet  at  a  vertex  the  angle  between 
them  may  be  denoted  by  a  single  letter  ^--^^ 

placed  at  the  vertex,  as  the  ^O  ,  or  by 
a  letter  with  or  without  an  arch  of  dots,  ° 
as  ^ ;  or  by  three  letters  of  which  the 
extreme  ones  denote  points  upon  the  arms  of  the  angle  and 
the  middle  one  denotes  the  vertex,  as  ^OB. 
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3.  The  angle  between  two  lines,  when  the  vertex  is  not 
pictured,  or  not  referred  to,  is  expressed  by  z.(L.  M),  or  LM 
(t>    o^ln  PT:''  """  ^"  ^^^  one-letter\o:^i!!; 
t  Id^^^^-'-'  ^^  -'  ^^  ^--  ^^e  lines  in 

r>cA~Two  angles  are  equal  when  the  arms  of  the  one 
o  may  be  made  to  coincide  in  direction  respec- 

tively with  the  arms  of  the  other ;  or  when 
the  angles  are  described  by  the  same  rotation. 
Thus,  If,  when  a  is  placed  upon  O,  and 
O  A  is  made  to  lie  along  OA,  O'B'  can  also 
B'  be  made  to  lie  along  OB,  the  ^A'O  B'  is  equal 
to  lAOB.    This  equality  is  symbolized  thus  • 
^A'0'B'=zj\OB. 
-A'       Where  the  sign  =  is  to  be  interpreted  as 
indicating  the  possibility  of  coincidence  by  superposition 

Jl'  ^-''"u  """"^  J^^ffercnce  of  An^/es.~The  sum  of  two 
angles  IS  the  angle  described  by  a  radius  vector  whilh 
describes  the  two  angles,  or  their  equals,  in  succession. 

P '  Thus  if  a  radius  vector  starts  from  co- 

incidence   with    OA    and    rotates    into 
direction   OP   it  describes    the    ^AOP. 
_  If  It  next  rotates  into  direction  OP'  it 
A  describes  the  /.POP'     Rnf  in  ;f.     u  i 
rotation  it  has  described  the  /.AOpt    Th;refore 

^A0P'=aA0P  +  ^P0P' 
Similarly,  z.AOP=^AOP'-^POP'. 

.   ^'^/-When  two  angles,  as  AOP  and  POP'  have  one  arm 

xr::if  '^"^^" ''-  '--'^-^  - '  *«  -^•-™ 

36".  De/.-A  radius  vector  which  starts  from  any  given 
d,rect,on  and  makes  a  complete  rotation  so  as  to  return  f^fts 
or,g,nal  d.rect.on  describes  a  »numa«^;e,  or perigon 


I  '  1  : 
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One-half  of  a  circumangle  is  a  straight  angle   and  one 
fourth  of  a  circumangle  is  a  right  angle. 

.1,^^°"  ^'^'f'f^t"^^ ''"^  ""'^^^'  °^  ^^"es  meet  in  a  point 

OrOB  OC      tr"  r"^^^^^  '°^"^^'  ^^  ^  circumanX' 
UA,  UB,  OC, ...,  OF  are  hnes  meetino- 

in  O.    Then  ^ 

^0B+z.B0C  +  lC0D  +  ...+^F0A 

=  a  circumangle.  D. 

Proo/.~K  radius  vector  which  starts 
from  comcidence  with  OA  and  rotates  into 
the  successive   directions,  OB,  OC 

E0F?F0a!'"''''  "  '"'''''^°''  '^^  ^'"^les  AOB,  BOC,""..., 
But  in  its  complete  rotation  it  describes  a  circumangle  (36°) 

••  ^OB  +  z.BOC+...+^FOA=a  circumangle      l.i* 

Lor.  The  result  may  be  thus  stated  •— 

The  sum  of  all  the  adjacent  angles  about  a  point  in 
the  plane  IS  a  circumangle. 

side'lVrtr'T"'!;'  '""  °'  '"  ^'^  ^'J'^^^"^  ^"gl^^  on  one 
side  of  a  Ime,  and  about  a  point  in  the 

line  IS  a  straight  angle. 
O  is  a  point  in  the  line  AB  ;  then 

^OC  +  ^COB=:a  Straight  angle,     b 
^   Proo/.~Le\i  A  and  B  be  any  two  points 
m  the  Ime,  and  let  the  figure  formed  by  \c- 

nl^A  ^^  t^  '^''^^^"^  "^^"^  ^B  ^v'thout  displacing  the 

Then  (24  ,  Cor.  2)  O  ,s  not  displaced  by  the  revolution, 
Z-AOC=^AOC',  and  ^BOC  =  ^BOC'- 
•••  ^OC-f-^BOC=^AOC'+/.BOC'    ' 

therefore  the  sum  of  each  pair  is  a  straight  angle  (36°).   .la 
is  a  ::;4i!S''  '''"'"  ^'^  '^'""^  '"^^^'^"^  °^  ^  ^- 
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-  Cor.  2.  If  a  radius  vector  be  rotated  until  its  direction  is 
reversed  it  describes  a  straight  angle.  And  conversely,  if  a 
radius  vector  describes  a  straight  angle  its  original  direction 
is  reversed. 

Thus,  if  OA  rotates  through  a  straight  angle  it  comes  into 
the  direction  OB.  And  conversely,  if  it  rotates  from  direction 
OA  to  direction  OB  it  describes  a  straight  angle. 

39°  When  two  lines  L  and  M  cut  one 
another  four  angles  are  formed  about  the 
point  of  intersection,  any  one  of  which 
may  be  taken  to  be  the  angle  between 
the  lines. 

These  four  angles  consist  of  two  pairs  of  opposif^  or 
v,rrica/  angles,  viz.,  A,  A',  and  B,  B',  A  being  opposite  A', 
and  B  being  opposite  B'. 

40°.  77/^^7;-^;;/. -The  opposite  angles  of  a  pair  formed  by 
two  intersecting  lines  are  equal  to  one  another. 

Proof.—  ^A  +  ^B  =  a  straight  angle  (38°) 

^A'+^B  =  a  straight  angle.  ('■^8°') 

^A=z.A',  ^      ^ 

q.e.ct. 

Def.  I.— Two  angles  which  together  make  up  a  straio-ht 
angle  are  supplementary  to  one  another,  and  one  is  called  the 
supplement  of  the  other.     Thus,  A  is  the  supplement  of  B' 
and  B  of  A'. 

Cor.  If  £A  =  .LB,  then  ^A'=^B=^B',  and  all  four  angles 
are  equal,  and  each  is  a  right  angle  (36°). 
^    Therefore,  if  two  adjacent  angles  formed  by  two  intersect- 
ing lines  are  equal  to  each  other,  all  four  of  the  angles  so 
formed  are  equal  to  one  another,  and  each  is  a  right  angle. 

Def.  2.-When  two  intersecting  lines  form  a  right  angle  at 
their  point  of  intersection,  they  are  said  to  be  perpendicular 
to  one  another,  and  each  \s  perpendicular  to  the  other 
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RELATIONS  OF  TWO  LINES.-ANGLES.         ,9 
Perpendicularity  is  denoted  by  the  symbol    1    »„  1, 
•■perpe,vdicular  to"  or  "is  perpendicular"  ■"   ^'    °  "'  "^^ 

A  nght  angle  is  denoted  by  the  symbol  1 
Jhe  symboU  also  denotes  two  right  angles  or  a  straight 

^^;/.//.,«.;,/ of  the  other  '  ^""^  ^^'^  ^^  ^^^ 

.:ni"o:f:n-Si\£-;:t/4-^^^^^^^ 

rTgltan^:  '  ^"^  "^  °^  "^^^  ''^  »  ^^^"-r  a,"  ^o^ 

Def.  4. — An  aaite  an^rle  is  l^cc  fT,o«        •  i 
^^/«..  angle  is  gre.ter  thnn         V  "^^'  ^"^'^'  ^"^  ^^ 

:     right  angles      ^  '"  "  '^^^'  ""^^^'  ^"^  ^^^^  than  two 

41°.  From  (36°)  we  have 

I  circumangle  =  2  straight  angles 
=4  right  angles. 

i  ro1Z;i:*ni.~^^''^  ''  "^^^  ^«  -P--"  'n 

by  2.  ^      '^"t.ies,  and  a  straight  angle 

Angles  less  than  a  right  ande  mav  T.a  « 
;^.,y^at  ieast,  by  .fctionsf  ^^^tir S-Ttt 

eiTp^ '^ier^eg^'-^^:?,^',:-' ^  !^  f '"^^  ■■""'  '° 
equal  parts  called  minuTes  .'  and  each        "  ''  '^'°  ^ 

parts  called  seconds.  '  *  """"'"  '"'°  ^o  equal   , 

Thus  an  angle  which  is  one-seventh  of  a   -V- 
conta.ns  fifty-one  degrees  twenty  fi, «  "-"-cumangle 

'  c^rees,  twenty-five  mmutes,  and  forty-two 
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seconds  and  six-sevenths  of  a  second.     This  is  denoted  as 

follows  : —  ri°  'yr'   A^r," 


51     25'  42? 


B 


42  .   r//^^rm.-Through  a  given  point  in  a  line  only  one 
perpendicular  can  be  drawn  to  the  line. 

The  line  OC  is  ±  AB,  and  OD  is  any 
other  line  through  O. 
Then  OD  is  notX  AB. 
Proo/.~-The  angles   BOC   and  COA 
are  each  right  angles  (40°,  Def  2). 
rhei-efore  BOD  is  not  a  right  angle,  and  OD  is  not  ±  AB. 
But  OD  is  any  line  other  than  OC. 

Therefore  OC  is  the  only  perpendicular.  g,,a: 

/;^_The  perpendicular  to  a  line-segment  through  its 
middle  point  is  the  r/o-/a  bisector  of  the  segment. 

Since  A  segment  has  but  one  middle  point  (30°,  Ex.  3)  and 
since  but  one  perpendicular  can  be  drawn  to  the  segment 
through  that  point, 

.-.     a  Imc-scc^ment  has  but  one  right  bisector. 

43°.  Def.-ThQ  lines  which  pass  through  the  vertex  of  an 
angle  and  make  equal  angles  with  the  arms,  are  the  bisectors 
of  the  angle.  The  one  which  lies  within  the  angle  is  the 
tnfernni  bisector,  and  the  one  lying  without  is  the  external 

bisector. 

Let  AOC  be  a  given  angle ;  and 
E     let  EOF  be  so  drawn  that  Z.AOE 
=  ^EOC. 

EF  is  the  internal  bisector  of  the 
angle  AOC. 
Also,  let  GOH  be  so  drawn  that 
°  Z.COG  =  ^HOA. 

HG  is  the  external  bisector  of  the  angle  AOC. 

^COG=^HOA 
and  ^HOA=^GOB, 

-COG=^GOB; 


(hyp.) 
(40°) 


is  denoted  as 


RELATIONS  OF  TWO   LINES.—ANGLES.         21 

and  the  external  bisector  of  AOC  is  the  internal  bisector  of 
Its  supplementary  angle,  COB,  and  vice  versa 

The  reason  for  calling  GH  a  bisector  of  the  angle  AOC  is 
given  m  the  definition,  viz.,  GH  makes  equal  angles  with  the 
arm.     Also,  OA  and  OC  are  only  parts'of  indefinite  lint 
as  the  "oB      "^''•^^^''°"  "^^^  ^e  taken  as  the  ^OC  o; 

totfi°'-i"l^'  ^"  '^°  ^^  ^°""^  '^°  P°^"*^  ^hich  are  said 
o  d  vide  the  segment  in  the  same  manner,  so  we  may  find 
two  hnes  dividing  a  given  angle  in  the  same  manner,  one 
dmdmg  It  internally,  and  the  other  externally 

FOr'U^  ^^  '^^l  ^'^^''  '^^'  '^"  ^^OE  is  double  the 

ifdou'birtT:  Igoc!"  "^^^  ^'°  '^  ^^^^^  -  ^^-  ^^^  ^^^ 

This  double  relation  in  the  division  of  a  segment  or  an 
angle  is  of  the  highest  importance  in  Geometry. 

EF  and  GH  are  bisectors  of  the  ^AOC  • 
then  EF  is  J.  GH.  ' 

Jr^'~    ^^^C=^^OC,     V   OE  is  a  bisector, 
and  ^C0G=i^C0B,     v   OG  is  a  bisector  • 

adding,         ^E0G  =  *^0B.  bisector, 

But  ^^^^i:^^f-J^ht  angle,  (33=,  Cor.  .) 

^EOG  is  a  right  angle.  ^^^o^ 


r. 


Exercises. 
Three  lines  pass  through  a  common  point  and  divide  the 

plane  mto  6  equal  angles.    Express  the  value  of  each 

angle  ,„  nght  angles,  and  in  degrees. 
OA  and  OB  make  an  angle  of  30°,  how  many  degrees  are 

there  m  the  antrle  made  hv  o  1      j   1  )•  ""^Jj^es  are 

of  the  angle  KolT         '  """ ''''™"'  '^'^^"°'- 


if 
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3.  What  is  the  supplement  of  13°  2/  42"?  What  is  its 
complement  ? 

4-  Two  lines  make  an  angle  a  with  one  another,  and  the 
bisectors  of  the  angle  are  drawn,  and  again  the  bisectors 
of  the  angle  between  these  bisectors.  What  are  the 
angles  between  these  latter  lines  and  the  original  ones  ? 

5.  The  lines  L,  M  inteisect  at  O,  and  through  0,  L'  and  M' 
are  drawn  J.  respectively  to  L  and  M.  The  angle  be- 
tween L'  and  M'  is  equal  to  that  between  L  and  M. 


!! 


,  SECTION   III. 

THREE   OR  MORE   POINTS  AND  LINES. 
THE   TRIANGLE. 

46°.   77/^^;r;«.— Three  points  determine  at  most  three  lines ; 
and  three  lines  determine  at  most  three  points. 

Proof  I.— Since  (24°,  Cor.  2)  two  points  determine  one 
line,  three  points  determine  as  many  lines 
•^as  we  can  form  groups  from  three  points 
^i_         taken  two  and  two. 

Let  A,  B,   C  be  the  points  ;   the  groups 
are  AB,  BC,  and  CA. 
Therefore  three  points  determine  at  most  three  lines. 

2.— Since  (24°,  Cor.  3)  two  lines  determine  one  point,  three 
lines  determine  as  many  points  as  we  can  form  groups  from 
three  lines  taken  two  and  two. 

But  if  L,  M,  N  be  the  lines  the  groups  are  LM,  MN,  and 
NL. 

Therefore  three  lines  determine  by  their  intersections  at 
most  three  points. 


What  is  its 
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47°.  T/u'on',u.-Four  points  determine  at  most  six  lines  •  and 
four  Imes  determine  at  most  six  points.  "  * 

y'roo/-.i.  Let  A,  13,  C,  D  be  the  four 
pomts.     The  groups  of  two  are  AB    AC 
AD,  BCBD,  and  CD;  or  six  in  all.  '        ' 

Therefore   six   lines   at  most  are  deter- 
mmed. 

2.  Let  L,  M,  N,  K  be  the  lines.     The 
groups  of  two  that  can  be  made  are  KL 

KM,KN,LM,LN,andMN;orsixinall' 

Therefore  six  points  of  intersection  at  - 
most  are  determined.  ^ 

Cor.  In  the  first  case  the  six  lines  determined  mss  bv 
threes  through  the  four  points.  And  in  the  second  ca"e  the 
S.X  po,nts  determined  lie  by  threes  upon  the  four  lines 

hi^er^Vomr  "'  1  '"'"'^  "  ^"'^  ^"^^^^'^^  -^  in  the 
ni^ner  Geometry  is  of  special  importance. 

Ex    Show  that  5  points  determine  at  most  10  lines  and  c 
nes  determme  at  most  10  points.     And  that  in  th    first  case 

hi  pltsTb  ^'^"'^  '^^■°"^^'  ^^^^  p°'"^  ■'  -^  "-hel  t^ 

me  pomts  lie  by  fours  on  each  line. 

nnfl^^~'^/''''^''^'^'  ''  ^^'^  ^-"'■^  ^^'•"^ed  by  three  lines 

mined  linr^"^'  ''''''''  °^  ''  ^'^^^  ^^^"^^  -^  ^^^  ^eT- 

The  points  are  the  vcr/ices  of  the  triangle,  and  the  line 

segments  which  have  the  points  as  end-poinl  ^re  ^e  .!  jr 

SDoken  'T''"'"?  ^°r'°"'  °^  '^'  determined  lines  are  usually 

ge  mn;/  ".^'^    ^'^^^  P-^"-^-"    But  in  many  cases 
geneiality  requires  us  to  extend  the  term 

side  "  to  the  whole  line.  \/f 

Thus,  the   points  A,  B,  C  are   the  ^ 

vertices  of  the  triangle  ABC. 
The  segments  AB,  BC,  CA  are  the  ^ 

sides.     The  portions  AE.  BF,  CD  etc 

extending  outwards  as  far  as  requi'red,  ;re  the  sides  produced. 
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The  trian^'Ie  is  distinctive  in  bein-  the  rectilinear  figure  for 
which  a  given  number  of  lines  determines  the  same  number 
of  pomts,  or  v/ce  versa. 

Hence  when  the  three  points,  forming  the  vertices,  are 
given,  or  when  the  three  lines  or  line-segments  forming  the 

sides  are  given,  the  triangle  is  com- 
pletely given. 

This  is  not  the  case  with  a  rectilinear 
figure  having  any  number  of  vertices 
other  than  three. 

If  the  vertices  be  four  in  number, 
with  the  restriction  that  each  vertex  is 
determined  by  the  intersection  of  two 
sides,  any  one  of  the  figures  in  the 
margin  will  satisfy  the  conditions. 
Hence  the  giving  of  the  four  vertices  of  such  a  figure  is 
not  sufficient  to  completely  determine  the  figure. 

49°.  I),/.-i.  The  angles  ABC,  BCA,  CAB  are  the  m- 
ternal  angles  of  the  triangle,  or  simply  the  angles  of  the 
triangle. 

2.  The  angle  DCB,  and  others  of  like  kind,  are  external 
angles  of  the  triangle. 

3-  In  relation  to  the  external  angle  DCB,  the  angle  BCA 
IS  the  adjacent  internal  angle,  while  the  angles  CAB  and 
ABC  are  opposite  internal  angles. 

4.  Any  side  of  a  triangle  may  be  taken  as  its  base,  and  then 
the  angles  at  the  extremities  of  the  base  are  its  basal  angles, 
and  the  angle  opposite  the  base  is  the  vertical  angle.  The 
vertex  of  the  vertical  angle  is  the  vertex  of  the  triangle 
when  spoken  of  in  relation  to  the  base. 

50°.  Notatio7i.~T\iQ  symbol  A  is  commonly  used  for  the 
word  triangle.  In  certain  cases,  which  are  always  readily 
apprehended,  it  denotes  the  area  of  the  triancrle 


ire  external 
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The  angles  of  the  triangle  are  denoted  usually  by  the 
capual  letters  A  H,  C,  and  the  sides  opposite  by  the  cor- 
responding small  letters  a,  b,  c.  ^ 

.^'V^;^-^^''^^"  t^^«  fipr^i-es  compared  by  superposition 
co.nc.de  m  all  their  parts  and  become  virtual^^x-t'one  figure 
they  are  said  to  be  conoruc/U.  ^ 

Congruent  figures  are  distinguishable  from  one  another 
o..ly  by  their  position  in  space  and  are  said  to  be  identically 

Congruence  is  denoted  by  the  algebraic  symbol  of  identity 
=  ;  and  this  symbol  placed  between  two  figures  capable  of 
congruence  denotes  that  the  figures  are  congruent     ' 

way  "th '7';  '''  '""f ''  ^'"^^  °^  ^°-P---  -  two 
ways.  The  first  is  as  to  their  capability  of  perfect  coinci- 
dence ;  when  this  is  satisfied  the  figures  are  congruent.  The 
s  cond  IS  as  to  the  magnitude  or  extent  of  the  portions  of  The 
plane  enclosed  by  the  figures.  Equality  in  this  respect  is 
expressed  by  saying  that  the  figures  are  eguaL  ^ 

cas?withT!fe'"'  '"'  «f--P-ison  is  possible,  as  is  the 
case  with  hne-segments  and  angles,  the  word  ajuai  is  used. 

CONGRUENCE   AMONGST   TRIANGLES. 

sidf  an?r;:7TT  'T^'^'  -^^^  -"^^"-^  when  two 
sides  and  the  included  angle  in  the  one  are  respectively  equal 
to  two  sides  and  the  included  angle  in  the  other  ^ 

IfAB=A'B'|  the  triangles  ^b  ^b' 

BC=B'C'|  are    congru- 
and   z.B=^B'J  ent. 

Proof.— V\3.ce  AABC  on  A  c      a^  -^^ 

AA'B'C'  so  that  B  coincides  with  B',  and  BA  lies  alon-  B'A' 

^B=z.B',  BC  lies  along  B'C',  "  /,,o: 

andv  AB  =  A'B'andBC  =  B'C';  ^^^  ^ 

A  coincides  with  A' and  C  with  C,  (27°) 
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^"^;^     A        .        ^C  lies  along  A'C ;  (24°,  Cor.  2) 

and  the  As  coinciding  in  all  their  parts  are  congruent.    (51°) 

q.e.d. 

Cor.  Since  two  congruent  triangles  can  be  made  to  coin- 
cide m  all  their  parts,  therefore— 

When  two  triangles  have  two  sides  and  the  included  an-le 
in  the  one  respectively  equal  to  two  sides  and  the  includ^'ed 
angle  in  the  other,  all  the  parts  in  the  one  are  respectively 
equal  to  the  corresponding^  parts  in  the  other. 

53°.  Theorem.~T.xQrY  point  upon  the  right  bisector  of  a 
segment  is  equidistant  from  the  end-points  of  the  segment. 

AB  is  a  line-segment,  and  P  is  any  point 
on  its  right  bisector  PC.     Then  PA  =  PB. 

Proof.— In  the  As  APC  and  BPC, 

AC  =  CB,  (42°,  Def.) 

^ACP  =  ^BCP,  (42°,  Def.) 

and  PC  is  common  to  both  As  ; 

AAPC-ABPC,  '  (52°) 

PA=PB.  {S2%  Cor.)  q.e.cl. 

Def.  I.— A  triangle  which  has  two  sides  equal  to  one  an- 
other is  an  isosceles  triangle. 
Thn.s  the  triangle  APB  is  isosceles. 

The  side  AB,  which  is  not  one  of  the  equal  sides,  is  called 
the  base. 

Cor.  I.  Since  the  AAPC=ABPC, 

z.A=z.B. 
Hence  the  basal  angles  of  an  isosceles  triangle  are  equal  to 
one  another. 

Cor.  2.  From  (52°,  Cor.),  ^APC=z.BPC  ; 

Therefore  the  right  bisector  of  the  base  of  an  isosceles  tri- 
angle is  the  internal  bisector  of  the  vertical  angle.  And  since 
these  two  bisectors  are  one  and  the  samp  Hn<-  th«  /^^n-—  :^ 
true. 


)  one  an- 
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Dcf.  2.-A  triangle  in  which  all  the  sides  are  equal  to  one 
another  is  an  equilateral  triangle. 

Cor.  3.  Since  an  equilateral  triangle  is  isosceles  with  re- 
spect to  each  side  as  base,  all  the  angles  of  an  equilateral 
triangle  are  equal  to  one  another  ;  or,  an  equilateral  triangle 
is  equiangular.  "ttii,ic 

54°.  rW;//.-Every  point  equidistant  from  the  end- 
pomts  of  a  line-segment  is  on  the  right  bisector  of  that 
segment.     (Converse  of  53°.) 

PA  =  PB.    Then  P  is  on  the  right  bisector 
of  AB. 

A  i'7''-^~^^  P  's  "°t  on  the  right  bisector  of 
AB,  let  the  right  bisector  cut  AP  in  Q 

Then  QA  =  QB,  '    (53O) 

'"^  PA  =  PB,  (hyp.) 

QP  =  PB-QB, 
o;  PB  =  QP  +  QB, 

which  IS  not  true. 

Therefore  the  right  bisector  of  AB  does  not  cut  if  ^  and 
similarly  it  does  not  cut  BP  ;  therefore  it  passes    hrough  P 
or  P  is  on  the  right  bisector.  ^nrougn  i^, 

This  form  of  proof  should  be  compared  with  that  of'Art 
SZ  ,  they  being  the  kinds  indicated  in  6° 

This  latter  or  indirect  form  is  known  as  proof  by  reductio 
ad  absurdum  (leading  to  an  absurdity).  In  it  we  proCe  t 
conclusion  of  the  theorem  to  be  true  bv  show  ngXt  the 
acceptance  of  any  other  conclusion  leads  us  to  some  ret  on 
which  IS  absurd  or  untrue.  relation 

the  mid^i^7fT^  ^'"'■^^^'^^"^  ^^^"^  ^  vertex  of  a  triangle  to 
the^middle  of  the  opposite  side  is  a  median  of  the  triangle. 

Every  triangle  has  three  medians. 


Tn, 


Cor.  2.  The  median  to  the  base  of 


an  isosceles  triangle  is 
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the  right  bisector  of  the  base,  and  the  internal  bisector  of  the 

vertical  angle.  rr-,°  r- 

^  (53  ,  Cor.  2.) 

Cor.  3.  The  three  medians  of  an  equilateral  triangle  are 
the  three  right  bisectors  of  the  sides,  and  the  three  internal 
bisectors  of  the  angles. 

56°.  T/i,arem.-l{  two  angles  of  a  triangle  are  equal  to  one 
another,  the  triangle  is  isosceles,  and  the  equal  sides  are 
opposite  the  equal  angles.     (Converse  of  k^", 
Cor.  I.) 

z.PAB=^PBA,  then  PA  =  PB. 

Proo/.~l{  P  is  on  the  right  bisector  of 
AB,  PA  =  PB.  (53O) 

If  P  is  not  on  the  right  bisector,  let  AP 
B  cut  the  right  bisector  in  Q. 
QA=QB,  and  /-QAB=z.QBA.  (53°  and  Cor.  i) 
^PBA  =  ^QAB;  (^yp. 

z.PBA=^QBA,  ^  ^^^ 

which  is  not  true  unless  P  and  Q  coincide. 

Therefore  if  P  is  not  on  the  right  bisector  of  AB,  the 
Z.PAB  cannot  be  equal  to  the  Z.PBA. 
But  they  are  equal  by  hypothesis  ; 

P  is  on  the  right  bisector, 
""^  PA=PB.  .  ^.,.^. 

Cor.  If  all  the  angles  of  a  triangle  are  equal  to  one  another, 
all  the  sides  are  equal  to  one  another. 
Or,  an  equiangular  triangle  is  equilateral. 

57°.  From  53°  and  56°  it  follows  that  equality  amongst  the 
sides  of  a  triangle  is  accompanied  by  equality  amongst  the 
angles  opposite  these  sides,  and  conversely. 

Also,  that  if  no  two  sides  of  a  triangle  arc  equal  to  one 
another,  then  no  two  angles  are  ec.ual  to  one  another,  and 
conversely. 
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Def.~K  triangle  which  has  no  two  sides  equal  to  one 
another  IS  a  jrrt:/^«^  triangle 

anther.'  '  "'""'  '™"^"  '"'  "°  '"°  ^"S'«^  ^-J-'  '<>  one 

58-.  Theorem -IH^o  triangles  have  the  three  sides  in  the 
one  respecfvely  equal  to  the  three  sides  in  the  other  the 
triangles  are  congruent.  _ 


IfA'B'=ABl 
B'C'  =  BC 

ca'=caJ 


(27°) 


the  As  ABC 
■and  A'B'C'are 
congruent.      A< 

/'r^^/— Turn  the  AA'B'C 
over  and  place  A'  on  A,  and 
A'C  along  AC,  and  let  B'  fall  at  some  point  D 

".'"aat.^-  ^'^'  =  AC,C  falls  ate, 

and  AADC  ,s  the  AA'B'c  in  its  reversed  position, 
bince  AB=ADandCB  =  CD, 

^^l^ofBa  "^ ''"  ''^^'"  °f  ^°-  -"  ^^  '^  *«  'isht 

z.BAC=^DAC;  /^.^  ri^^^l 

and  the  As  BAC  and  DAC  are  congruent.  ^^'  '     "\'^, 

AABC  ^AA'B'C.  fj 

'jf'A  f  ^ff 'f'^-^f  two  triangles  have  two  angles  and  the 

;"d:?suet  tr  :r  ::ri^ '° '-'  -^-^'^^ 

jj.  '"*  °"'^'^'  "le  triangles  are  congruent. 

and  ■  Ar''=Acj  """  ^'  ^^"^  ''""'  '^''^'^'  "'"  '""^ruent. 

B' 


B 


Proof. ~.V\^^^  K  on  A,  and  A'C  along  AC. 
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Because 
and  V 
and  V 


A'C'=AC,  C  coincides  with  C  ; 

lA'=lA,  A' IV  lies  along  AB  ; 

^C=z.C,  CB' lies  along  CB  ; 

B'  coincides  with  B, 

and  the  triangles  are  congruent. 


(27°) 


(24°,  Cor.  3) 
q.e..d. 


60" 


Thcorem.~hxi  external  angle  of  a  triangle  is  greater 
aB  than  an  internal  opposite  angle. 

The  external   angle  BCD  is  greater 
than  the  internal  opposite  angle  ABC  or 
\c     D  BAC. 

Proof.— h^i  BF  be  a  median  produced 
until  FG  =  BF. 
Then  the  As  ABF  and  CGF  have 


(construction) 

(55°) 

(40°) 

(52°) 

(52°,  Cor.) 


(40°) 


,  BF  =  FG, 

AF  =  FC, 
and  z.BFA  =  ^GFC. 

AABF^ACGF, 
and  z.FCG  =  ^BAC. 

But  zACE  is  greater  than  ^FCG. 

z.ACEis>ABAC. 

Similarly,  ^BCD  is>^ABC, 

and  ^BCD=._ACE. 

Therefore  the  z^  BCD  and  ACE  are  each  greater  than  each 
of  the  /.s  ABC  and  BAC.  ^^^gj^ 

61°.   Theorem.- -Ovi\y  one  perpendicular  can  be  drawn  to  a 
B         line  from  a  point  not  on  the  line. 

Proof.~Ltt  B  be  the  point  and  AD  the  line  ; 
and  let  BC  be  ±  to  AD,  and  BA  be  anv  line 
other  than  BC. 
°      Then  ^BCD  is>z.BAC,  (60°) 

.iBAC  is  not  a  "], 
BA  is  not  ±  to  AD. 
But  BA  is  any  line  other  than  BC  ; 

BC  is  the  only  perpendicular  from  B  to  AD.       g.e.d. 


A   c 


and 


e  IS  greater 
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Cor.  Combining  this  result  with  that  of  42°  we  have- 
Through  a  given  point  only  one  perpendicular  can  be  drawn 
to  a  givjn  line. 

62°    T/ieorem.-Oi  any  two  unequal  sides  of  a  triangle 
and  the  opposite  angles— 

1.  The  greater  angle  is  opposite  the  longer  side 

2.  The  longer  side  is  opposite  the  greater  angle." 
I.  BAis>BC; 

then  ^Cis>^A. 

Proo/.~htt  BD  =  BC. 

Then  the  ABDC  is  isosceles, 
''^"^^  /-BDC=^BCD. 

But  ^BDCis>z.A, 

nnd  ABCAis>z.BCD; 

^BCAis>z.BAC; 
°'''  /-Cis>z.A. 

2.  Z.C  is  >  lA  ;  then  AB  is  >  EC. 

Proo/.~Yrom  the  Rule  of  Identity  (7°),  since  there  is  but 
one  longer  side  and  one  greater  angle,  and  since  it  is  shown 
r)  that  the  greater  angle  is  opposite  the  longer  side,  therefore 
the  longer  side  is  opposite  the  greater  angle.  g,e.d. 

Cor.  I.  In  any  scalene  triangle  the  sides  being  unequal  to 
one  another,  the  greatest  angle  is  opposite  the  longest  side 
and  the  longest  side  is  opposite  the  greatest  angle. 

Also,  the  shortest  side  is  opposite  the  smallest  angle,  and 
conversely. 

Hence  if  ^,  B,  C  denote  the  angles,  and  a,  b,  c  the  sides 
respectively  opposite,  the  order  of  magnitude  of  A,  B,  C  is 
the  same  as  that  of  a,  b,  c. 

63°.  T/ieorem.~0(  all  the  segments  between  a  given  point 
and  ajine  not  passing  through  the  point— 

1.  rhe  perpendicular  to  the  line  is  the  shortest. 

2.  Of  any  two  segments   the  one  which  meets  the  line 


(53°,  Cor.  I) 
(6o') 


q.e.d. 


it>. 


i. 
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I' Hill 


further  from  the  perpendicular  is  the  longer  ;  and  con- 
versely, the  longer  meets  the  line  further  from  the 
perpendicular  than  the  shorter  does. 
3.  Two,  and  only  two  segments  can  be  equal,  and  they  lie 
upon  opposite  sides  of  the  perpendicular. 

P  P  is  any  point  and  BC  a  line  not  pass- 

ing through  it,  and  PA  is  J.  to  BC. 

I.  PA   which   is  ±  to    BC    is   shorter 
than   any  segment  PB  which  is  not  J. 


Proof.- 
But 


and  .• 


B  to  BC. 


^PAC=z.PAB=-l. 
z.PACis>^PBC; 
z.PABis>^PBC, 

PBis>PA. 


(hyp.) 
(60°} 

(62°,  2)  q.e.d 


2.  AC  is  >  AB,  then  also  PC  is  >  PB. 

P;7?^/  -Since  AC  is  >  AB,  let  D  be  the  point  in  AC 
so  that  AD-AB. 

Then  A  is  the  middle  point  of  BD,  and  PA  is  the  right 
bisector  of  BD.  (42°  Def ) 

PD  =  PB  '  (53°) 

and  z.PDB  =  ^PBD.  (53°,  Cor  i) 

But  ^PDBis>^PCB; 

.lPBDis>^PCB, 
and  PCis>PB.  (62°,  2) 

The  converse  follows  from  the  Rule  of  Identity.  q.e.d. 

3.  Proof.— In  2  it  is  proved  that  PD  =  PB.  Therefore  two 
equal  segments  can  be  drawn  from  any  point  P  to  the  line 
BC ;  and  these  lie  upon  opposite  sides  of  PA. 

No  other  segment  can  be  drawn  equal  to  PD  or  PB.  For 
it  must  lie  upon  the  same  side  of  the  perpendicular,  PA,  as 
one  of  them.  If  it  lies  further  from  the  perpendicular  than 
this  one  it  is  longer,  (2),  and  if  it  lies  nearer  the  perpendicular 
it  is  shorter.  Therefore  it  must  coincide  with  one  of  them 
and  is  not  a  third  line.  g^^d 
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Z;,y:_The  length  of  the  perpendicular  segment  between 
any  pomt  and  a  line  is  the  ,is^a..e  of  the  point  from  the 


5oint  in  AC 


64'.  7-W«      If  two  triangles  have  two  angles  in  the  one 
respec  .vely  equa    to  two  angles  in  the  other,  and  a  side 
opposite  an  equal  ande   in   pirh   «       1      v 
rnn.n,.n.  ^  ^'^'^   ^^"''^'^  ^^^  tnangles  are 


congruent. 


As 


B. 


If    ^A'=zj\]then      the      ^,       .. 
^C'=^C  [a'B'C  and  ABC       A 
and  A'E'  =  AbJ  are  congruent.  /     V. 

Proo/.—Flacc  A'  on    A,   and  Z j\ 

A'B'  along  AB.  ^  dc 

A'B'  =  AB,  B'  coincides  with  B. 
Also,  •.•  ^A'=z.A,  A'C  lies  along  AC.  ,  ,.  , 

Now  If  C  does  not  coincide  with  C,  let  it  fall  at  some  other 
point,  D,  on  AC. 

Then,  •.•  AB  =  A'B',  AD  =  A'C',  and  lA^lA', 


(271 

(34°) 


and 
But 


(52°) 
(52°,  Cor.) 

(hyp.) 


.-.  AA'B'C  =  AABD, 
^ADB     lC. 

•'.      ^ADB  =  ^C, 
which  is  not  true  unless  D  coincides  with  C 

Therefore  C  must  fail  at  C,  and  the  As  ABC  and  A'B'C 
are  congruent. 

The  case  in  which  D  may  be  supposed  to  be  a  point  on 
AC  produced  is  not  necessary.  For  we  may  then  super- 
impose the  AABC  on  the  AA'B'C. 

65°.  T^^^orem.~lf  two  triangles  have  two  sides  in  the  one 
respectively  equal  to  two  sides  in  the  other,  and  an  angle 
opposite  an  equal  side  in  each  equal,  then— 

1.  If  the  equal  angles  be  opposite  the  longer  of  the  two 

sides  in  each,  the  triangles  are  congruent. 

2.  If  the  equal  angles  be  opposite  the  shorter  of  the  two 

c 


Is 


34 


SVN TI r ETIC  C EOM I :TR Y. 


A    P 


sides  in  each,  the  trianjTlcs  arc  not  necessarily  con- 

B  B'  ^''■"'  ''^■ 

A'ir  =  AI5, 

c'     I.  If    HCis>AB, 

AA'H'C'-AABC. 

Proof.— Since    HC   is  >  AB,  therefore   li'C   is  >  A'B'. 
Place  A'  on  A  and  A'C  alon<,'  AC. 

^A'  =  ^A,  and  A'B'  =  AB, 

B'  coincides  with  B.  (34°^  27") 

Let  BBbe±AC; 

then  B'C  cannot  lie  between  BA  and  BP  (63°,  2),  but  must 
lie  on  the  same  side  as  BC;  and  beinj;  e(|ual  to  BC,  the  lines 
B'C  and  BC  coincide  (63",  3),  and  hence 

AA'B'C'-AABC.  ^,eu/. 

^'  2.  U  BC  is  <  AB,  the  As 

A'B'C  and  ABC  may  or  may 
not  be  congruent. 

Proo/.—S'mce  AB  is  >  BC, 
PA  is  >  PC.  (63",  2) 

Let  PD  =  PC, 

then  BD-BC. 

Now,  let  AA'B'C  be  superimposed  on  AABC  so  that  A' 
coincides  with  A,  B'  with  B,  and  A'C  lies  along  AC.  Then, 
since  we  are  not  given  the  length  of  A'C,  B'C  may  coincide 
with  BC,  and  the  As  A'B'C  and  ABC  be  congruent; 
or  B'C  may  coincide  with  P)D,  and  the  triangles  A'B'C  and 
ABC  be  not  congruent.  ^,^.^^_ 

Hence  when  two  triangles  have  two  sides  in  the  one 
respectively  equal  to  two  sides  in  the  other,  and  an  angle 
opposite  one  of  the  equal  sides  in  each  equal,  the  triangles 
are  not  necessarily  congruent  unless  some  other  relation 
exists  between  them. 
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The  first  part  of  the  theorem  jrivcs  one  of  the  suffici- 
ent relations.  Others  arc  given  in  the  following  cor- 
ollanes.  ^ 

>'  ,  and  l,e  A-s  AI'>I)  and  AHC  become  one  and  tl,e  san>e. 
Hence  C  must  fall  at  C,  and  the  As  A'H'C  and  AIJC  are 
congruent. 

f  ^urA'  '?^^^^^^'''"I^f^'^'"^"tary  to  BDC  and  therefore 
to  liCA.  And  •.•  LBDA  is>^I3I>A,  .-.  Uii)A  is  greater 
than  a  nght  angle,  and  the  ^HCA  is  less  than  a  right 
angle.  "h"«- 

-.nlTr  '^'  i"?' ''""°"  '°  "><=  «l"'->l"ies  of  the  theorem,  the 
angles  C  and  C  are  both  e<,ual  to,  or  both  greater  or  Loth 
less  than  a  nght  angle,  the  triangles  are  congruent. 

^CA-Angles  which  are  both  greater  than,  or  both  equal  to 
or  both  less  than  a  right  angle  are  said  to  be  ./  M    sZ 

.nl°;  ^  w'r^^'  '°"'''''  "^  ''"  P-'^'"*^'  ^^'-^^  ^'^^^  '-^nd  three 
angles.     When  two  tr.angles  are  congruent  all  the  parts  in 

he  one  are  respectively  equal  to  the  corresponding  parts  in 
he  other.     But  in  order  to  establish  the  congruence  of  two 
triangles  ,t  is  not  necessary  to  establish  independently  the 
respective  equality  of  all  the  parts;    for,  as  has  now  been 
shown    ,f  certain  of  the  corresponding  par's  be  equal  the 
equality  of  the  remaining  parts  and  hence  the  congruence  of 
the  triangles  follow  as  a  consequence.     Thus  it  is  sufficient 
that  two  sides  and  the  included  angle  in  one  triangle  shall  be 
respectively  equal  to  two  sides  and  the  included  angle  in 
another.     For,  if  we  are  given  these  parts,  we  are  given  con- 
sequentially all  the  parts  of  a  triangle,  since  every  trianHe 
havmg  two  sides  and  the  included  angle  equal  respectively^to 
those  given  is  congruent  with  the  given  triangle. 

Hence  a  triangle  is  ,,^?7.r;z  when  two  of  it's  sides  and  the 
angle  between  them  are  given. 
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A  triangle  is  ^ive;i  or  determined  by  its  elements  being 
given  according  to  the  following  table  : — 

1.  Three  sides, (eg") 

2.  Two  sides  and  the  included  angle, (52°) 

3.  Two  angles  and  the  included  side, (59°) 

4.  Two  angles  and  an  opposite  side, (64°) 

5.  Two  sides  and  the  angle  opposite  the  longer  side,  (65°) 

When  the  three  parts  given  are  two  sides  and  the  angle 
opposite  the  shorter  side,  two  triangles  satisfy  the  conditions, 
whereof  one  has  the  angle  opposite  the  longer  side  supple- 
mentary to  the  corresponding  angle  in  the  other. 

This  is  known  as  the  ambiguous  case  in  the  solution  of 
triangles. 

A  study  of  the  preceding  table  shows  that  a  triangle  is 
completely  given  when  any  three  of  its  six  parts  are  given, 
with  two  exceptions  : — 

(i)  The  three  angles  ; 

(2)  Two  sides  and  the  angle  opposite  the  shorter  of  the 
two  sides. 


67°.  Theorem.— U  two  triangles  have  two  sides  in  the  one 
respectively  equal  to  two  sides  in  the  other,  but  the  included 
angles  and  the  third  sides  unequal,  then 

1.  The  one  having  the  greater   included  angle  has   the 

greater  third  side. 

2.  Conversely,  the  one  having  the  greater  third  side  has  the 

greater  included  angle. 

A'B'  =  AB  and  B'C'  =  BC,  and 
I.        ^ABC  is  >  z.A'B'C, 


then 


AC  is  >  A'C. 


Then  ABD  is  ABC  in  its  new  position. 


Proof.— Ltt   A'  be  placed  upon 
A  and  A'B'  along  AB. 

Since  A'B'  =  AB,  B'  falls  on  B. 
Let  C  fall  at  some  point  D. 


;  solution  of 


lorter  of  the 
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(hyp.) 
(constr.) 


q.e.d. 


Let  BE  bisect  the  Z.DBC  and  meet  AC  in  E. 
Join  DE. 

Then,  in  the  As  DDE  and  CBE, 

DB=:BC, 

.lDBE  =  ^CBE, 
and  BE  IS  common. 

ADBEsACBE, 
''^"^  DE  =  CE. 

15ut  AC  =  AE  +  EC  =  AE  +  ED, 

which  is  greater  than  AD. 

ACis>A'C'. 

2.     AC  is  >  A'C,  then  -ABC  is  greater  than  :_A'B'C'. 

Proof  ~£\,^  proof  of  this  follows  from  the  Rule  of  Identity. 

(,^\  Thcorcm.~i.  Every  point  upon  a  bisector  of  an  an^rle 
IS  equidistant  from  the  arms  of  the  angle. 

2.  Conversely,  every  point  equidistant  from  the  arms  of 
an  angle  is  on  one  of  the  bisectors  of  the  angle. 

I.  OP  and  00  are  bisectors  of  the  angle  AOB,  and  PA 
\  H  are  perpendiculars  from  P  upon 
the  arms.     Then 

PA  =  PB.  \    /^-TP 

Proof.-'X'a^  As    POA   and    POB   a^" 
;u-e  congruent,  since  they  have  two    -^      /- 
angles  and  an  opposite  side  equal  in         ^-'  ^ 

each  (64°);    .-.  PA  =  PB. 

If  Q  be  a  point  on  the  bisector  00  it  is  shown  in  a  similar 
manner  that  the  perpendiculars  from  Q  upon  the  arms  of  the 
angle  AOB  are  equal.  ^  ^ 

2.  If  PA  is  _L  to  OA  and  PB  is  JL  to  OB,  and  PA=!pB 
then  PO  IS  a  bisector  of  the  angle  AOB. 

A-^./-The  As  POA  and  POB  are  congruent,  since  they 
hav^e  two  sides  and  an  angle  opposite  the  longer  equal  in 
each  (65  ,  i)  ;  ...     ^POA  =  ^POB, 

and  PO  bisects  the  lAOB. 
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Similarly,  if  the  perpendiculars  from  Q  upon  OA  ana  OB 
are  equal,  (20  bisects  the  ^BOA',  or  is  the  external  bisector 
of  the  ^OB.  ^.^.^, 

LOCUS. 

69°.  A  locus  is  the  figure  traced  by  a  variable  point,  which 
takes  all  possible  positions  subject  to  some  constraining 
condition. 

If  the  point  is  confined  to  the  plane  the  locus  is  one  or 
more  lines,  or  some  form  of  curve. 

Illustration.— \n  the  practical  process  of  drawing  a  line  or 
curve  by  a  pencil,  the  point  of  the  pencil  becomes  a  variable 
(physical)  point,  and  the  line  or  curve  traced  is  its  locus. 

In  geometric  applications  the  point,  known  as  \S\^  generat- 
ing point,  moves  according  to  some  law. 

The  expression  of  this  law  in  the  Symbols  of  Algebra  is 
known  as  the  equation  to  the  locus. 

Cor.  I.  The  locus  of  a  point  in  the  plane,  equidistant  from 
the  end-points  of  a  given  line-segment,  is  the  right  bisector 
of  that  segment. 

This  appears  from  54°. 

Cor.  2.  The  locus  of  a  point  in  the  plane,  equidistant  from 
two  given  lines,  is  the  two  bisectors  of  the  angle  formed  by 
the  lines. 

This  appears  from  68°,  converse. 

Exercises. 

f.  How  many  lines  at  most  are  determined  by  5  points.^ 
by  6  points  .?  by  12  points .? 

2.  How  many  points  at  most  are  determined  by  6  lines  ?  by 

12  lines  .'' 

3.  How  many  points  are  determined  by  6  lines,  three  of  which 

pass  through  a  common  point } 
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us  IS  one  or 


4.  How  many  angles  altogether  are  about  a  triangle  ?     How 

many  at  most  of  these  angles  arc  different  in  magni- 
tude ?  What  is  the  least  number  of  angles  of  different 
magnitudes  about  a  triangle  ? 

5.  In  Fig.  of  53°,  if  Q  be  any  point  on  PC,  APAQ-APBQ. 

6.  In  Fig.  of  53°,  if  the  Al'CB  be  revolved  about  PC  as  an 

axis,  it  will  become  coincident  with  APCA. 

7.  The  medians  to  the  sides  of  an  isosceles  triangle  are 

equal  to  one  another. 

8.  Prove  58°  from  the  axiom  "a  straight  line  is  the  shortest 

distance  between  two  given  points." 

9.  Show  from  60"  that  a  triangle  cannot  have  two  of  its 

angles  right  angles. 

10.  If  a  triangle  has  a  right  angle,  the  side  opposite  that  angle 

is  greater  than  either  of  the  other  sides. 

11.  What  is  the  locus  of  a  point  equidistant  from  two  sides 

of  a  triangle .'' 

12.  Find  the  locus  of  a  point  which  is  twice  as  for  from  one 

of  two  given  lines  as  from  the  other. 

13.  Find  the  locus  of  a  point  equidistant  from  a  given  line 

and  a  given  point. 
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70°.  Def.—Two  lines,  in  the  same  plane,  which  do  not 
intersect  at  any  finite  point  7\.xq  paralld. 

Next  to  perpendicularity,  parallelism  is  the  most  important 
directional  relation.  It  is  denoted  by  the  symbol  |1,  which  is 
to  be  read  "  parallel  to  "  or  "  is  parallel  to  "  as  occasion  may 
reauire. 

1 

The  idea  of  parallelism  is  identical  with  that  of  sameness 
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of  direction.     Two  line-segments  may  differ  in  length  or  in 
direction  or  in  both. 

If,  irrespective  of  direction,  they  have  the  same  length, 
they  are  equal ;  if,  irrespective  of  length,  they  have  the  same 
direction,  they  are  parallel ;  and  if  both  length  and  direction 
are  the  same  they  are  equal  and  parallel.  Now  when  two 
segments  are  eg'uai  one  may  be  made  to  coincide  with  the 
other  by  superposition  without  change  of  length,  whether 
change  of  direction  is  required  or  not.  So  when  they 
are  parallel  one  may  be  made  to  coincide  with  the  other 
without  change  of  direction,  whether  change  of  length  is 
required  or  not. 

j4xwm.— Through,  a  given  point  only  one  line  can  be 
drawn  parallel  to  a  given  line. 

This  axiom  may  be  derived  directly  from  24'. 

71°.  Theorevt. — Two  lines  which  are  perpendicular  to  the 
same  line  are  parallel. 

L  and  M  are  both  ±  to  N, 
then  L  is  ||  to  M. 

M 

Proof.— \i  L  and  M  meet  at  any  point,  two 
-    perpendiculars  are  drawn  from  that  point  to 
the  line  N. 
But  this  is  impossible  (61°). 

Therefore  L  and  M  do  not  meet,  or  they  are  parallel. 
Cor.  All  lines  perpendicular  to  the  same  line  are  parallel 
to  one  another. 

72°.  Thcorem.—Two  lines  which  are  parallel  are  perpen- 
dicular to  the  same  line,  or  they  have  a  common  perpendicular. 
(Converse  of  71".) 

L  is  II  to  M,  and  L  is  ±  to  N  ; 
then  M  is  ±  to  N. 

Proof. --U  M  is  not  ±  to  N,  through  any  point  P  in  M,  let 
K  be  ±  to  N. 


line  can   be 


:ular  to  the 


PARALLELS,  ETC. 

Then  K  is  ||  to  L. 

Kut  M  is  II  to  L. 

Therefore      K  and  M  are  both  ||  to  L, 
which  is  impossible  unless  K  and  M  coincide. 

Therefore  L  and  M  are  both  ±  to  N, 
or  N  is  a  common  perpendicular. 
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7Z  .  Def.—h  line  which  crosses   two  or  more   lines    of 
any  system  of  lines  is  a  transversal.  g 

Thus  EF  is  a  transversal  to  the  lines  .  / 

ABandCD. ^^ —    ^ 

In  general,  the  angles  formed  by 

a  transversal  to   any   two    lines  are  ~     ^/a 

distinguished  as  follows—  /f 

a  and  e,  c  and^,  b  and/  d  and  h  are  pairs  of  corresponding 

angles. 
c  and  /;  e  and  d  are  pairs  of  alternate  angles. 
c  and  e,  d  and/are  pairs  of  interadjacent  angles. 

74°.  When  a  transversal  crosses  parallel  lines— 

1.  The  alternate  angles  are  equal  in  pairs, 

2.  The  corresponding  angles  are  equal  in  pairs. 

3-  The  sum  of  a  pair  of  interadjacent  angles  is  a  straight 
angle.  ^ 

AB  is  II  to  CD  and  EF  is  a  transversal.  A  p     /      vk 

I.  z.AEF  =  i.EFD.  3 

^^^^/— Through  O,  the  middle  point  ^~    ^' 
of  EF,  draw  PQ  a  common  J.  to  AB 
and  CD. 

Then  AOPE^AOQF;  ^eA 

"  ..    .  ^AEF  =  ^EFD.  ^.^.,/. 

Similarly  the  remaining  alternate  angles  are  equal. 

2.  iAEG  =  z.CFE,  etc. 

Proof.—        ^AEG  =  supplement  of  £AEF,      (40°,  Def.  i) 
^"^  ^CFE  =  supplement  of  lE FD. 
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.aeg=.cfe;  ^'\:;] 

Similarly  the  other  corresponding  angles  are  equal  in  pairs. 

3.  ^AEF+^CFE=_L. 

Proof.^  z.AEF  =  ^EFD,  fy.o     . 

and  Z-CFE  +  z.EFD=_L;  W) 

^EF+^CFE=X.  geJ. 

Cor.  It  is  seen  from  the  theorem  that  the  equality  of  a  pair 
of  alternate  angles  determines  the  equality  in  pairs  of  corre- 
sponding angles,  and  also  determines  that  the  sum  of  a  pair 
of  interadjacent  angles  shall  be  a  straight  angle.  So  that  the 
truth  of  any  one  of  the  statements  i,  2,  3  determines  the  truth 
of  the  other  two,  and  hence  if  any  one  of  the  statements  be 
proved  the  others  are  indirectly  proved  also. 

75°.   Ty^^^A-^w.— If  a  transversal  to  two  lines  makes  a  pair 
of  alternate  angles  equal,  the  two  lines  are  parallel.    (Con- 
verse  of  74°  in  part.) 
If  ^EF=^EFD,  AB  and  CD  are  parallel. 

Proof.-DxTi.^  PQ  as  •„  ^^o^  j_  j^  ^p^^ 
AOPE^AOQF;  (59°) 

0  •'•        ^OPE=^OQF  =  "~I, 

and.-.        AB  is  II  to  CD.        {li'')q.e.d. 

Cor.  It  follows  from  74°  Cor.  that  if  a  pair  of  corresponding 

angles  are  equal  to  one  another,  or  if  the  sum  of  a  pair  o> 

interadjacent  angles  is  a  straight  angle,  the  two  lines  are 

parallel. 

76°.   Thcorem.-Th^  sum  of  the  internal  angles  of  a  tri- 
^B  ^  angle  is  a  straight  angle. 

E       ABC  is  a  A; 
thez-A-j-^B+^C=J.. 


A  C  D 

D  be  any  point  on  AC  produced 


Proof. —"L^x.  CE  be  !|  to  AB,  and 
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(74^  I) 

q.e.d. 

iqual  in  pairs. 

(74°,  I) 
(38°) 
q.e.d. 

ility  of  a  pair 
lirs  of  corre- 
jm  of  a  pair 
So  that  the 
nes  the  truth 
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lakes  a  pair 
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\%  X  to  AB, 
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(71°)^.^.^. 
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)f  a  pair  of 
o  lines  are 


JS  of  a  tri- 


o  AB,  and 


Then  BC  is  a  transversal  to  the  parallels  AB  and  CE  ; 

<lABC=z.BCE.  (74°,  i) 

Also,  AC  is  a  transversal  to  the  same  parallels  ; 

^BAC=z.ECD.  (74°,  2) 

zj\BC+^BAC=z.BCD 

=  supplement  of  ^BCA. 
^  +  ^B  +  ^C=±.  q,e.d. 

Cor.  An  external  angle  of  any  triangle  is  equal  to  the  sum 
I  of  the  opposite  internal  angles.  (49°^  3) 

For  ^BCD=^A  +  z.B. 

if.  From  the  property  that  the  sum  of  the  three  angles  of 
I  nny  triangle  is  a  straight  angle,  and  theicfore  constant,  we 
I  deduce  the  following — 

1.  When  two  angles  of  a  triangle  are  given  the  third  is 

given  also  ;  so  that  the  giving  of  the  third  furnishes 
no  new  information. 

2.  As  two  parts  of  a  triangle  are  not  sufficient  to  deter- 

mine it,  a  triangle  is  not  determined  by  its  three  angles, 
and  hence  one  side,  at  least,  must  be  given  (66°,  i). 

3.  The  magnitude  of  any  particular  angle  of  a  triangle  does 

not  depend  upon  the  si^c  of  the  triangle,  but  upon 
the  form  only,  i.e.,  upon  the  relations  amongst  the 
sides. 

4.  Two  triangles  may  have  their  angles  respectively  equal 

and  not  be  congruent.  But  such  triangles  have  the 
same  form  and  are  said  to  be  similar. 

5.  A  triangle  can  have  but  one  obtuse  angle ;  it  is  then 

called  an  obtuse-angled  triangle. 
A  triangle  can  have  but  one  right  angle,  when  it  is  called 

a  right-a7igled  triangle. 
All  other  triangles  are  called  acute-a^igled  triangles,  and 

have  three  acute  angles. 

6.  The  acute  angles  in  a  right-angled  triangle  are  comple- 

mentary to  one  another. 
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78°.  Theorem.— U  a  line  cuts  a  given  line  it  cuts  ever)- 
parallel  to  the  given  line. 

Let  L  cut  M,  and  let  N  be  any  parallel 
to  M.    Then  L  cuts  N. 

Proof.— U  L  does  not  cut  N  it  is  ||  to  N. 
But  M  is  II  to  N.     Therefore  through  the  same  point  P  two| 
lines  L  and  M  pass  which  are  both  ||  to  N. 


{70"^,  Ax.) 


But  this  is  impossible  ; 

L  cuts  N. 
And  N  is  any  line  ||  to  M. 

L  cuts  every  line  ||  to  M.  g.e.d. 

79°.  Theorem.— U  a  transversal  to  two  lines  makes  the 
sum  of  a  pair  of  interadjacent  angles  less  than  a  straight 

angle,  the  two  lines  meet  upon  that  side 
of  the  transversal  upon  which  these  inter- 
adjacent angles  lie. 

GH  is  a  transversal  to  AB  and  CD, 
and  z.BEF+^EFD  <  J.. 

Then  AB  and  CD  meet  towards  B  and  D. 
Proof.— 'LGt  LK  pass  through  E  making  z.KEF=^EFC. 
Then  LK  is  ||  to  CD. 

But  AB  cuts  LK  in  E, 

it  cuts  CD.  (78') 

Again,  •.'  EB  lies  between  the  parallels,  and  AE  does  not, 

the  point  where  AB  meets  CD  must  be  on  the  side  BD  of 

the  transversal.  „  ^  ^ 

Cor.  Two  lines,  which  are  respectively  perpendicular  to 
two  intersecting  lines,  intersect  at  some  finite  point. 

80".  Dif.—\.  A   closed   figure   having   fourj 
lines  as  sides  is  in  general  called  a  quadrangk 
or  quadrilatci'iil. 

Thus  ABCD  is  a  quadrangle. 
2.  The  line-segments  AC   and   BD    which  join  opposite  j 
vertices  are  the  diagonals  of  the  quadrangle. 
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3.  The  quadrangle  formed  when  two  parallel  lines  intersect 
Itwo  other  parallel  lines  is  a  parallelogram,  and  is  usually 
[denoted  by  the  symbol  / — 7. 

81°.   Theorem.— \xi  any  parallelogram— 

1.  The  opposite  sides  are  equal  to  one  another. 

2.  The  opposite  internal  angles  are  equal  to  one  another. 

3.  The  diagonals  bisect  one  another.  a  b 
AB  is  II  to  CD,  and  AC  is  ||  to  BD,  and 

jAD  and  BC  are  diagonals.  /  ^.-^(S- 

I.  Then  AB  =  CD  and  AC  =  BD. 

Proof.— '.'AD  is  a  transversal  to  the  parallels  AB  and  CD, 

^CDA=^DAB.  (74°^  i) 

md  •.•  AD  is  a  transversal  to  the  parallels  AC  and  BD, 

^CAD=^ADB.  (74°^  i) 

Hence,  ACAD  =  ABDA.  (50°) 

AB  =  CDandAC  =  BD.  ^.^,/ 

2.  ^CAB  =  :lBDC  and  Z-ACD=z.DBA. 

Proof.-lt  is  shown  in  i  that  ^CAD=^ADB  anu  ^BAD 
|=^DC  ; 

.*.  by  adding  equals  to  equals, 

^CAB=z.CDB. 
jimilarly,  ^ACD  =  ^ABD.  g^^.d. 

3.  AO  =  ODandBO  =  OC. 
Proof.-The  AAOC  =  ADOB  ;  (^^ov 

AO  =  OD  and  BO  =  OC.  g,e.ci. 

82°.  Def.  I- -A  parallelogram  which  has  two  adjacent  sides 
pqual  is  a  rhoinbus.  ^ 

Cor.  I.  Since  AB  =  BC  (hyp.) 

=  DC(8i°,  i)=AD.     A< 
Therefore  a  rhombus  has  all  its  sides 
bqual  to  one  another. 


jom   opposite  ■   Cor.  2.  Since  AC  is  the  right  bisector  of  BD, 
tnd  BD  the  right  bisector  of  AC, 
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at  SrSef  *'^^°"^''  °^  ^  '"-"-  "'-ct  one  another 

and^e^a.^rnt'S-'-tT'"^^-!  («■"-) 

The,  f„  ,^^  ^.  .^^  ^_^^^^^  ^.^^^  ^^       (;4-,  3) 

another'-        '  '"^""'^'^  "^  ^  — ^'^  -e  equal  to  one 

..^f/drnXlesSoln;^''^-^^^"'  ^'"^  ^'^-  '=  => 

andJt^X  ^^^^^^  -">  or  the  .o.hns 

of  a  square  are  equa,  and  bisect  eachtl^rr^hV^IL? 
transversal.  insversal  they  do  so  upon  every 

BF,-r    '         ■.''""'"'  AC  =  CE,  and 
BF  ^  any  other  transversal.     Then  BI) 

Then  AGDC  and  CDHE  are  c=!s. 


Also, 
and 

and 


GD=AC=CE=DH 

^GBD=^DFH,vAGis||toEF, 
z.BDG  =  z.FDH; 

ABDG^AFDH, 
BD  =  DF. 


A/-The  figure  ABFE  is  a  /ra/>eso:W. 

inerefore  a  trapezoid  is  a  nmHr-^^^i     i,     • 

^      ^  ^^  ^  quadrangle  having  only 


(80°,  3) 

(81°,  I) 

(74°,  I) 

(40°) 

(64°) 
q.e.d. 
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sides  parallel.     The  parallel  sides  are  the  major  and  minor 
bases  of  the  figure. 

Cor.  I.  Since 


(81°,  2) 

(74°,  3) 
ngles. 

qual  to  one 

1 

and 


2CD=AG4-EH, 

=AB+BG+EF-HF 
BG=HF; 

CD  =  i(AB  +  EF). 
Or,  the  line-segment  joining  the  middle  points  of  the  non- 
parallel  sides  of  a  trapezoid  is  equal  to  one-half  the  sum  of 
the  parallel  sides. 

Cor.  2.  When  the  transversals  meet  upon 
one  of  the  extreme  parallels,  the  figure 
AEF'  becomes  a  A  and  CD'  becomes  a 
line  passing  through  the  middle  points  of 
the  sides  AE  and  AF',  and  parallel  to  the 
base  EF'. 

Therefore,  i,  the  line  through  the  middle  point  of  one  side 
of  a  triangle,  parallel  to  a  second  side,  bisects  the  third  side 

And,  2,  the  line  through  the  middle  points  of  two  sides  of 
a  triangle  is  parallel  to  the  third  side. 

85°.  77/^^rm.-The  three  medians  of  a  triangle  pass 
through  a  common  point. 

CF  and  AD  are  medians  intersecting  in  O. 

Then  BO  is  the  median  to  AC. 

Proof.—l^^t  BO   cut  AC  in  E,  and  let 
AG  II  to  FC  meet  BO  in  G.     Join  CG. 

Then,  BAG  is  a  A  and  FO  passes  through 
the  middle  of  AB  and  is  ||  to  AG, 

••.    O  is  the  middle  of  BG.      (84'',  Cor  2) 

Again,  DO  passes  through  the  middle 
points  of  two  sides  of  the  ACBG, 

CG  is  II  to  AO  or  OD  ; 
AOCG  is  a 
^"d  AE  =  EC; 


BO  is  the  median  to  AC. 


(84°,  Cor,  2) 

(81°,  3) 
q.e.d. 
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^^/-When  three  or  more  lines  meet  in  a  point  they  are 
said  to  be  concurrent. 

Therefore  the  three  medians  of  a  triangle  are  concurrent. 
Def  2.-The  point  of  concurrence,  O,  of  the  medians  of  a 
triangle  is  the  centroid  of  the  triangle. 

ofnTof^OG^  ^  ''  '^^  '^'^^^''  ^""'"^  °^^^''  '''"'^  ^  ''  ^^^  ""'^^^^ 

OE  =  ^OB,  ^^^°'^^ 

Therefore  the  centroid  of  a  triangle  divides  each  median 
at  two-thirds  of  its  length  from  its  vertex. 

86°.   TheorcuL~T\,^  three  right  bisectors  of  the  sides  of  a 
triangle  are  concurrent. 

Proof.-'LQi   L    and    N   be    the    right 
bisectors  of  BC  and  AB  respectively. 
Then  L  and  N  meet  in  some  point  O. 

c-        T   •     ,       .  ,     ,  .  (79°>  Cor.) 

Since  L  is  the  right  bisector  of  BC,  and  N  of  AB    O  is 

equidistant  from  B  and  C,  and  is  also  equidistant  from  A 

^"^  ^-  (53°) 

Therefore  O  is  equidistant  from  A  and  C,  and  is  on  the 

right  bisector  of  AC.  /     .. 

Therefore  the  three  right  bisectors  meet  at  O.  g^e.d. 

Cor.  Since  two  lines  L  and  N  can  meet  in  only  one  point 

(24°,  Cor.  3),  O  is  the  only  point  in  the  plane  equidistant 

from  A,  B,  and  C. 

Therefore  only  one  finite  point  exists  in  the  plane  equi- 
distant from  three  given  points  in  the  plane. 

Z?^/-The  point  O,  for  reasons  given  hereafter,  is  called 
the  circumccntre  of  the  triangle  ABC. 

Zf,  Z)^/— The  line  through  a  vertex  of  a  triangle  per- 
pendicular to  the  opposite  side  is  the  perpendicular  to  that 
side,  and  the  part  of  that  line  intercepted  within  the  triangle 
is  the  altitude  to  that  side. 
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Where  no  reference  to  length  is  made  the  word  altitude  is 
often  employed  to  denote  the  indefinite  line  forming  the 
perpendicular, 

Hence  a  triangle  has  three  altitudes,  one  to  each  side. 

88°.  Theorem.— i:\i^  three  altitudes  of  a  triangle  are  con- 
current. 

/V^^/_Let  ABC  be  a  triangle. 
Complete  the  mo^,  ACBF, 
ABDC,  and  ABCE. 

Then   •.•      P'^B  is  ||  to  AC, 
and  BD  is  ||  to  AC, 

FBD  is  one  line,   (70°,  Ax.) 
''^nd  FB  =  BD.  (81°,  I) 

Similarly,     DCE  is  one  line  and  DC  =  CE, 
and  EAF  is  one  line  and  EA  =  AF. 

Now,  •.•  AC  is  II  to  FD,  the  altitude  to  AC  is  J.  to  FD  and 
passes  through  B  the  middle  point  of  FD.  (72°) 

Therefore  the  altitude  to  AC  is  the  right  bisector  of  FD, 
and  similarly  the  altitudes  to  AB  and  BC  are  the  right  bisec- 
tors of  DE  and  EF  respectively. 

But  the  right  bisectors  of  the  sides  of  the  ADEF  are 
concurrent  (86°),  therefore  the  altitudes  of  the  AABC  are 
concurrent.  ^,^_ 

^^Z— The  point  of  concurrence  of  the  altitudes  of  a  tri- 
angle is  the  orthocentre  of  the  triangle. 

Cor.  I.  If  a  triangle  is  acute-angled  {-jf,  5),  the  circum- 
centre  and  orthocentre  both  lie  within  the  triangle. 

2.  If  a  triangle  is  obtuse-angled,  the  circumcentre  and 
orthocentre  both  lie  without  the  triangle. 

3-  If  a  triangle  is  right-angled,  the  circumcentre  is  at  the 
middle  point  of  the  side  opposite  the  right  angle,  and  the 
orthocentre  is  the  right-angled  vertex. 

-^^— "The  side  of  a  right-angled  triangle  opposite  the  ri"-ht 
angle  is  called  the  hypothcnuse. 
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89°.  The  definition  of  80°  admits  of  three  different  figures 
VIZ, : —  '^        ' 

I.  The  normal  quadrangle  (i)  in  which  each  of  the  in- 
ternal   angles   is   less    than   a  straight  angle.      When  not 
(0 


otherwise    qualified    the  term    quadrangle   will   mean    this 
figure. 

2.  The  quadrangle  (2)  in  which  one  of  the  internal  angles 
as  at  D,  is  greater  than  a  straight  angle.     Such  an  angle  in  a 
closed  figure  is  called  a  re-entrant  angle.     We  will  call  this 
an  inverted  quadrangle. 

3.  The  quadrangle  (3)  in  which  two  of  the  sides  cross  one 
another.     This  will  be  called  a  crossed  quadrangle. 

In  each  figure  AC  and  BD  are  the  diagonals  T  so  that  both 
diagonals  are  within  in  the  normal  quadrangle,  one  is  within 
and  one  without  in  the  inverted  quadrangle,  and  both  are 
without  in  the  crossed  quadrangle. 

The  general  properties  of  the  quadrangle  are  common  to 
all  three  forms,  these  forms  being  only  variations  of  a  more 
general  figure  to  be  described  hereafter. 

90°.  Theorem.— ThQ  sum  of  the  internal  angles  of  a  quad- 
rangle is  four  right  angles,  or  a  circumangle. 

Proof.— 'Y\vQ  angles  of  the  tM'o  As  ADD  and  CBD  make 
up  the  mternal  angles  of  the  quadrangle. 

But  these  are  J_  +  J_ ;  (76°) 
therefore  the  internal  angles  of  the  quadrangle  are  together 

equal  to  four  right  angles.  ^^^^ 

Cor.  This  theorem  applies  to  the  inverted  quadrangle  as  is 
readily  seen. 


m 
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91  .  7y/.m.;«.-If  two  lines  be  respectively  perpendicular 
to  two  other  lines,  the  angle  between  the  first  two  is  equal 
or  supplementary  to  the  angle  between  the  last  two. 

BC  is  J_  to  AR 
and  CD  is  J_  to  AD. 

Then  l^BC  .  CD)  is  equal  or  supplemen- 
tary to  ^(AB.  AD). 

Proo/.~ABCD  is  a  quadrangle,  and  the 
^s  at  B  and  D  are  right  angles  : 

z.BAD+z.BCD  =  x, 
°^  ^BCD  is  supplementary  to  ^BAD. 

But  ^BCD  is  supplementary  to  ^ECD  ; 

and  the  ^(BC.  CD)  is  either  the  angle  BCD  or  DCE. 
l{BC  .  CD)  is  =  or  supplementary  to  ^BAD. 


(Iiyp.) 
(90°) 


(39°) 


Exercises. 


1.  ABC  IS  a  A,  and  A',  B',  C  are  the  vertices  of  equilateral 

As  described  outwards  upon  the  sides  BC,  CA,  and 
AB  respectively.     Then  AA'=BB'  =  CC'.     (Use  52°.) 

2.  Is  Ex.   I   true  when   the  equilateral  As   are  described 

"  mwardly  "  or  upon  the  other  sides  of  their  bases  ? 

3.  Two  lines  which  are  parallel  to  the  same  line  are  parallel 

to  one  another. 
h  L'  and  M'  are  two  lines  respectively  parallel  to  L  and  M 

TheL{L\M')=L(L.M). 
;.  On  a  given  line  only  two  points  can  be  equidistant  from 

a  given  point.     How  are  they  situated  with  respect  to 

the  perpendicular  from  the  given  point  ? 
).  Any  side  of  a  A  is  greater  than  the  difference  between 

the  other  two  sides. 
The  sum  of  the  segments  from  any  point  within  a  A  to 

the  three  vertices  is  less  than  the  perimeter  of  the  A 
i>.  ABC  is  a  A  and  P  is  a  point  within  on  the  bisector  of 

^.     Then  the  difference  between  PB  and  I  C  is  less 

than  that  between  AB  and  AC,  unless  the  A  is  isosceles 
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Is  Ex.  8  true  when  the  point  V  is  without  the  A.  ^ut  on 
the  same  bisector  .-* 

Examine  Ex.  8  when  P  is  on  the  external  bisector  of  A, 
and  modify  the  wording  of  the  exercise  accordingly. 

CE  and  CF  are  bisectors  of  the  angle  between  AH  and 
CU,  and  EF  is  parallel  to  AH.  Show  that  EF  is 
bisected  by  CD. 

If  the  middle  points  of  the  sides  of  a  A  be  joined  two 
and  two,  the  A  's  divided  into  four  congruent  As. 

From  any  point  in  a  side  of  an  equilateral  A  lines  arc 
drawn  parallel  to  the  other  sides.  The  perimeter  of 
the  £1117  so  formed  is  ecjual  to  twice  a  side  of  the  A- 

Examine  Ex.  13  when  the  point  is  on  a  side  pro- 
duced. 

The  internal  bisector  of  one  angle  of  a  A  and  the  ex- 
ternal bisector  of  another  angle  meet  at  an  angle  which 
is  equal  to  one-half  the  third  angle  of  the  A- 

O  is  the  orthocentre  of  the  AABC  Express  the  angles 
AOB,  BOC,  and  COA  in  terms  of  the  angles  A,  B, 
and  C. 

P  is  the  circumcentre  of  the  AABC.  Express  the  angles 
APB,  BPC,  and  CPA  in  terms  of  the  angles  A,  B, 
and  C. 

The  joins  of  the  middle  points  of  the  opposite  sides  of 
any  quadrangle  bisect  one  another. 

The  median  to  the  hypothenuse  of  a  right-angled  triangle 
is  equal  to  one-half  the  hypothenuse. 

If  one  diagonal  of  a  OZJ  be  equal  to  a  side  of  the  figure, 
the  other  diagonal  is  greater  than  any  side. 

If  any  point  other  than  the  point  of  intersection  of  the 
diagonals  be  taken  in  a  quadrangle,  the  sum  of  the 
line-segments  joining  it  with  the  vertices  is  greater 
than  the  sum  of  the  diagonals. 

If  two  right-angled  As  have  the  hypothenuse  and  an 
acute  angle  in  the  one  respectively  equal  to  the  like 
parts  in  the  other,  the  As  are  congruent. 


PAKALIJ.LS,   ETC 


53 


^3- 


24. 
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28. 

29. 


The  bisectors  of  two  adjacent  angles  of  a  / — 7  are  _L  to 
one  another. 

AliC  is  a  A.  The  angle  between  the  external  bisector 
of  B  and  the  side  AC  is  A(C~A). 

The  external  bisectors  of  B  and  C  meet  in  D.  Then 
z.BDC=--i(B  +  C). 

A  line  L  v/hich  coincides  with  Cm  side  AB  of  the  AABC 
rotates  about  B  until  it  coincides  with  BC,  without  at 
any  time  crossing  the  triuigle.  Through  what  angle 
does  it  rotate  ? 

The  angle  required  in  Ex.  26  is  an  external  angle  of  the 
triangle.  Show  in  this  way  that  the  sum  of  the  three 
external  angles  of  a  triangle  is  a  circumanglc,  and  that 
the  sum  of  the  three  internal  angles  is  a  straight  angle. 

What  property  of  space  is  assumed  in  the  proof  of  Ex.  27? 

Prove  76°  by  assuming  that  AC  rotates  to  AB  by  crossing 
the  triangle  in  its  rotation,  and  that  AB  rotates  to  CB, 
and  finally  CB  rotates  to  CA  in  like  manner. 
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SECTION    V. 


THE   CIRCLE. 

92°.  Dif.  I.— A  Ci'rdc  is  the  locus  of  a  point  which,  moving 
in  the  plane,  keeps  at  a  constant  ^ 

distance  from  a  fixed  point  in  the 
plane. 

The  compasses,  whatever  be  their 
form,  furnish  us  with  two  points,  A  ^a 

and  B,  which,  from  the  rigidity  of , 
the  instrument,   are    supposed    to 
preserve    an    unvarying    distance  b 

from  one  another.     Then,  if  one  of  the  points  A  is  fixed, 
while  the  other  B  moves   over  the   paper  or  other   plane 
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surface,  the  moving  point  describes  a  physical  circle.  The 
limit  of  this  physical  circle,  when  the  curved  line  has  its 
thickness  diminished  endlessly,  is  the  geometric  circle. 

De/.  2.— The  fixed  point  is  the  cm^r^  of  the  circle,  and  the 
distance  between  the  fixed  and  moveable  points  is  the  radius 
of  the  circle. 

The  curve  itself,  and  especially  where  its  length  is  under 
consideration,  is  commonly  called  the  circumferetice  of  the 
circle. 

The  symbol  employed  for  the  circle  is  0. 

93°  From  the  definitions  of  92°  we  deduce  the  following 
corollaries  : — 

1.  All  the  radii  of  a  0  are  equal  to  one  another. 

2.  The  0  is  a  closed  figure  ;  so  that  to  pass  from  a  point 
within  the  figure  to  a  point  without  it,  or  vice  versa,  it  is 
necessary  to  cross  the  curve. 

3.  A  point  is  within  the  0,  on  the  0,  or  without  the  0, 
according  as  its  distance  from  the  centre  is  less,  equal  to,  or 
greater  than  the  radius. 

4.  Two  0s  which  have  equal  radii  are  congruent ;  for,  if 
the  centres  coincide,  the  figures  coincide  throughout  and  form 
virtually  but  one  figure. 

Z?^/— Circles  which  have  their  centres  coincident  are 
called  concentric  circles. 

94°.  Theorem,— P^\\\\Q  can  cut  a  circle  in  two  points, and  in 
two  points  only. 

Proof.  Since  the  0  is  a  closed  curve  (93°,  2),  a  line  which 
cuts  it  must  lie  partly  within  the  0  and  partly  without.  And 
the  generating  point  (69°)  of  the  line  must  cross  the  0  in 
passing  from  without  to  within,  and  again  in  passing  from 
within  to  without. 

.*.  a  line  cuts  a  0  at  least  twice  if  it  cuts  the  0  at  all. 
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Again,  since  all  radii  of  the  same  0  are  equal,  if  a  line 
could  cut  a  0  three  times,  three  equal  segments  could  be 
drawn  from  a  given  point,  the  centre  of  the  0,  to  a  given  line 
And  this  is  impossible  (63°,  3).  ^ 

Therefore  a  line  can  cut  a  0  only  twice.  q,c.d. 

Cor.  I    Three  points  on  the  same  circle  cannot  be  in  line  • 
or,  a  circle  cannot  pass  through  three  points  which  are  in  line.' 

95°.  Dcf.  I. -A  line  which  cuts  a  0  is  a  secant  or  secant-line. 

Z>^/ 2.— The  segment  of  a  secant 
included  within  the  0  is  a  chord. 

Thus  the  line  L,  or  AB,  is  a 
secant,  and  the  segment  AB  is  a 
chord.  (21°) 

The  term  chord  whenever  involv-  -s^.__^^ 

ing  the  idea  of  length  means  the  segment  having  its  end- 
points  on  the  circle.  But  sometimes,  when  length  is  not 
involved,  It  IS  used  to  denote  the  whole  secant  of  which  it 
properly  forms  a  part. 

^^/  3--A  secant  which  passes  through  the  centre  is  a 
centre-line,  and  its  chord  is  a  diameter. 

Where  length  is  not  implied,  the  term  diameter  is  some- 
times used  to  denote  the  centre-line  of  which  it  properly 
forms  a  part.  ^      ^ 

Thus  M  is  a  centre-line  and  CD  is  a  diameter. 

96°.     77/6'^m/A— Through  any  three  points  not  in  line- 

1.  One  circle  can  be  made  to  pass.  %s> 

2.  Only  one  circle  can  be  made  to  pass. 

Proof.-h^t  A,  B,  C  be  three  points 
not  in  line. 

Join  AB  and  BC,and  let  L  and  M  be  the  a 
right  bisectors  of  AB  and  BC  respectively. 

I.  Then,  because  AB  and  BC  intersect  at  iJ, 

L  and  M  intersect  at  some  point  O,       (79°,  Cor.) 
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and  O  is  equidistant  from  A,  B,  and  C.  (86'^) 

.••  the  0  with  centre  at  O,  and  radius  equal  to  OA,  passes 
through  B  and  C.  y 

g.e.d. 

2.  Any  0  through  A,  B,  and  C  must  have  its  centre  equally 
distant  from  these  three  points. 

But  O  is  the  only  point  in  the  plane  equidistant  from  A,  B 
and  C.  -„,„     '     ' 

A    A  ,  (86°,  Cor.) 

And  we  cannot  have  two  separate  0s  having  the  same 

centre  and  the  same  radius.  /^.o     . 

.'.  only  one  circle  can  pass  through  A,  B,  and  C.  q'.c.d. 

Cor.  r.  Circles   which   coincide   in   three   points   coincide 
altogether  and  form  one  circle. 

Cor.  2.  A  point  from  which  more  than  two  equal  segments 
can  be  drawn  to  a  circle  is  the  centre  of  that  circle. 

Cor.  3.  Since   L   is  a   centre-line  and   is   also  *he  ri^ht 
bisector  of  AB,  '  ^ 

.-.  the  right  bisector  of  a  chord  is  a  centre  iine. 
Cor.  4.  The  AAOB  is  isosceles,  since  OA=OB     Then  if 
D  be  the  middle  of  AB,  OD  is  a  median  to  the  base  AB  and 
is  the  right  bisector  of  AB.  /.r-  q^^  ^-v 

.-.  a  centre-line  which  bisects  a  chord  is  perpendicular  t"o 
the  chord. 

Cor.  5.  From  Cor.  4  by  the  Rule  of  Identity, 

A  centre  line  which  is  perpendicular  to  a  chord  bisects  the 
chord. 

.-.the  right  bisector  of  a  chord,  the  centre-line  bisectino- 
the  chord,  and  the  centre-line  perpendicular  to  the  chord  are 
one  and  the  same. 

97°.  From  92°,  Def ,  a  circle  is  given  when  the  position  of 
its^centre  and  the  length  of  its  radius  are  given.  And,  from 
96°,  a  circle  is  given  when  any  three  points  on  it  are  given. 

It  will  be  seen  hereafter  that  a  circle  is  determined  by  three 
points  even  when  two  of  them  become  coincident,  and  in 
higher  geometry  it  is  shown  that  three  points  determine  a 
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circle,  under  certain  rircumstances,  when  all  three  of  the 
points  become  coincident. 

Def.—Any  number  of  points  so  situated  that  a  circle  can 
pass  through  them  are  said  to  be  coHcyclk,  and  a  rectilinear 
figure  (14°,  Def.)  having  its  vertices  concyclic  is  said  to  be 
mscnbed  in  the  circle  which  passes  through  its  vertices,  and 
the  circle  is  said  to  circumscribe  the  figure. 

Hence  the  circle  which  passes  through  three  given  points 
is  the  circuvicirclc  of  the  triangle  having  these  points  as  ver- 
tices, and  the  centre  of  that  circle  is  the  circiuncentre  of  the 
triangle,  and  its  radius  is  the  circnmradius  of  the  triangle. 

A  like  nomenclature  applies  to  any  rectilinear  figure  having 
its  vertices  concyclic. 

98°.  T/tcorcm.—U  two  chords  bisect  one  another  they  are 
both  diameters. 

If  AP=:PD  and  CP  =  PB,  then  P  is  the  '^^  ^3 

centre. 

Proo/.~Since  P  is  the  middle  point  of 
both  AD  and  CB  (hyp.),  therefore  the  right 
bisectors  of  AD  and  CB  both  pass  through  P. 

But  these  right  bisectors  also  pass  through  the  centre; 
(96°,  Cor.  3)  .-.     p  is  the  centre.        (24°,  Cor.  3)  ^.e.J. 

99°-   T/icorcm.— Equal  chords  are  equally  distant  from  the 
centre  ;   and,  conversely,  chords  equally  dis- 
tant from  the  centre  are  equal.  .         -t~~-o 

If  AB  =  CD  and  OE  and  OF  are  the  per- 
pendiculars from  the  centre  upon  these 
chords,  then  OE  =  OF;  and  conversely,  if 
OE  =  OF,  then  AB  =  CD.  c- 

Proo/.—Since  OE  and  OF  are  centre  lines  1  to  AB  and  CD, 
AB  and  CD  are  bisected  in  E  and  F.     (96°,  Cor.  5) 
••-  in  the  As  OBE  and  ODF 

OB-OD,      EB  =  FD, 
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and  they  are  right-angled  opposite  equal  sides, 

AOBE=AODF, 
and  OE  =  OF. 

Conversely,  by  the  Rule  of  Identity,  if  OE  =  OF    then 

AB  =  CD.  '         , 

q.e.a. 

Theoran.— Two  secants  which  make  equal  chords 
B  -pmake  equal  angles  with  the  centre-line 

through  their  point  of  intersection. 

AB  =  CD,  and  PO  is  a  centre-line 
through  the  point  of  intersection  of 
AB  and  CD.     Then 

^PO=z.CPO. 
Profl/.~het  OE  and   OF  be  ±  to 
AB  and  CD  from  the  centre  O. 

Then  OE  =  OP^,  (99") 

AOPE^AOPF,        (65°) 

and  ^APO=^CPO.  g.c.d. 

Cor.  I.   •.•  E  and  F  are  the  middle 

points  of  AB  and  CD,  (96°,  Cor.  5) 

•••  PE  =  PF,  PA  =  PC,  and  PB  =  PD. 

Hence,  secants  whici.  make  equal  chords  make  two  pairs  of 

equal  line-segments  between  their  point  of  intersection  and 

the  circle. 

Cor.  2.  From  any  point  two  equal  line-segments  can  be 
drawn  to  a  circle,  and  these  make  equal  angles  with  the 
centre-line  through  the  point. 

101°.  As  all  circles  have  the  same  form,  two  circles  which 
have  equal  radii  are  equal  and  congruent  (93°,  4),  (51°). 
Hence  equal  and  congruent  are  equivalent  terms'  when 
applied  to  the  circle. 

Lfef.  r.— Any  part  of  a  circle  is  an  arc. 

The  word  equal  when  applied  to  arcs  means  congruence 
or  capability  of  superposition.  Equal  arcs  come  from  the 
same  circle  or  from  equal  circles. 
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Def.  2.— A  line  which  divides  a  figure  into  two  parts  such 
that  when  one  part  is  revolved  about  the  line  it  may  be  made 
to  fall  on  and  coincide  with  the  other  part  is  an  axis  of 
symvietry  of  the  figure. 


1 02 


Theorem.— K  centre-line  is  an  axis  of  symmetry  of 
the  circle. 

Proof.— Lei  AB  and  CD  be  equal 
chords  meeting  at  P,  and  let  PHOG 
be  a  centre  line. 

Let  the  part  of  the  figure  which  lies  q\ 
upon  the  F  side  of  PG  be  revolved 
about  PG  until  it  comes  to  the  plane 
on  the  E  side  of  PG. 

Then-,-    ^GPA  =  z.GPC,         (roo") 
.-.  PC  coincides  with  PA. 
And       -.-  PB  =  PD 

and  PA=PC,  (100",  Cor.  i) 

.'.  U  coincides  with  B, 
and  C  coincides  with  A.  

And  the  arc  HCG,  coinciding  in  three  points  with  the  arc 
HAG,  is  equal  to  it,  and  the  two  arcs  become  virtually  but 
one  arc.  (96°^  Cor.  i) 

Therefore  PG  is  an  axis  of  symmetry  of  the  0,  and  divides 
it  into  two  equal  arcs.  q.e.d. 

Z)<?/:— Each  of  the  arcs  into  which  a  centre-line  divides  the 
circle  is  a  semicircle. 

Any  chord,  not  a  centre-line,  divides  the  circle  into  unequal 
arcs,  the  greater  of  which  is  called  the  major  arc,  and  the 
other  the  mi)wr  arc. 

Cor.  I.  By  the  superposition  of  the  theorem  we  see  that 
arc  AB  =  arc  CD,  arc  HB=arc  HD,  arc  GA-arc  GC, 

arc  BDCA-arc  DBAC.  (ist  Fig.) 

But  the  arcs  BDCA  and  AB  are  the  maiar  and  minor  arcs 
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to  the  chord  AB,  and  the  arcs  DBAC  and  CD  are  major  and 
minor  arcs  to  the  chord  CD. 

Therefore  equal  chords  determine  equal  arcs,  major  being 
equal  to  major  and  minor  to  minor. 

Cor.  2.  Equal  arcs  subtend  equal  angles  at  the  centre. 

103°.   7y^^^;m/?.— Parallel  secants  intercept  equal  arcs  on  a 
E  circle. 

AB  is  II  to  CD, 
arc  AC=arc  DB. 

D      Proof.— Let  EF  be  the  centre-line  i.  to  AB. 
Then  EF  is  ±  to  CD  also.  (72') 

When  EBDF  is  revolved  about  EF, 
B  comes  to  coincidence  with  A,  and  D  with  C,  and  the  arc 
BD  with  the  arc  AC, 

■  arc  AC=arc  DB.  ^.^.^/. 

Cor.  Since  the  chord  AC  =  chord  BD, 
Therefore  parallel  chords  have   the   chords  joining  their 
end-points  equal. 

Exercises. 

1.  Any  plane  closed  figure  is  cut  an  even  number  of  times  by 

an  indefinite  line. 

2.  In  the  figure  of  Art.  96°,  if  A,  B,  and  C  shift  their  relative 

positions  so  as  to  tend  to  come  into  line,  what  becomes 
of  the  point  O  ? 

3.  In  the  same  figure,  if  ABC  is  a  right  angle  where  is  the 

point  O  ? 

4.  Given  a  circle  or  a  part  of  a  circle,  show  how  to  find  its 

centre. 

5.  Three  equal  segments  cannot  be  drawn  to  a  circle  from 

a  point  without  it. 

6.  The  vertices  of  a  rectangle  are  concyclic. 

7.  If  equal  chords  intersect,  the  segments  of  one  between  the 
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point  of  intersection  and  the  circle  are  respectivery 
equal  to  the  corresponding  segments  of  the  other. 

8.  Two  equal  chords  whicn  have  one  end-point  in  common 
he  upon  opposite  sides  of  the  centre. 

9.  If  AB  and  CD  be  parallel  chords,  AD  and  BC,  as  also 
AC  and  BD,  meet  upon  the  right  bisector  of  AB  or  CD. 

Two  secants  which  make  equal  angles  with  a  centre-line 
make  equal  chords  in  the  circle  if  they  cut  the  circle. 

.  ,  (Converse  of  100'') 

ir.  What  IS  the  axis  of  symmetry  of  (a)  a  square,  (d)  a 

rectangle,  (c)  an  isosceles  triangle,  (./)  an  equilateral 

triangle  ?    Give  all  the  axes  where  there  are  more  than 

one. 

When  a  rectilinear  figure  has  more  than  one  axis  of 
symmetry,  what  relation  in  direction  do  they  hold  to 
one  another  ? 

The  vertices  of  an  equilateral  triangle  trisect  its  circum- 
circle. 

A  centreline  perpendicular  to  a  chord  bisects  the  arcs 
determined  by  the  chord. 

Show  how  to  divide  a  circle  (a)  into  6  equal  parts,  (i)  into 
8  equal  parts. 

16.  If  equal  chords  be  in  a  circle,  one  pair  of  the  connecters 
of  their  end-points  are  parallel  chords. 

(Converse  of  103°,  Cor.) 
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THE  PRINCIPLE  OF  CONTINUITY. 

104°.  The  principle  of  continuity  is  one  of  the  most  prolific 
in  the  whole  range  of  Mathematics. 

Illustrations  of  its  meaning  and  application  in  Geometn- 
will  occur  frequently  in  the  sequel,  but  the  following  are 
given  by  way  of  introduction. 

I.  A  magnitude  is  conti7mous  throughout  its  extent 

Thus  a  line  extends  from  any  one  point  to  another' without 
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breaks  or  interruptions  ;  or,  a  generating  point  in  passing 
from  one  position  to  another  must  pass  through  every  inter- 
mediate position. 

2.  In  Art.  53°  we  have  the  theorem— Every  point  on  the 
right  bisector  of  a  segment  is  equidistant  from  the  end-points 
of  the  segment. 

In  this  theorem  the  limiting  condition  in  the  hypothesis  is 
that  the  point  must  be  on  the  right  bisector  of  the  segment. 

Now,  if  P  be  any  point  on  the  right  bisector,  and  we  move 
P  along  the  right  bisector,  the  limiting  condition  is  not  at 
any  time  violated  during  this  motion,  so  that  P  remains  con- 
tinuously equidistant  from  the  end-points  of  the  segment 
during  its  motion. 

We  say  then  that  the  property  expressed  in  the  theorem  is 
continuous  while  P  moves  along  the  right  bisector. 

3.  In  Art.  9^°  we  have  the  theorem— The  sum  of  the  in- 
ternal angles  of  a  quadrangle  is  four  right  angles. 

The  limiting  condition  is  that  the  figure  shall  be  a  quad- 
p^  rangle,  and  that  it  shall  have  in- 

ternal angles. 

Now,  let  ABCD  be  a  quadrangle. 
Then  the  condition  is  not  violated 
if  D  moves  to  D^  or  Dg.  But  in 
the  latter  case  the  normal  quad- 
rangle ABCD  becomes  the  inverted  quadrangle  ABCD2, 
and  the  theorem  remains  true.  Or,  the  theorem  is  continu- 
ously true  while  the  vertex  D  moves  anywhere  in  the  plane, 
so  long  as  the  figure  remains  a  quadrangle  and  retains  four 
internal  angles. 

Future  considerations  in  which  a  wider  meaning  is  given 
to  the  word  "  angle  "  will  show  that  the  theorem  is  still  true 
even  when  D,  in  its  motion,  crosses  one  of  the  sides  AB  or 
BC,  and  thus  produces  the  crossed  quadrangle. 

The  Principle  of  Continuity  avoids  the  necessity  of  proving 
theorems  for  different  cases  brouo-ht  about  b^''  variations  in 
the  disposition  of  the  parts  of  a  diagram,  and  it  thus  gener- 
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ahzes  theorems  or  relieves  them  from  dependence  upon  the 
particularities  of  a  diagram.     Thus  the  two  figures  of. Art 
100  differ  in  that  in  the  first  figure  the  secants  intersect 
without  the  circle,  and  in  the  second  figure  they  intersect 
within,  while  the  theorem  applies  with  equal  generality  to  both. 
The  Principle  of  Continuity  may  be  stated  as  follows  •— 
When  a  figure,  which  involves  or  illustrates  some  geometric 
property,  can  undergo  change,  however  small,  in  any  of  its 
parts  or  in  their  relations  without  violating  the  conditions 
upon  which  the  property  depends,  then  the  property  is  con- 
tinuoHs  while  the  figure  undergoes  any  amount  of  change  of 
the  same  kind  within  the  range  of  possibility. 

105°.  Let  AB  be  a  chord  dividing  the  0  into  unequal  arcs, 
and  let  P  and  Q  be  any  points  upon 
the  major  and  minor  arcs  respectively. 

T    .r^u     u  (102°,  Def.) 

Let  O  be  the  centre. 

I.  The  radii  OA  and  OB  fonn  two 
angles  at  the  centre,  a  major  angle 
denoted  by  a  and  a  minor  angle  de- 
noted by  ^A  These  together  make  up 
a  circumangle. 

2.  The  chords  PA,  PB,  and  QA,  QB  form  two  angles  at 
the  circle,  of  which  APB  is  the  ininor  angle  and  AQB  is  the 
major  angle. 

3.  The  minor  angle  at  the  circle,  APB,  and  the  minor  angle 
at  the  centre,  /3,  stand  upon  the  minor  arc,  AQB,  as  a  base 
Similarly  the  major  angles  stand  upon  the  major  arc  as  base' 

4.  Moreover  the  ^APB  is  said  to  be  /;/  the  arc  APB  so 
that  the  minor  angle  at  the  circle  is  in  the  major  arc,  and  'the 
major  angle  at  the  circle  is  in  the  minor  arc. 

5-  When  B  moves  towards  B'  all  the  minor  elements 
increase  and  all  the  major  elements  decrease,  and  when  B 
comes  to  B'  the  minor  elements  become  respectively  equal  to 
the  major,  and  there  is  neither  major  nor  minor 
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When  B,  moving  in  the  same  direction,  passes  B',  the 
elements  change  name,  those  which  were  formerly  the  minor 
becoming  the  major  and  vice  versa. 

Io6^  Theorem. — An  angle  at  the  circle  is  one-half  the 
corresponding  angle  ?.t  the  centre,  major  corresponding  to 
major  and  minor  to  minor. 

p  Z.AOB  minor  is  2Z.APB. 

Proof. — Since  A^PO  is  isosceles, 

i.OAP  =  z.OPA,(53°,Cor.i) 
and_OAP  +  ^OPA  =  2^0PA. 
But  ^AOC=lOAP  +  ^OPA, 

(76^  Cor.) 
z.AOC  =  2Z.OPA. 
Similarly  ^B0C  =  2^0FB  ; 

.".adding,  Z.AOB  minor  =  2^PB.  q.e.d. 

The  theorem  is  thus  proved  for  the  minor  angles.  But 
since  the  limiting  conditions  require  only  an  angle  at  the 
circle  and  an  angle  at  the  centre,  the  theorem  remains  true 
while  B  moves  along  the  circle.  And  when  B  passes  B' 
the  angle  APB  becomes  the  major  angle  at  the  circle,  and 
the  angle  AOB  minor  becomes  the  major  angle  at  the 
centre. 

the  theorem  is  true  for  the  major  angles. 

Cor.  I.  The  angle  in  a  given  arc  is  constant.  (105°,  4) 

Cor.  2.  Since      _APB  =  |^z.AOB  minor, 
and  ^AQB  =  I^AOB  major, 

and  •.'  lAOB  minor +  Z.AOB  major  =  4  right  angles        (37°) 

Z.APB +_vQB  =  a  straight  angle. 

And  APBQ  is  a  concyclic  quadrangle. 
Hence  a   concyclic   qu.idrangle   has    its    opposite   internal 
angles  supplementary.  (40°,  Det.  i) 

Cor.  3.  D  being  oii  AQ  produced, 

iiHQD  is  supplementary  to  Z-AOB. 
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Hut     Z.APB  is  supplementary  to  Z.AQU, 
^APB  =  ^1}(MJ. 
Hence,  if  one  side  of  a  concyclic  quadrangle 
be  produced,  the  external  angle  is  equal  to  a 
the  opposite  internal  angle. 

Cor,  4.  Let  B  come  to  B'.         (Fig.  of  106°) 
Then  ^AO  B'  is  a  straight  angle, 

^APB'  IS  a  right  angle. 
But  the  arc  APB'  is  a  semicircle. 


Q\ 
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(102°,  Def ) 


Therefore  the  angle  in  a  semicircle  is  a  right  angle 

107°.   Theorem.~A  quadrangle    which    has    its    opposite 
angles  supplementary  has  its  vertices  concyclic. 

(Converse  of  106°,  Cor.  2) 
ABCD  is  a  quadrangle  whereof  the  zADC 
is  supplementary  to  ^BC  ;    then  a  circle 
can  pass  through  A,  B,  C,  and  I). 

Proof.— U  possible  let  the  0  through  A, 
B,  and  C  cut  AD  in  some  point  P. 

Join  P  and  C. 

Then         ^APC  is  supplementary  to  Z.ABC,  (106°,  Cor.  2) 
and  lADC  is  supplementary  to  Z.ABC, 

z.APC-^DC, 
which  is  not  true. 

.-.  the  0  cannot  cut  AD  in  any  point  other  than  D, 
Hence  A,  B,  C,  and  D  are  concyclic. 

Cor.  I.  The  hypothenuse  of  a  right-angled  triangle  is  the 
diameter  of  its  circumcircle.  (88°,  3,  Def. ;  ()f,  Def.) 

Cor.  2.  When  V  moves  along  the  0  the  AAPC  (last  figure) 
has  its  base  AC    onstant  and  its  vertical  angle  APC  constant. 

Therefore  the  locus  of  the  vertex  of  a  triangle  which  has  a 
constant  base  and  a  constant  vertical  angle  is  an  arc  of  a 
cir  le  passing  through  the  end-points  of  the  base. 

This  property  is  employed  in  the  transmel  which  is  used  to 
describe  an  arc  of  a  given  circle. 
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(hyp.) 

(60°) 

g.c.d. 
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It   consists   of  two   rules   (i6  )    L    and    M    joined  at  a 
L  ^-^  determined  an},de.     When  it  is   made 

to  slide  over  two  pins  A  and   H,  a 
pencil    at    I'    traces    an    arc    passing 


through  A  and  B. 


io8\   7Vicofi'//i.—The  angle  between  two  intersecting  se- 
cants is  the  sum  of  those  angles  in  the  circle  which  stand 

on  the  arcs  intercepted  between  the 
secants,  when  the  secants  intersect 
within  the  circle,  and  is  the  difference 
of  these  angles  when  the  secants 
intersect  without  the  circle. 

_APC-_ABC  +  _BCD,  (,!,^0 
_APC  =  _ABC-_BCD.  (}.!!;!.) 

Proof.-\.  -APC  =  z_PBC-f  ^PCB,  (60°) 
.-.      ^APC  =  _ABC  +  _BCD. 

2.  _ABC  =  _APC  +  _BCP, 
.-.      ^APC  =  _ABC-_BCD. 

q.e.d. 


EXKRCISES. 

1.  If  a  six-sided  rectilinear  figure  has  its  vertices  concyclic, 

the  three  alternate  internal  angles  are  together  equal 
to  a  circumangle. 

2.  In  Fig.  105°,  when  B  comes  to  O,  BQ  vanishes  ;   what  is 

the  direction  of  BO  just  as  it  vanishes  ? 

3.  Two  chords  at  right  angles  determine  four  arcs  of  which  a 

pair  of  opposite  ones  are  together  equal  to  a  semi- 
circle. 

4.  A,  B,  C,  D  are  the  vertices  of  a  square,  and  A,  E,  F  of  an 

equilateral  triangle  inscribed  in  the  same  circle. 
What  is  the  angle  between  the  lines  BE  and  DF.? 
between  BF  and  ED  ^ 
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^^^^^09^  Let  P  be  a  Hxed  point  on  the  0S  and  O  a  variable 

The  position  of  the  secant  L,  cut- 
ting the  circle  in  P  and  Q,  depends 
upon  the  position  of  O. 

As  Q  moves  alon-  the  0  the  secant 

rotates   about  P  as  pole.     While   Q 

makes  one  complete  revolution  along 

the  0  the  secant  L  passes  through  two  ^ 

special  positions.     The  fir^f  of  fi-.«.^  •       1 
I-  r  ^^  *^'  tnesc  IS  when  ()  ^s  fnithr.cf 

;  .stant  fron,  P,  as  at  Q ,  and  the  secant  L  becomes  at  '"' 

ZJ  "  "*'"  "  "'"^^  "'">  ™inci<ience  with  P 

■md  the  secant  takes  the  position  TT  and  becomes  a  raZut'. 

"f  '1^  '"'■'•''■'"  '°  ■''  <:'rele  is  a  secant  in  its  liniitin.. 
;,os,t,on  when  ,ts  points  of  intersection  „,,h  the  circle  b"  le 

Jirit'ttr;r0::pLrstitT: ''-  ®  '^  -'"-'■ 

noinf  An^  c-  ^  ""^  '  '^  "^"st  cut  It  agam  at  some  other 
po  nt  And  smce  P  represents  two  points  we  would  have  the 
absurdity  of  a  Ime  cutting  a  circle  in  three  points.  '94°) 

D.f  2.-The  point  where  P  and  O  meet  is  called  the>/;// 
o/.oufaa  Bemg  formed  by  the  union  of  two  points  it  iCre- 
sents  both,  and  is  therefore  a  c/oM  point.  ^ 

From  Defs.  i  and  2  we  conclude— 
T.  A  point  of  contact  is  a  double  point. 

2.  As  a  line  can  cut  a  0  only  twice  it  can  touch  a  0  only  once 

3.  A  hne  which  touches  a  0  cannot  cut  it. 

4.  A  0  is  determined  by  two  points  if  one  of  them  is  a 

given  pomt  of  contact  on  a  given  line  ;  or,  only  one 
arcle  can  pass  through  a  given  point  and  touch  a 
given  hne  at  a  given  point.     (Compare  97° ) 
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iio°.   Thcoi'em. — A  centre-line  and  a  tangent  to  the  same 
point  on  a  circle  are  perpendicular  to  one  another. 

L'  is  a  centre-line  and  T  a  tan- 
gent, both  to  the  point  P.  Then  L' 
is  i  to  T. 

Proof. — *.•  T  has  only  the  one  point 
P  in  common  with  the  0,  every  point 
of  T  except  P  lies  without  the  0.     .' . 

"Y'  if  O  is  the  centre  on  the  line  L',  OP 
is  the  shortest  segment  from  O  to  T. 

OP,  or  L',  is  ±  to  T.  (63°,  i)  qu\d. 

Cor.  I.  Tangents   at   the   end-points  of   a    diameter  are 
parallel. 

Cor.  2.  The  perpendicular  to  a  tangent  at  the  point  of  con- 
tact is  a  centre-line.     (Converse  of  the  theorem.) 

Cor.  3.  The  perpendicular  to  a  diameter  at  its  end-point  is 
a  tangent. 

111°.  Theorem. — The  angles  between  a  tangent  and  a 
chord  from  the  point  of  contact  are 
respectively  equal  to  the  angles  in  the 
opposite  arcs  into  which  the  chord 
divides  the  circle. 

TP  is  a  tangent  and  PO  a  chord  to 
the  same  point  P,  and  A  is  any  point  on 
the  0.     Then 

^QFT=lOAP. 

Let  PD  be  a  diameter. 
.lQAP=^QDP, 
^DQP  is  a  ~1- 
^DPO  is  comp.  of  ^QPT, 
Z.DPQ  is  comp.  of -QDP, 
^0DP=40PT==QAP, 
Similarly,  the    .iQPT'=<lOBP. 


Proof. 
Then 
and 
Also 
and 


(106°,  Cor.  i) 

(106°,  Cor.  4) 

(40°,  Def.  3) 


q.e.d. 
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112°.  Theorem.— Y%sQ  circles  can  intersect  in  only  two 
points. 

Proof.~\i  they  can  intersect  in  three  points,  two  circles 
can  be  made  to  pass  through  the  same  three  points.  But 
this  is  not  true.  ,  ,o>, 

.'.  two  circles  can  intersect  in  only  two  points. 
Cor.  Two  circles  can  touch   in  only  one   point.     For  a 
pomt  of  contact  is  equivalent  to  two  points  of  intersection. 

1 13°.   Theorem. ~T\\Q  common  centre-line  of  two  intersect- 
mg  circles  is  the  right  bisector 
of  their  common  chord. 

O  and  O'  are  the  centres  of  S 
and  S'j  and  AB  is  their  common 
chord, 
bisector  of  AB. 


Then   00'  is  the  right 


Proof.- 
and 

Similarly 


Since  AO  =  BO, 

AO'  =  BO', 
•  •.     O  is  on  the  right  bisector  of  AB. 
O'  is  on  the  right  bisector  of  A^, 
.".     00'  is  the  right  bisector  of  AB. 


(54°) 


Cor.  r.  By  the  principle  of  continuity,  OO'  always  bisects 
A 15.  Let  the  circles  separate  until  A  ar  d  I]  coincide.  Then 
the  circles  touch  and  OO'  passes  through  the  point  of  contact. 

Def.—TwQ  circles  which  touch  one  another  have  external 
contact  when  -ach-  circle  lies  without  the  other,  and  internal 
contact  when  one  circle  lies  within  the  other. 

Cor.  2.  Since  OO'  (Cor.  i)  passes  through  the  point  of 
contact  when  the  circles  touch  one  another  — 

{a)  When  the  distance  between  the  centres  of  two  c.rcles 

is  the  sum  of  their  radii,  the  circles  have  external 

contact. 

Kb)  When  the  distance  between  the  centres  is  the  difference 
of  the  radii,  the  circles  have  internal  contact. 
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(0  When  the  distance  between  the  centres  is  «;reater  than 

the  sum  of  the  radii,  the  circles  exchide  each  other 

without  contact. 
{d)  When  the  distance  between  tlic  centres  is  less  than 

the  difft:rence  of  the  radii,  the  greater  circle  includes 

the  smaller  without  contact, 
(f)  When  the  distance  between  the  centres  is  less  than  the 

sum  of  the  radii  and  greater  than  their  difference,  the 

circles  intersect. 


ilii 


114°.    77ic-c»Ym. —Vxom   any   point  without   a    circle    two 

tangents   can   be    drawn   to   the 
circle. 

/'roof.— Let  S  be  the  0  and  V 

the    point.     Upon   the   segment 

PO  as  diameter  let  the  0S'  be 

described,  cutting  0S  in  A  and 

15.     Then  I'A  and  PH  are  both 

'  tangents  to  S. 

For  Z.OAP  is  in  a  semicircle  and  is  a  "~|,  (106°,  Cor.  4) 

•■•  ^P  is  tangent  to  S.  (j  jq",  Cor.  3) 

Similarly  DP  is  tangent  to  S. 

Cor.  I.  Since  PO  is  the  right  bisector  of  AB,  (113') 

PA=PB.  (^530^ 

Hence  calling  the  segment  l^A  the  tanocnt  from  P  to  the 
circle,  when  length  is  under  consideration,  we  have— The  two 
tangents  from  any  point  to  a  circle  are  equal  to  one  another. 

Def.~i:\\Q  line  AB,  which  passes  through  the  points  of 
contact  of  tangents  from  P,  is  called  the  chord  of  contact  for 
the  point  P. 

w-f.  Def  I  —The  angle  at  which  two  circles  intersect  is 
the  angle  between  their  tangents  at  the  point  of  intersection. 

Def  2.  When  two  circles  intersect  at  riglu.  angles  they  are 
said  to  cut  each  other  orthogonally. 
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The  same  term  is  conveniently  applied  to  the  intersection 
of  any  two  figures  at  riglit  angles. 

Cor.  I.  If,  in  the  Fig.  to  1 14^  PA  be  made  the  radius  of  a 
(  n-cle  and  P  its  centre,  the  circle  will  cut  the  circle  S  ortho- 
gonally. For  the  tangents  at  A  are  respectively  perpendicular 
to  the  radii. 

Hence  a  circle  S  is  cut  orthogonally  by  any  circle  having 
Its  centre  at  a  point  without  S  and  its  radius  the  langen't 
from  the  point  to  the  circle  S. 

Fr6°.  The  following  examples  furnish  ti-orems  of  some 
importance. 

Ex.  I.  Three  tangents  touch  the  circle 
S  at  the  points  A,  B,  and  C,  and  inter- 
sect to  form  the  AATi'C.  O  ])eing  the 
centre  of  the  circle, 

^A0C  =  2_A'0C'. 

Proof.—         AC'  =  BC', 
and  BA'  =  CA',  (114°,  Cor.  i) 

AAOC'^ABOC,  and  ABOA'  =  ACa^ 
z.BOC'  =  _AOC',  and   ^COA'=^BOA' 
Z-A0C  =  2_A'0C'.  '         ^^ 

Similarly        z.A0B-2_A'OB',  and  ^BOC-2_B'OC'.   ^^ 

If  the  tangents  at  A  and  C  are  fixed,  and  the  tangent  at  B 
IS  variable,  we  have  the  following  theorem  :-- 

The  segment  of  a  variable  tangent  intercepted  bv  two  fixed 
tangents,  all  to  the  same  circle,  subtends  a  fixed  angle  at  the 
centre. 

Kx.  2.  If  four  circles  touch  two  and  two  externallv,  the 
points  of  contact  are  concyclic. 

I.et  A,  B,  C,  D  be  the  centres  of  the  circles,  and  P,  f ),  R, 
S  be  the  points  of  contact.  '    "' 

Then  AB  passes  through  P,  BC  through  O,  etc.  (i  13",  Cor.  i) 
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Now,  A1]CI)  bcin;^^  ;i  ([uadranirle, 

-A  +  _B  +  _C  +  ^D=4-|s.  (90^) 

Hut  the  sum  of  all  the  internal  angles  of  the  four  As  APS 
HOP,  CRQ,  and  DSR  is  8 ~\%,  and 

^APS-lASP,  -HPQ-_B(2P,  etc., 

-APS  +  ^HPQ+-CRQ  +  -DRS  =  2-ls. 
Now  -SPQ  =  2"-ls-(-APS  +  _BP0), 

-O RS  -  2  -[s  - (-CRO  +  -DRS), 
:_SPO  +  _()RS  =  2"~Is. 
and  P,  O,  R,  S  are  concyclic  (107^).  g^^.d. 

Kx.  3.  If  the  common  chord  of  two  intersecting  circles 
subtends  equal  angles  at  the  two  circles,  the  circles  are  equal. 

AB  is  the  common  chord,  C,  C  points  upon  the  circles,  and 

-ACB  =  ^ACJJ. 

Let  O,  O'  be  the  centres.  Theu  _A0Ii  =  _A0'J3.  (106°) 
And  the  triangles  OAB  and  O'AB  being  isosceles  are  con- 
gruent,       .-.  OA-O'A,  and  the  circles  are  equal.      (93',  4) 

Ex.  4.  If  O  be  the  orthocentre  of  a  AABC,  the  cirrum- 
circles  to  the  As  AHC,  AOB,  ]K)C,  CO  A 
are  all  equal. 

•.'  AX  and  CZ  are  _L  respectively  to 
BC  and  AB, 

-CBA  =  sup.  of  1.XOZ 
=  sup.  of  _COA. 
lUit    D    being    any   point   on   the    arc 
ASX,  _CDA  is  the  sup.  of  ^COA. 

_CBA-_CDA, 
and  the  0s  S  and  S^  are  equal  by  Ex.  3. 
In  like  manner  it  may  be  proved  that  the  0S  is  equal  to  the 
0s  .S;j  and  S^. 

Ex.  5.  If  any  point  O  be  joined  to  the  vertices  of  a  AABC, 
the  circles  having  OA,  OB,  and  OC  as  diameters  liuerseci 
upon  the  triangle. 

Proof.     Draw  OX  _L  to  BC  and  OY  ±  to  AC. 
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•:  -0X15=-].  the  0  on  OB  as  diameter  passes  tlirough  X. 

c-     I    ,      ,      ^  ('°7°,  Cor.  I) 

Similarly  the  0  on  OC  as  diameter  passes  through  X 
'I  herefore  the  0s  on  OR  and  OC  intersect  in  X  ;  and  in  like 
manner  it  is  seen  that  the  0s  on  OC  and  OA  intersect  in  Y 
and  those  on  OA  and  OB  intersect  in  Z,  the  foot  of  the    l' 
from  O  to  AB. 

lOx.  6.  The  feet  of  the  medians  and  the  feet  of  the  altitudes 
in  any  triangle  are  six  concyclic  points,  and  the  circle  bisects 
that  part  of  each  altitude  lying 
between  the  orthocentre  and  the 
vertex. 

n,  E,  F  are  the  feet  of  the 
medians,  i.e.,  the  middle  points 
of  the  sides  of  the  AABC.  Let 
the  circle  through  D,  E,  F  cut 
the  sides  in  G,  H,  K. 

Now  FD  is  !|  to  AC  and  EI)  is  ||  to  AB, 

^FDE  =  /.FAE. 
^^"t        ^  -FDE  =  ^FHE, 

.'.  AAFH  is  isosceles,  and  AF  =  FH  =  FB 

-AHB=-], 
and  H  is  the  foot  of  the  altitude  from  B. 

Similarly,  K  and  G  are  feet  of  the  altitudes  from  C  and  A 

Again,  i-KPH  =  ^KFH  =  2_KAH.     And  A,  K,  O,  H  are 

concyclic  (107°),  and  AO  is  a  diameter  of  the  circumcircle, 

therefore  P  is  the  middle  point  of  AO. 

Similarly,  O  is  the  middle  point  of  BO,  and  R  of  CO. 

A;/:— The  circle  S  passing  through  the  nine  points  D,  E, 
F,  (},  H,  K,  and  P,  O,  R,  is  called  the  uiiie-points  circle  of 
t!ie  AABC. 

Cor.  Since  the  nine-points  circle  of  ABC  is  the  circum- 
circle  of  ADEF,  whereof  ^he  sides  are  respectively  equal  to 
half  the  sides  of  the  AABC,  therefore  the  radius  of  the  nine- 
points  circle  of  any  triangle  is  one-half  that  of  its  circuricircle 


(84°,  Cor.  2) 
(io6;  Cor.  I) 
(106°,  Cor.  4) 
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Exercises. 

1.  In  105°  when  P  passes  li  where  is  the  ^APB? 

2.  A,  B,  C,  D  are  four  points  on  a  circle  whereof  CD  is  a 
diameter  and  E  is  a  point  on  this  diameter.  If 
^AEB-2:_ACB,  E  is  the  centre. 

3.  The  sum  of  the  aUcrnate  angles  of  any  octagon  in  a  circle 
is  six  right  angles. 

4.  The  sum  of  the  alternate  angles  of  any  concyclic  polygon 
of  2n  sides  is  2(//  -  i )  right  angles.  ' 

If  the  angle  of  a  trammel  is  60"  what  arc  of  a  circle  will 

it  describe .?  what  if  its  angle  is  n'  ? 
Trisect  a  right  angle  and  thence  show  how  to  draw  a 

regular  12-sided  polygon  in  a  circle. 

7.  If  r,  r'  be  the  radii  of  two  circles,  and  d  the  distance 

between  them,  the  circles  touch  when  d=r±r'. 

8.  Give  the  conditions  under  which  two  circles  have  4,  3,  2, 

or  I  common  tangent, 
q.   Prove  Ex.  2,  116°,  by  drawing  common  tangents  to  the 

circles  at  P,  Q,  R,  and  S. 
la  A  variable  chord  passes  through  a  (ixed  point  on  a  circle, 
to  find  the  locus  of  the  middle  point  of  the  chord. 

11.  A  variable  secant  passes  through  a  fixed  point,  to  find 

the  locus  of  the  middle  point  of  the  chord  determined 
b\-  a  fixed  circle. 

12.  In  Ex.  ir,  what  is  the  locus  of  the  middle  point  of  the 

secant  between  the  fixed  point  and  the  circle  'i 

13.  In  a  quadrangle  circumscribed  to  a  circle  the  sums  of  the 

opposite  sides  are  equal  in  pairs  ;  and  if  the  vertices 
be  joined  to  the  centre  the  sums  of  the  opposite  angles 
at  the  centre  are  equal  in  pairs. 

14.  If  a   hexagon  circumscribe  a  circle  tl.     sum   of  three 

alternate  sides  is  equal  to  that  of  the  remaining 
three. 

15.  If  two  ch'cles  are  concentric,  any  chord   of  the  outer 

which  is  langent  to  the  inner  is  bisected  by  the  point 
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of  contact ;  and  the  parts  intercepted  on  any  secant 

between  the  two  circles  are  equal  to  one  another, 
ff  two  cncles  touch  one  another,  any  line  through  the 

POMU  of  contact  determines  arcs  which  subtend  ec.ual 

ano-lcs  in  the  two  circles. 
If  any  two  lines  be  drawn  through  the  point  of  contact  of 

two  touchmg  circles,  the  lines  determine  arcs  whose 

chords  are  parallel. 
Jf  two  diameters  of  two  touching  circles  are  parallel,  the 

transverse  connectors  of  their  end-points  pass  through 

the  point  of  contact. 
The  shortest  chord  that  can  be  drawn  through  a  .n\cn 

point  within  a  circle  is  perpendicular  to  the  centre-line 

through  that  point. 

Three  circles  touch  each  other  externally  at  A,  II,  and  C. 
The  chords  AH  and  AC  of  tv  o  of  the  circles  meet  the 
third  circle  ,n  I)  and  E.     Prove  that  DE  is  a  diameter 
of  the  th.rd  circle  and  parallel  to  the  common  centre- 
line ot  the  other  two. 
A  line  which  makes  equal  angles  with  one  pair  of  oppo- 
site sides  of  a  concyclic  quadrangle  makes  equal  angles 
with  the  other  pair,  and  also  with  the  diagonals 
Two  circles  touch  one  another  in  A  and  have  a  common 

tangent  BC.     Then  ^BAC  is  a  right  angle. 
OA  and  OB  are  perpendicular  to  one  another,  and  AB  is 
variable  in  position  but  of  constant  length.     Find  the 
locus  of  the  middle  point  of  AB. 
Two  equal  circles  touch  one  another  and  each  touches 
one  of  a  pair  of  perpendicular  lines.    What  is  the  locus 
of  the  point  of  contact  of  the  circles  ? 
Two  lines  through  the  common  points  of  two  intersectin.r 
circles  determine  on  the  circles  arcs  whose  chords  are 
parallel. 

Two  circles  intersect  in  A  and  B,  and  through  B  a  secant 
cuts  the  circles  in  C  and  I).  Show  that  _CAD  is 
constant,  the  direction  of  the  secant  being  variable 
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27.  At  any  point  in  the  circiim circle  of  a  square  one  of  the 

sides  subtends  an  angle  three  times  as  great  as  that 
subtended  by  the  opposite  side. 

28.  The  three  medians  of  any  triangle  taken  in  both  length 

and  direction  can  form  a  trian<de. 


SECTION   VI. 
CONSTRUCTIVE   GEOMETRY, 

INVOLVIN(;    THE    PRINCIPLES    OF    THE    FIRST    FIVE 

SECTIONS,    ETC. 

117°.  Constructive  Geometry  applies  to  the  determination 
of  geometric  elements  which  shall  have  specified  relations  to 
given  elements. 

Constructive  (Geometry  is  Practical  when  the  determined 
elements  are  physical,  and  it  is  Theoretic  when  the  elements 
are  supposed  to  be  taken  at  their  limits,  and  to  be  geometric 
in  character.  (1-^°") 

Practical  Constructive  Geometry,  or  simply  "Practical 
( Geometry,"  is  largely  used  by  mechanics,  draughtsmen,  sur- 
veyors, engineers,  etc.,  and  to  assist  them  in  their  work 
numerous  aids  known  as  "  Mathematical  Instruments  "  have 
been  devised. 

A  number  of  these  will  be  referred  to  in  the  sequel. 

In  "Practical  (Geometry"  the  "  Rule"  (16°)  furnishes  the 
means  of  constructing  a  line,  and  the  "  Compasses  "  (92')  of 
constructing  a  circle. 

In  Theoretic  Constructive  Geometry  we  assume  the  ability 
to  construct  these  two  elements,  and  by  means  of  these  we 
are  to  determine  the  required  elements. 

IF  8°.     To  test  the  "  Rule." 

Place  the  rule  on  a  plane,  as  at  R,  and  draw  a  line  AB 
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R' 
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along  its  edge.     Turn  the  rule  into  the  position  R'.     If  the 
edge  now  coincides  with  the  line  _ 

the  rule  is  true.  a 

This  test  depends  upon  the  pro- 
perty that  two  finite  points  A  and  B  determine  one  line. 

(24°,  Cor.  2) 

Jkf.—A  construction  proposed  is  in  general  called  a 
proposition  (2')  and  in  particular  ix  problem. 

A  complete  problem  consists  of  (j)  the  statement  of  what 
is  to  be  done,  (2)  the  construction,  and  (3)  the  proof  that  the 
construction  furnishes  the  elements  sought. 


119°.  Problem. 
line  segment. 

Let  Ali  be  the  given  segment. 


To  construct  the  right  bisector  of  a  given 
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Coiislnnh'on.—^N'xih.  A  and  1}  as  centres 
and  with  a  radius  AD  greater  than  half  of  a 
AB  describe  circles. 

Since  AB  is  <  the  sum  of  the  radii  and 
>  their  difference,  the  circles  will  meet  in 
two  points  P  and  O.  (113°,  Cor.  2,  e) 

The  line  PQ  is  the  right  bisector  required. 

Proof.—?  and  O  are  each  equidistant  from  A  and  B  and 
.'.  they  are  on  the  right  bisector  of  AB  ;  (54") 

.*.  PQ  is  the  right  bisector  of  AB. 

Cor.  I.  The  same  construction  determines  C,  the  middle 
point  of  AB. 

Cor.  2.  If  C  be  a  given  point  on  a  line,  and  we  take  A  and 
B  on  the  line  so  that  CA  =  CB,  then  the  right  bisector  of  the 
segment  AB  passes  through  C  and  is  ±  to  the  given  line. 

.*.  the  construction  gives  the  perpendicular  to  a  given  line 
at  a  given  point  in  the  line. 

120°.  Problem. — To  draw  a  perpendicular  to  a  given  line 
from  a  point  not  on  the  line. 
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be  the  -iven  line  and  V  be  the  point. 

Co/is/r.~ Draw  any  line  through 
1'  meeting  L  at  some  point  A. 
Hisect  AP  in  C  (119°,  Cor.  i),  and 
with  C  as  centre  and  CP  as  radius 
describe  a  circle. 

If  PA  is  not  J.  to  L,  the  0  will 
cut  L  in  two  points  A  and  D. 

Then  PD  is  the  _L  required. 

Proof.-  VD A  is  the  angle  in  a  semicircle, 

-PDA  is  a-].  (106;  Cor.  4) 

Cor.  Let  I)  be  a  given  point  in  L.  With  any  centre  C 
.md  CD  as  radius  describe  a  circle  cutting  L  again  in  some 
ponit  A.  Draw  the  radius  ACP,  and  join  D  and  P  'j-Jicn 
DPis_LtoL. 

.-.  the  construction  draws  a  ±  to  L  at  a  given  point  in  L. 

(Compare  ik/,  Cor.  2) 

Cor.  2.  Let  L  be  a  given  line  and  C  a  given  point. 

To  draw  through  C  a  line  parallel  to  L. 

With  C  as  the  centre  of  a  circle,  construct  a  figure  as 
given.     Bisect  PD  in  E  (119^  Cor.  i).     Then  CE  is^||  to  L 
tor  C  and  E  are  the  middle  points  of  two  sides  of  a  trian-dc 

of  which  L  is  the  base.  /q,o  n        \ 

(64  ,  Cor.  2) 

771,  S(;uan^.— The  square  consists  of  two  rules  with 

their  edges  fixed  permanently  at 

right   angles,  or   of  a   triangular 

plate   of  wood   or  metal   having 

"^        y  two  of  its  edges  at  right  angles.  "^ 

^— ^  To  test  a  square. 

Draw  a  line  AB  and  place  the 

square  as  at  S,  so  that  one  edge 

coincides  with  the  line,  and  along 

the   other    edge    draw    the    line 

^  CD. 

Next  place  the  square  in  the  position  S'.     If  the  edges  can 
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now   be   made   to   coincide  ^v\^h   the  two  lines    the   square 
is  true. 

This  test  depends  upon  the  f.ct  that  a  right  angle  is  one- 
half  a  straight  angle. 

The  square  is  employed  practically  for  drawing  a  line  ±  to 
another  line. 


Cor.  I.  The  square  is  employed  to 
draw  a  series  of  parallel  lines,  as  in 
the  figure. 

Cor.  2.  To  draw  the  bisectors  of  an  angle  by  means  of  the 
scjuare. 

Let  AOB  be  the  given  angle.     Take  OA=OB,  and  at  A 
and  B  draw  perpendiculars  to  OA  and  OB. 

Since  AOB  is  not  a  straight  angle,  these  perpendiculars 

1  lien  OC  is  the  mternal  bisector  of  _A0]1     For  the  tri- 
angles AOC  and  BOC  are  evidently  congruent. 

-aoc=_b6c. 

The  line  drawn  through  O  ±  to  OC  is  the  external  bisector. 

122°.  /V^/V.w.-Through  a  given  point  in  a  line  to  draw  a 
line  which  shall  make  a  given  angle  b 

with  that  line. 

Let  P  be  the  given  point  in  the 
line   L,   and    let   X    be   the  given  '^^ 

angle. 

Constr—  From   any   point    B    in      ^        a'     l 
the  arm  OB  draw  a  ±  to  the  arm  OA.  (i''o°) 

Afake   PA'-OA,   and   at   A'   draw    the  ±  A'B'   makin- 
A'B'  =  AB.     PB'  is  the  line  required. 

/'myi—The  triangles  OBA  and  PB'A'  are  evidently  con- 
gruent, and  .-.  ^BOA=:X  =  _B'PA'. 

Cor.  Since  PA'  might  have  been  taken  to  the  left  of  P,  the 
problem  admits  of  two  solutions.  When  the  angle  X  'is  a 
right  angle  the  two  solutions  become  one. 
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The  Protractor. — This  instrument  has  different  forms 
depending  upon  the  accuracy  re- 
quired of  it.  It  usually  consists  of 
a  semicircle  of  metal  or  ivory  divided 
into  degrees,  etc.  (41°).  The  point  C 
is  the  centre.  By  placing  the  straight 
edge  of  the  instrument  in  coincidence  with  a  given  line  AB 
so  that  the  centre  falls  at  a  given  point  C,  we  can  set  off  any 
angle  given  in  degrees,  etc.,  along  the  arc  as  at  D.  Then 
the  line  CI)  passes  through  C  and  makes  a  given  angle 
with  AB. 
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Prooletn. — Given  the  sides  of  a  triangle  to  construct  it. 

Constr. — Place  the  three  sides  of 
the   triangle  in   line,  as  AB,  BC, 
CD. 
With  centre  C  and  radius  CD 
0  describe  a  circle,  and  with  centre 
B  and  radius  BA  describe  a  circle. 
Let  E  be  one  point  of  intersection  of  these  circles. 
Then  AI^EC  is  the  triangle  required. 

Proof.— WE^B^  and  CE  =  CD. 

Since  the  circles  intersect  in  another  point  E',  a  second 
triangle  is  formed.  But  the  two  triangles  being  congruent 
are  virtually  the  same  triangle. 

Cor.  I.  When  AB  =  BC  =  CA  the  triangle  is  equilateral. 

(53°,  Def.  2) 

In  this  case  the  circle  AE  passes  through  C  and  the  circle 
DE  through  B,  so  that  B  and  C  become  the  centres  and  BC 
a  common  radius. 

Cor.  2.  When  BC  is  equal  to  the  sum  or  difference  of  AB 
and  CD  the  circles  touch  (113°,  Def)  and  the  triangle  takes 
the  limiting  form  and  becomes  a  line. 

When  BC  is  greater  than  the  sum  cr  less  than  the  differ- 
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r^i'^eiriT^r  ^'-'-<'°  -  -'  ('-3",  Def.)  and 

difference  of  the  othe?  two  '"'  ^^'^'"  *^"  ">« 


:  t  I 


backwards  from   the   comDletrH    fi  ''^  reasoning 

amongst  the  given  LrKh  ^f    '°    '""^    ^^'^«°n 

the  construction        "^  "^  "'"''  °^  "■'"^'' "«  "^^^  "^ke 

bemlderuTtttt'sC  """  '"^"^'  '^'"^"^^""' 
The  next  three  problems  furnish  examples 

anfIe:^ittrtI:t=e'are'S^  "^  '^  ^^ 

Let  «  and  ^  be  two  sides  and  « 
the  median  to  the  third  side. 

Suppose  ACB  is  the  required 
triangle  having  CD  as  the  given 
median. 

By  completing  the  CZ7ACBC' 
and  joining   DC,   we   have  DC  c 

equal  to  CD  and  in  the  same  line,  and  BC=Ar  r«r°^         a 
the  triangle  CCB  has  CC-...    nx,  ^^    ^'  ^"^ 

and  is  constructed  by  124°.  '  ^  =AC=^, 

Thence  the  triangle  ACB  is  readily  constructed. 

J        iiic  iriangie  ALB  depends  upon  that  of  CC'n 
■    refore  a  median  of  a  triangle  is  less  'than  onel^f'^th; 

mi^s  sii::""  *■''"  ""^■'"^'^  *«  '■"r-"-  "f  'he  contt' 

p  (124°,  Cor.  2) 
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127°.  Problem.—To  trisect   a  given  line-segment,  />.,  to 
divide  it  into  three  equal  parts. 

Cofis/K— Let  AB  be  the  segment. 
'--..^^  Through  A  draw  any  line  CD  and  make 

"  'B  AC=AD.     Bisect  DB  in  E,  and  join  CE, 
^E  cutting  AB  in  F. 

Then  AF  is  ^AB. 

Proo/.~CBD  is  a  A  and  CE  and  BA  are  two  medians. 

AF=^AB.  (85°,  Cor.) 

Bisecting  FB  gives  the  other  point  of  division. 

-To  construct  a  A  when  the  three  medians 
are  given. 

Let  /,  m,  71  be  the  given 
medians,  and  suppose  ABC 
to  be  the  required  triangle. 
Then 

AD  =  /,     BE  =  ?«,    and  CF=«, 
AO  =  f/,  OB  =  §w,  and  OF  =  i;/, 
.•.  in  the  AAOB  we  have  two  sides  and  the  median  to  the 
third  side  given.     Thence  AAOB  is   constructed  by  126° 
and  127°. 

Then  producing  FO  until  0C  =  2F0,  C  is  the  third  vertex 
of  the  triangle  required. 

Ex.  To  describe  a  square  whose  sides  shall  pass  through 
four  given  points. 

Let  P,  Q,  R,  S  be  the  given  points,  and 
suppose  ABCD  to  be  the  square  required. 

Join  P  and  Q  upon  opposite  sides  of  the 
square,  and  draw  QG  ||  to  BC.     Draw  SX 
±  to  PQ  to  meet  BC  in  E,  and  draw  EF 
II  to  CD.    ThenAQPG^AFSE, 
and  SE  =  PQ. 

Hence  the  construction  : — 
Join  any  two  points  PC),  and  through  a  third  point  S  draw 
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SX  ±  to  PQ.     On  SX  take  SE  =  PQ  and  join  E  with  the 
fourth  point  R.     ER  is  a  side  of  the  squari  in  posidon  .nd 
direction,  and  the  points  first  joined,  P  'and  Q,  are Topno 
site  sides  of  the  required  square.  ^^ 

Thence  the  square  is  readily  constructed 

Since  SE  may  be  measured  in  two  directions  along  the 

me  SX,  two  squares  can  have  their  sides  passing  through 

the  same  four  points  P,  Q,  R,  s,  and  having  P  and  Q  on 

opposite  sides.  ^  -^  ^^ 

Also,  since  P  may  be  first  connected  with  R  or  S,  two 

hlvinTp'^/n    'T^'''  '"^'"^"^^    ^^^    conditions  aid 
having  P  and  Q  on  adjacent  sides. 

Therefore,  four  squares  can  be  constructed  to  have  their 
sides  passing  through  the  same  four  given  points 


CIRCLES  FULFILLING  GIVEN  CONDITIONS. 
The  problems  occurring  here  are  necessarily  of  an  elemen- 

at  LlLn'S:-^"  ''-'-'''  '  ^'^*  '°  'o-''  ^  Si-"  '- 
P  is  a  given  point  in  the  line  L. 

G?;w/r.— Through  P  draw  M  _L  to  L. 
A  circle  having  any  point  C,  on  M,  as 
centre  and  CP  as  radius  touches  L  at  P. 

Proo/.~L  is  ±  to  the  diameter  at  its     " 
end-point,  therefore  L  is  tangent  to  the  circle,    (i  10°,  Cor.  3) 

D,/.-As  C  is  anj^  point  on  M,  any  number  of  circles  may 
be  ^awn  to  touch  L  at  the  point  P,  and  all  their  centres  lie 

Such  a  problem  is  Me/iu^V.  because  the  conditions  are 
not  sufficient  to  determine  a  Jxrn/cu/ur  circle.     If  the  circle 
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varies  its  radius  while  fuWIling  the  conditions  of  the  problem 
the  centre  moves  alon^r  m  ;  and  M  is  called  the  avz/n'- W 
of  the  variable  circle. 

Hence  the  centre-locus  of  a  circle  which  touches  a  fixed 
line  at  a  fixed  point  is  the  perpendicular  to  the  line  at  that 
point. 

Cor.  If  the  circle  is  to  pass  through  a  second  given  point 
Q  the  problem  is  definite  and  the  circle  is  a  particular  one 
smcc  It  then  passes  through  three  fixed  points,  viz.,  the  double 
point  P  and  the  point  Q.  /,     »     x 

In  this  case  ^CQP=^CPO.  ' 

But  .iCPQ  is  given,  since  P,  Q,  and  the  line  L  are  given. 
•••  ^CQP  is  given  and  C  is  a  fixed  point. 

130'.  /V^/;/.7//.-To  describe  a  circle  to  touch  two  given 

non-parallel  lines. 

Let  L  and  M  be  the  lines  inter- 
secting at  O. 

Draw  N,  N,  the  bisectors  of  the 
angle  between  Land  M.(  121°,  Cor.  2) 
From  C,  any  point  on  either  bi- 
sector, draw  CA  ±  to  L. 
The  circle  with  centre  C  and  radius  CA  touches  L,  and  if 
CB  be  drawn  J.  to  M,  CB  =  CA.  /^gox 

Therefore  the  circle  also  touches  M. 
As  C  is  any  point  on  the  bisectors  the  problem  is  indefinite, 
and  the  centre-locus  of  a  circle  which  touches  two  intersecting 
lines  is  the  two  bisectors  of  the  angle  between  the  lines. 

131°.  /'r^-^/.v/z.-To  describe  a  circle  to  touch  three  given 
lines  which  form  a  triangle. 

L,  M,  N  are  the  lines  forming  the  triangle. 

ComfK-DYa^v  I„  Ej,  the  internal  and  external  bisectors 
of  the  angle  A  ;  and  I^,  E.,,  those  of  the  angle  B. 

^  +  ^Bis<±,  .-.  ^BAO  +  z.ABOis<n. 
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.-.  I,  and  I,  meet  at  some  point  O  (79")  and  are  not  ±  to  one 
another  and  therefore  E,  and  K,  meet  at  some  point  O,. 

(79"f  Cor.) 


Also  Ii  and  E^  meet  at  some  point  0„  and  similarly  I,  and 


E,  meet  at  O^, 

The  four  points  O,  0„  0„  Q.,  are  the  centres  of  four  circles 
each  of  which  touches  the  three  lines  L,  M,  and  N. 

^^^^^/ Circles  which  touch  M  and  N  have  I^  and  E,  as 

their  centre-locus  (130°),  and  circles  which  touch  N  and  L 
have  L  and  E^  as  their  centre-locus. 

.-.  Circles  which   touch  L,  M,  and   N   must  have  their 
centres  at  the  intersections  of  these  loci. 

But  these  intersections  are  O,  0„  O^,  and  O3, 
.*.  O,  Oi,  0.,  and  O.,  are  the  centres  of  the  circles  required. 

The  radii  are  the  perpendiculars  from  the  centres  upon  any 
one  of  the  lines  L,  M,  or  N. 

Cor.  I.  Let  I3  and  E3  be  the  bisectors  of  the  lC.  Then, 
since  O  is  equidistant  from  L  and  M,  I,  passes  through  O.  (68°) 

.-.  the  three  internal  bisectors  of  the  angles  of  a  triangle 
are  concurrent. 

Cor.  2.  Since  O3  is  equidistant  from  L  and  M,  Ig  passes 


through  O.j. 


(68°) 
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.'.  the  external  bisectors  of  two  angles  of  a  triangle  and  the 
internal  bisector  of  the  third  angle  are  concurrent. 

I^c/.  I. — When  three  or  more  points  are  in  line  they  are 
said  to  be  collincar. 

Cor.  3.  The  line  through  any  two  centres  passes  through  a 

vertex  of  the  AABC. 
.'.  any  two  centres  are  collinear  with  a  vertex  of  the  A- 
The  lines  of  collinearity  are  the  six  bisectors  of  the  three 

angles  A,  H,  and  C. 

Def.  2  —With  respect  to  the  AABC,  the  circle  touching 
the  sides  and  having  its  centre  at  O  is  called  the  inscribed 
circle  or  simply  the  in-circlc  of  the  triangle. 

The  circles  touching  the  lines  and  having  centres  at  0„ 
O2,  and  O3  are  the  escribed  or  ex-circles  of  the  triangle. 


REGULAR  POLYGONS. 

132°.  Def.  I. — A  closed  rectilinear  figure  without  re-entrant 
angles  (89°,  2)  is  in  general  called  71  polygon. 

They  are  named  according  to  the  number  of  their  sides  as 
follows  : — 

3,  triangle  or  trigon  ; 

4,  quadrangle,  or  tetragon,  or  quadrilateral ; 

5,  pentagon  ;  6,  hexagon  ;    7,  heptagon  ; 

8,  octagon  ;   10,  decagon  ;  12,  dodecagon  ;  etc. 

The  most  important  polygons  higher  than  the  quadrangle 
are  regular  polygons. 

Def.  2. — A  regular  polygon  has  its  vertices  concyclic,  and 
all  its  sides  equal  to  one  another. 
The  centre  of  the  circumcircle  is  the  centre  of  the  polygon. 

133°.  Theorem.  ~\i  n  denotes  the  number  of  sides  of  a 


k- 


or 
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regular  polygon,   the  magnitude  of   an   internal    angle    is 
(2-^J  right  angles. 

Proo/.—Let  AB,  BC  be  two  consecu- 
tive sides  of  the  polygon  and  O  its  centre. 

Then  the  triangles  AOB,  BOG  are 
isosceles  and  congruent. 

^OAB=^OBA==^OBC  =  etc., 

^OAB  +  ^OBA  =  z.ABC. 
But  -iOAB  +  lOBA-X-zJVOB, 

and  (132°,  Def.  2)  /  A  or  ^4  right  angles 

^ABC  =  (2-^)  right  angles, 
or  =^-4)90°. 

Cor.  The  internal  angles  of  the  regular  polygons  expressed 
in  right  angles  and  in  degrees  are  found,  by  putting  proper 
values  for  «,  to  be  as  follows  :— 

Equilateral  triangle,  f  60°  Octagon,      .f  135° 

Square, i  90"  Decagon,     .  f  144" 

Pentagon,  ....  a  108°  Dodecagon,    ^  150'^ 

Hexagon,    .     .     .     .  ^  120° 


134°.  Problem.— On  a  given  line-segment  as  side  to  con- 
struct a  regular  hexagon. 

Let  AB  be  the  given  segment. 

Co7istr.—0\).  AB  construct  the  equi- 
lateral triangle  AOB  (124°,  Cor.  i),  and 
with  O  as  centre  describe  a  circle  through 
A,  cutting  AO  and  BO  produced  in  D 
and  E.  Draw  FC,  the  internal  bisector  of  lAOE.  Then 
ABCDEF  is  the  hexagon. 

Proof.—  ^AOB  =  ^EOD  =  f~I, 

^A0E=O  and  AOF  =  ^n. 
Z.AOB=^BOC  =  ^COD  =  etc.  =  |n. 
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And  the  chords  AIJ,  BC,  CD,  etc.,  being  side.s  of  congruent 
equilateral  triangles  are  all  equal. 
Therefore  AHCUEF  is  a  regular  hexagon. 

Cor.  Since  AOB  is  an  equilateral  triangle,  AR=AO  ; 
.-.  the  side  of  a  regular  hexagon  is  equal  to  the  radius  of 
its  circumcircle. 

135°.  Problem.— To  determine  which  species  of  regular 
polygons,  each  taken  alone,  can  fill  the  plane. 

That  a  regular  polygon  of  any  species  may  be  capable  of 
filling  the  plane,  the  number  of  right  angles  in  its  internal 
angle  must  be  a  divisor  of  4.  But  as  no  internal  angle  can 
be  so  great  as  two  right  angles,  the  only  divisors,  in  133", 
Cor.,  are  f,  i,  and  i^,  which  give  the  quotients  6,  4,  and  3. 

Therefore  the  plane  can  be  filled  by  6  equilateral  triangles, 
or  4  squares,  or  3  hexagons. 

It  is  worthy  of  note  that,  of  the  three  regular  polygons 
which  can  fill  the  plane,  the  hexagon  includes  the  greatest 
area  for  a  given  perimeter^  As  a  consequence,  the  hexagon 

is  frequently  found  in 
Nature,  as  in  the  cells  of 
bees,  in  certain  tissues  of 
plants,  etc. 

Ex.  I.  Let  D,  E,  F  be 
points  of  contact  of  the  in- 
circle,  and  P,  P',  P",  R,  R', 
R",  etc.,  of  the  ex-circles. 

(131°) 
Then  AP  =  AP',  CP'  =  CP", 

andBP  =  BP",(ii4°,Cor.i) 
.-.  AP'  +  AP 

=  AB-}-BC-l-AC 
=  a-\-b-\-Cj 

and,  denoting  the  perimeter  of  the  triangle  by  2J,  we  have 

AP=AP'^o, 
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Similarly, 
Again, 


Similarly, 


CP'=j-^=CP",     BV=:s-c=hV". 
AR=s-d=AR'\    ]U<'  =  s-a=]Ui\  etc 
CD  =  CE  =  /;-AE  =  <^-AF  =  /.-(^_IiF) 

CE  =  Cl)=s-c=hV". 
AE  =  AF  =  j-r?=BR",  etc. 
These  relations  are  frequently  useful. 
If  we  put  A/  to  denote  the  distance  of  the  vertex  A  from 
the  adjacent  points  of  contact  of  the  in-circle,  and  A^;,  Ac  to 
denote  its  distances  from  the  points  of  contact  of  the  ex-circles 
upon  the  sides  d  and  c  respectively,  we  have 

Bi=Ca  =  Ac  =  s-/;, 
Ct=Ad=  Ba  =  s-c. 


Exercises. 

1.  In  testing  the  straightness  of  a  "rule"  three  rules  are 

virtually  tested.     How  ? 

2.  To  construct  a  rectangle,  and  also  a  square. 

3.  To  place  a  given  line-segment  between  two  given  lines 

so  as  to  be  parallel  to  a  given  line. 

4.  On  a  given  line  to  find  a  point  such  that  the  lines  joining 

It  to  two  given  points  may  make  equal  angles  with  the 
given  line. 

5.  To  find  a  point  equidistant  from  three  given  points. 

6.  To  find  a  line  equidistant  from  three  given  points.     How 

many  lines  ? 

7.  A  is  a  point  on  line  L  and  B  is  not  on  L.    To  find  a  point 

P  such  that  PA±PB  may  be  equal  to  a  given  segment. 
S.  On  a  given  line  to  find  a  point  equidistant  from  two 
given  points. 

9.  Through  a  given  point  to  draw  a  line  which  shall  form  an 
isosceles  triangle  with  two  given  lines.  How  many 
solutions  ? 


u 
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10. 
II. 

12. 

'3- 
14. 

IS- 
16. 

'7. 

18. 

19. 

20. 
21. 

22. 

23. 
24. 
25. 
26. 


27. 


Throujrh  two  ^'ivcn  points  on  two  parallel  lines  to  draw 

two  lines  so  as  to  form  a  rhombus. 
To  construct  a  s(|uare   having  one  of  its  vertices  at  a 
given  point,  and  two  other  vertices  lying  on  two  given 
parallel  lines. 
Through  a  given  point  to  draw  a  line  so  that  the  intercept 
between  two  given  parallels  may  be  of  a  given  length. 
To  construct  a  triangle  when  the  basal  angles  p.i\d  the 

altitude  are  given. 
To  construct  a  right-angled  triangle  when  the  hypothen- 

use  and  the  sum  of  the  sides  are  given. 
To  divide  a  line-segment  into  any  number  of  equal  parts. 
To  construct  a  triangle  when  the  middle  points  of  its 

sides  are  given. 
To  construct  a  parallelogram  when  the  diagonals  and 

one  sidp  are  given. 
Through  a  given  point  to  draw  a  secant  so  that  the  chord 
intercepted  by  a  given  circle  may  have  a  given  length. 
Draw  a  line  to  touch  a  given  circle  and  be  parallc'  to  a 

given  line.     To  be  perpendicular  to  a  given  line. 
Describe  a  circle  of  given  radius  to  touch  two  given  lines. 
Describe  a  circle  of  given  radius  to  touch  a  given  circle 

and  a  gi\en  line. 
Describe  a  circle  of  given  radius  to  pass  through  a  given 

point  and  touch  a  given  circle. 
Describe  a  circle  of  given  radius  to  touch  two  given  circles. 
To  inscribe  a  regular  octagon  in  a  circle. 
To  inscribe  a  regular  dodecagon  in  a  circle. 
A,  B,  C,  D,  ...,  are  consecutive  vertices   of  a  regular 
octagon,  and  A,  B',  C,  D',  ...,  of  a  regular  dodecagon 
in  the  same  circle.     Find  the  angles  between  AC  and 
B'C;  between  BE'  and  B'E.     (Use  108°.) 
Show  that  the  plane  can  be  filled  by 

{(i)  Equilateral  triangles  and  regular  dodecagons. 
(d)  Equilateral  triangles  and  squares. 
(c)  Squares  :inc\  regular  octagons. 


PART    II. 


PRELIMINARY. 

136'.  Def.  I.— The  area  of  a  plane  dosed  fiijurc  is  the  por- 
tion of  the  plane  contained  within  the  figure,  this  portion 
being  considered  with  respect  to  its  extent  only,  and  without 
respect  to  form. 

A  closed  figure  of  any  form  may  contain  an  area  of  any 
given  extent,  and  closed  figures  of  different  forms  may  con- 
tain areas  of  the  same  extent,  or  equal  areas. 

Def,  2.— Closed  figures  are  equal  to  one  another  when  they 
include  equal  areas.  This  is  the  definition  of  the  term 
"equal"  when  comparing  closed  figures. 

Congruent  figures  are  necessarily  equal,  but  equal  figures 
are  not  necessarily  congruent.  Thus,  a  A  and  a  □  may  have 
equal  areas  and  therefore  be  equal,  although  necessarily 
having  different  forms. 

137°.  Areas  are  compared  by  superposition.  If  one  area 
can  be  superimposed  upon  another  so  as  exactly  to  cover  it, 
the  areas  are  equal  and  the  figures  containing  the  areas  are 
equal.  If  such  superposition  can  be  shown  to  be  impossible 
the  figures  are  not  equal. 

In  comparing  areas  we  may  suppose  one  of  them  to 
be  divided  into  any  requisite  number  of  parts,  and  these 
parts  to  be  afterwards  disposed  in  any  convenient  order- 
since  the  whole  area  is  equal  to  the  sum  of  all  its  parts. 
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niiistratwH.~ABC\:>  is  a  square. 

Then  the  AABC^  AADC,  and  they  are  therefore  equal. 
®  °  Now,  if  AD  and  DE  be  equal  and  in 

line,  the  As  ADC  and  EDC  are  con- 
gruent and  equal. 
Therefore  the  AABC  may  be  taken 
t  from  its  present  position  and  be  put  into 
the  position  of  CDE.  And  the  square  ABCD  is  thus  trans- 
formed into  the  AACE  without  any  change  of  area  ; 

nABCD=AACE. 
It  is  evident  that  a  plane  closed  figure  may  be  considered 
from  two  points  of  view. 

1.  With  respect  to  the  character  and  disposition  of  the 
lines  which  form  it.  When  thus  considered,  figures  group 
themselves  into  triangles,  squares,  circles,  etc.,  where  the 
members  of  each  group,  if  not  of  the  i;ame  form,  have  at 
least  some  community  of  form  and  character. 

2.  With  respect  to  the  areas  enclosed. 

When  compared  from  the  first  point  of  view,  the  capability 
of  superposition  is  expressed  by  saying  that  the  figures  are 
congruent.  When  compared  from  the  second  point  of  view, 
it  is  expressed  by  saying  that  the  figures  are  equal. 

Therefore  congruence  is  a  kind  of  higher  or  double 
equality,  that  is,  an  equality  in  both  form  and  extent  of  area. 
This  is  properly  indicated  by  the  triple  lines  (  =  )  for  con- 
gruence, and  the  double  lines  (=)  for  equality. 

138°.  Def.—ThQ  altitude  of  a  figure  is  the  line-segment 
which  measures  the  distance  of  the  farthest  point  of  a  figure 
from  a  side  taken  as  base. 

The  terms  base  and  altitude  are  thus  correlative.  A  tri- 
angle may  have  three  different  bases  and  as  many  corre- 
sponding altitudes.  /g-oK 

In  the  rectaufrle  (9,0°.   Dpf   '>^    i\vn  o/^;o^^„f  -iri-e  i---* 

perpendicular  to  one  another,  either  one  may  be  taken  as  the 
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base  and  the  adjacent  one  as  the  altitude.     The  rectangle 

naSS:Af  thTSS"^e:L~^  '"'-'^''  ^^ 


SECTIOxN  I. 

COMPARISON   OF   AREAS-RECTANGLES 
PARALLELOGRAMS,   TRIANGLES. 

2.  Equal  rectangles  with  equal  bases  have  equal  altitudes. 

3.  Equal  rectangles  with  equal  altitudes  have  equal  bases. 
I.  In  the  CDS  BD  and  FH,  if 

AD  =  EH, 
and  AB  =  EF, 

then  c=iBD=[=iFH. 

Proo/.~mace  E   at  A  and  EH   along     . 

AD.    Then,  as  z.FEH=^BAD  =  n,  EF  will  lie  along  AB. 

And  because  EH=AD  and  EF  =  AB,  therefore  H  falls  at 
e  ual        ^^       ''''^  ^^^  ^""^  °'  ""'^  congruent  and  therefore 

2.  If  □BD=(=,FH  and  AD  =  EH,  then  AB  =  EF. 

.T^^'^'f  ~^^^^  '^  "°^  ^'^"^^  t°  A^'  let  AB  be  >  EF. 
Make  AP  =  EF  and  complete  the  aPD. 

Then  mPn^oFH  h- t^^  ^    - 

,    ^  —  -     >— ^  ")  D^  tne  iirai  part, 

but  oBD=oFH,  (,yp.^ 
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tzDl'D-=c=iBD,  which  is  not  true, 
.'.  AIJ  and  EF  cannot  be  unequal,  or 

3.  If  i=]I3D=aFIl  and  AIi  =  EF,  then  AD  =  EH. 

Proo/.—Let  AB  and  EF  be  taken  as  bases  and  AD  and 
EH  as  altitudes  (138°),  and  the  theorem  follows  from  the 
second  part.  ^  ^  ^ 

Cor.  In  any  rectangle  we  have  the  three  parts,  base,  alti- 
tude, and  area.  If  any  two  of  these  are  given  the  third  is 
given  also. 


i;i 


140°.   Theorem.—^  parallelogram  is  equal  to  the  rectangle 
^      ^  F     _c  on  its  base  and  altitude. 

AC  is  a  EH]  whereof  AU  is  the  base 
and  DF  is  the  altitude. 
Then  ZZZ7AC=[=i  on  AU  and  DF. 

Pw^/— Complete  the  aADFE  by  drawing  AE  ±  to  CD 
produced. 

Then         AAEB  =  AUFC,    '.•  AE  =  DF,  AB  =  DC, 
and  ^EAB  =  i.FDC; 

.-.  ADFC    may  be  transferred  to  the  position  AEB,  and 
ZZZ7ABCD  becomes  the  oAEFD, 

^I=7AC  =  c=]on  AD  and  DF.  q,e.d. 

Cor.  r.  Parallelograms  with  equal  bases  and  equal  altitudes 
are  equal.     For  they  are  equal  to  the  same  rectangle. 

Cor.  2.  Equal  parallelograms  with  equal  bases  have  equal 
altitudes,  and  equal  parallelograms  with  equal  altitudes  have 
equal  bases. 

Cor.  3.  If  equal  parallelograms  be  upon  the  same  side  of 
the  same  base,  their  sides  opposite  the  common  base  are 
in  line. 


141°.   Thcorem.~k  triangle  is  equal  to  one-half  the  rect- 
angle on  its  base  and  altitude. 
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ABC  is  a  triangle  of  which  AC  is  the  base  and  BE  the 
altitude.  g  ^ 

Then  AABC=  to  on  AC  and  BE. 

^''^^A— Complete  the  ^=7ABDC,  of 
which  AB  and  AC  are  adjacent  sides,    a 
Then  AABC  =  AI)CIi, 

AABC  =  ^zzZ7AU  =  An  on  AC  and  BE.    (140°)  g.su/. 

Cor.  I.  A  triangle  is  equal  to  one-half  the  parallelogram 
having  the  same  base  and  altitude. 

Cor.  2.  Triangles  with  equal  bases  and  equal  altitudes  are 
equal.     For  they  are  equal  to  one-half  of  the  same  rectangle. 

Cor.  3.  A  median  of  a  triangle  bisects  the  area.  For  the 
median  bisects  the  base. 

Cor.  4.  Equal  triangles  with  equal  bases  have  equal  alti- 
tudes, and  equal  triangles  with  equal  altitudes  have  equal  bases. 

Cor.  5.  If  equal  triangles  be  upon  the  same  side  of  the 
same  base,  the  line  through  their  vertices  is  parallel  to  their 
common  base. 

142°.  T/ic'orem.~U  two  triangles  are  upon  opposite  sides 
of  the  same  base — 

1.  When  the  triangles  are  equal,  the  base  bisects  the  seg- 
ment joining  their  vertices  ; 

2.  When  the  base  bisects  the  segment  joining  their  vertices, 
the  triangles  are  equal.   (Converse  of  i.)         b 

ABC  and  ADC  are  two  triangles  upon 
opposite  sides  of  the  common  base  AC. 

1.  If        AABC  =  AADC,  ^' 
then                    BH  =  HD. 

Proo/.—Lot  BE  and  DF  be  altitudes, 
Then   •.•  AABC=AADC,      .-.  BE  =  DF, 

AEBH=AFDH,andBH  =  HD. 

2.  IfBH  =  HD,  then  AABC=AADC. 


q.e.d. 
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Proof.— i^mcc  BH=:HD,      .-.  AAnH=AADH, 
and  ACBH=ACDH.  (141°,  Cor.  3) 

.-.  adding,      AAHC=AADC.  g^e.d. 

143.  /Ay:— By  the  sum  or  difference  of  two  closed  figures  is 
meant  the  sum  or  difference  of  the  areas  of  the  figures. 

If  a  rectangle  be  equal  to  the  sum  of  two  other  rectangles 
its  area  may  be  so  superimposed  upon  the  others  as  to  cover 
both. 


144°.  Theorem.— \{  two  rectangles  have  equal  altitudes, 
their  sum  is  equal  to  the  rectangle  on  their  common  altitude 
and  the  sum  of  their  bases. 


B 


•^       Proo/.—het  the  cus  X  and  Y,  having 
equal  altitudes,  be  so  placed  as  to  have 


'      E  their  altitudes  in  common  at  CD,  and  so 
that  one  czi  may  not  overlap  the  other. 
Then  ^HDC=^CDF=n» 

BDF  is  a  line.  (38°,  Cor.  2) 

Similarly  ACE  is  a  line. 

But  BU  is  II  to  AC,  and  BA  is  ||  to  DC  ||  to  FE ;  therefore 
AF  is  the  czi  on  the  altitude  AB  and  the  sum  of  the  bases 
AC  and  CE  ;  and  the  [=iAF=[=iAD  +OCF.  q.e.d. 

Cor.  I.  If  two  triangles  have  equal  altitudes,  their  sum  is 
equal  to  the  triangle  having  the  same  altitude  and  having  a 
base  equal  to  the  sum  of  the  bases  of  the  two  triangles. 

Cor.  2.  If  two  triangles  have  equal  altitudes,  their  sum  is 
equal  to  one-half  the  rectangle  on  their  common  altitude 
and  the  sum  of  their  bases. 

Cor.  3.  If  any  number  of  triangles  have  equal  altitudes, 
their  sum  is  equal  to  one-half  the  rectangle  on  their  common 
altitude  and  the  sum  of  their  bases. 

In  any  of  the  above,  "base"  and  "altitude"  are  inter- 
chanGfcable. 
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145  .  Theorem.  Two  lines  parallel  to  the  sides  of  a 
para  lie  ogram  and  intersecting  upon  a  diagonal  divide  the 
parallelogram  into  four  parallelograms  such  that  the  two 
through  which  the  diagonal  docs  not  pass  are  equal  to  one 
another. 

In  the  ZIi:7ABCD,  E  F  is  ||  to  AD  and 
GH  is  II  to  BA,  and  these  intersect  at 
O  on  the  diagonal  AC. 

Then        Z=I7BO  =  ziZ70D. 


/'^^^/-AABC=AADC,  and  AAEO  =  AAHO 
and  AOGC=AOFC;  (141°,  Cor.  i) 

but  CZ7B0=AABC-AAE0-A0GC 

and  CZ70D::=AADC-AAH0-A0FC' 

^=7BO  =  £=:70D.  ^,  . 

q.e.a. 

Cor.  I.  [ZZl^Y  =  i — iCA^ 

Cor.  2.  If  ZZI7BO  =  £=70U,0  is  on  the  diagonal  AC. 
(Converse  of  the  theorem.) 

For  if  O  is  not  on  the  diagonal,  let  the  diagonal  cut  EF  in 

O.     Then£z:7B0'  =  zz:^0'D.  /,.  os 

But  CZ7B0'  is  <  £=:^B0,  and  CZ70'D  is  >  E=70D  ; 

■*•  ^?^  is  >Z=:70D,  which  is  contrary  to  the  hypothesis- 
.'.  the  diagonal  cuts  EF  in  O. 

Ex.  Let  ABCD  be  a  trapezoid. 
(84°,  Def )  In  line  with  AD  make 
DE  =  BC,  and  in  line  with  BC  make 
CF  =  AD. 

Then  BF=AE  and  BFEA  is  a  OZJ. 
But  the  trapezoid  CE  can  be  superimposed  on  the  trape- 
zoid DB,  since  the  sides  are  respectively  equal,  and 

^F=A,  and  ;iE  =  B,  etc. 
trapezoid  BD  =  j^/ — 7 \\v 
or,  a  trapezoid  is  equal  to  ore  hdf  the  rectanale  on  its  alti- 
tude and  the  sum  of  its  bases. 
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Exercises. 

1.  To  construct  a  triangle  equal  to  a  given  quadrangle. 

2.  To  construct  a  triangle  equal  to  a  given  polygon. 

3.  To  bisect  a  triangle  by  a  line  drawn  through  a  given 

point  in  one  of  the  sides. 

4.  To  construct  a  rhombus  equal  to  a  given  parallelogram, 

and  with  one  of  the  sides  of  the  parallelogram  as 
its  side. 

5.  The  three  connectors  of  the  middle  points  of  the  sides 

of  a    triangle    divide   the  triangle   into    four    equal 
triangles. 

6    Any  line  concurrent  with  the  diagonals  of  a  parallelogram 
bisects  the  parallelogram. 

7.  The  triangle  having  one  of  the  non-parallel  sides  of  a 

trapezoid  as  base  and  the  middle  point  of  the  opposite 
side  as  vertex  is  one-half  the  trapezoid. 

8.  The  connector  of  the  middle  points  of  the  diagonals  of  a 

quadrangle  is  concurrent  with  the  connectors  of  the 
middle  points  of  opposite  sides. 

9.  ABCD  is  a  parallelogram  and  O  is  a  point  within.    Then 

AAOB  +  ACOD  =  A/ — 7. 
What  does  this  become  when  O  is  without  ? 
TO.  ABCD  is  a  parallelogram  and  O  is  a  point  within.    Then 
AAOC  =  AAOD-AAOB. 
What  does  this  become  when  O  is  without.?    (This 
theorem  is  important  in  the  theory  of  Statics.) 
Bisect  a  trapezoid  by  a  line  through  the  middle  point  of 
one   of  the   parallel  sides.      By  a   line  through   the 
middle  point  of  one  of  the  non-parallel  sides. 
The  triangle  having  the  three  medians  of  another  tri- 
angle  as   its    sides    has    three-fourths    the    area    of 
the  other. 
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146°.  I},f.~The  sum  of  all  the  sides  of  a  polvgon  is  called 
.^A..w/,-.  and  when  the  polygon  is  regular 'every  sid  is 
a.  the  same  d.stance  from  the  centre.  This  distance  is  the 
apothem  of  the  polygon. 

Thus  if  ABCD...LA  be  a  regu- 
lar   polygon    and    O    the   centre 
(132",  l^Qi.  2),  the  triangles  OAH, 
OBC,  ...   are  all  congruent,  and 
OP  =  OQ=:etc. 

AB  +  BC  +  CD  +  ...  +  LA   is   the  perimeter  a^nd  OP,  per- 
pendicular upon  AB,  is  the  apothem.  ^ 

147°.   Theorem.~A  regular  polygon  is  equal  to  one-half  the 
rectangle  on  its  apothem  and  perimeter. 

Jrf'~l^^  '"'T^^^'  ^^^'  ^°^'   -   LOA  have  equal 
altitudes,  the  apothem  OP,  .-.  their  sum  is  one-half  the  o  on 

01  and  the  sum  of  their  bases  AB-h  BC  +  ... LA.  (144°,  Cor  i) 
But  the  sum  of  the  triangles  is  the  polygon,  and  the  sum  o 

their  bases  is  the  perimeter. 
.-.  a  regular  polygon =|a  on  its  apothem  and  perimeter. 

•  \f'  ^{"^  ^'"''^-^  i^^nit  or  limiting  value  of  a  variable 
IS  the  value  to  which  the  variable  by  its  variation  can  be 
made  to  approach  indefinitely  near, 
but  which  it  can  never  be  made  to 
pass. 

Let  ABCD  be  a  square  in  its  cir- 
cumcircle.  If  we  bisect  the  arcs  AB, 
BC,  CD,  and  DA  in  E,  F,  G,  and  H,' 
we  have  the  vertices  of  a  regular 
octagon  AEBFCGDHA.  Now,  the 
area  of  the  octagon  appmaches  nearer 
to  that  of  the  circle  than  the  area  of  the  square  does ;  and  the 
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perimeter  of  the  octagon  approaches  nearer  to  the  Icn.^th  of 
the  circle  than  the  perimeter  of  the  sciuare  does  ;  and  the 
apothem  of  the  octagon  approaches  nearer  to  the  radius  of 
the  circle  than  the  apothem  of  the  square  does. 

Again,  bisecting  the  arcs  AK,  KH,  BK,  etc.,  in  I,  J,  K,  etc., 
we  obtain  the  regular  jjolygon  of  i6  sitles.  And  all  the  fore- 
going parts  of  the  polygon  of  i6  sides  approach  nearer  to 
the  corresponding  parts  of  the  circle  than  those  of  the 
octagon  do. 

It  is  evident  that  by  continually  bisecting  the  arcs,  we  may 
obtain  a  series  of  regular  polygons,  of  which  the  last  one  may 
be  made  to  approach  the  circle  as  near  as  we  please,  but  that 
however  far  this  process  is  carried  the  final  polygon  can  never 
become  greater  than  the  circle,  nor  can  the  final  apothem 
become  greater  than  the  radius. 

Hence  the  circle  is  the  limit  of  the  perimeter  of  the  regular 
polygon  when  the  number  of  its  sides  is  endlessly  increased, 
and  the  area  of  the  circle  is  the  limit  of  the  area  of  the  poly- 
gon, and  the  radius  of  the  circle  is  the  limit  of  the  apothem 
of  the  polygon  under  the  same  circumstances. 

149°.  Theorem. —Ps.  circle  is  equal  to  one-half  the  rectangle 
on  its  radius  and  a  line-segment  equal  in  length  to  the  circle. 

Proof. — The  0  is  the  limit  of  a  regular  polygon  when  the 
number  of  its  sides  is  endlessly  increased,  and  the  radius  of 
the  0  is  the  limit  of  the  apothem  of  the  polygon. 

But,  whatever  be  the  number  of  its  sides,  a  regular  polygon 
is  equal  to  one-half  the  cz]  on  its  apothem  and  perimeter.  (147"") 

.*.  a  0  is  equal  to  one-half  the  o  on  its  radius  and  a  line- 
segment  equal  to  its  circumference. 

EXKRCISKS. 

I.  Show  that  a  regular  polygon  may  be  described  about  a 
circle,  and  that  the  limit  of  its  perimeter  when  the 
number  of  its  sides  is  increased  indefinitely  is  the 
circumference  of  the  circle. 
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2.  The  difference  between  the  areas  of  two  regular  polygons, 

one  inscribed  in  a  circle  and  the  other  circumscribed 
about  it,  vanishes  at  the  limit  when  the  number  of 
sides  of  the  polygons  increases  indefinitely. 

3.  What  is  the  limit  of  the  internal  angle  of  a  reguhir  polygon 

as  the  number  of  its  sides  is  endlessly  increased  ? 


SECTION   II. 

MEASUREMENT  OF  LENGTHS  AND  AREAS. 

150".  Ih'f.—\.  That  part  of  Geometry  which  deals  with 
the  measures  and  measuring  of  magnitudes  is  Mctriuxl 
Geometry. 

2.  To  measure  a  magnitude  is  to  determine  how  many  unit 
magnitudes  of  the  same  kind  must  be  taken  together  to  form 
the  given  magnitude.  And  the  number  thus  determined  is 
called  the  measure  of  the  given  magnitude  with  reference  to 
the  unit  cmi)loyed.  This  number  may  be  a  whole  or  a  frac- 
tional number,  or  a  numerical  quantity  which  is  not  arith- 
metically expressible.  The  word  "number"  will  mean  any 
of  these. 

3.  In  measuring  length,  such  as  that  of  a  line-segment,  the 
unit  is  a  segment  of  arbitrary  length  called  the  imit-lcHgUi. 
In  practical  work  we  have  several  such  units  as  an  inch,  a 
foot,  a  mile,  a  metre,  etc.,  but  in  the  Science  of  Geometry  the 
unit-length  is  quite  arbitrary,  and  results  obtained  through  it 
are  so  expressed  as  to  be  independent  of  the  length  of  the 
particular  unit  employed. 

4.  In  measuring  areas  the  unit  magnitude  is  the  area  of  the 
square  having  the  unit-length  as  its  side.  This  area  is  the 
unit-area.     Hence  the  unit-length  and  unit-area  are  not  both 
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arbitrary,  for  if  either  is  fixed  the  other  is  fixed  also,  and 
determinable. 

This  relation  between  the  unit-length  and  the  unit-area  is 
conventional,  for  we  might  assume  the  unit-area  to  be  the 
area  of  any  figure  which  is  wholly  determined  by  a  single 
segment  taken  as  the  unit-length  :  as,  for  example,  an  equi- 
lateral triangle  with  the  unit-length  as  side,  a  circle  with  tiie 
unit-length  as  diameter,  etc.  The  square  is  chosen  because 
it  offers  decided  advantages  over  every  other  figure. 

For  the  sake  of  conciseness  we  shall  symbolize  the  term 
unit-length  by  u.L  and  unit-area  by  u.a. 

5.  When  two  magnitudes  are  such  that  they  are  both 
capable  of  being  expressed  arithmetically  in  terms  of  some 
common  unit  they  are  commensunxblc,  and  when  this  is  not 
the  case  they  are  incomfuensurahlc. 

E         B         P     '     lilus.—hQt  ABCD  be  a  sc|uare,  and  let 

EF  and  HG  be  drawn  _L  to  BU,  and  EH 

and    FG  ±  to   AC.     Then    EFGH    is    a 

square    (82°,    Cor.    5),    and    the    triangles 

AEB,  APB,  BFC,  BPC,  etc.,  are  all  equal 

to  one  another. 

If  AB  be  taken  as  it./.,  the  area  of  the  square  AC  is  the 

u.a.'y  and  if  EF  be  taken  as  u.L,  the  area  of  the  square 

KG  is  the  71  a. 

In  the  first  case  the  measure  of  the  square  AC  is  i,  and 
that  of  EC;  is  2  ;  and  in  the  latter  case  the  measure  of  the 
square  EG  is  r,  and  that  of  AC  is  h  So  that  in  both  cases 
the  measure  of  the  square  EG  is  double  that  of  the  square  AC. 
.'.  the  squares  EG  and  AC  are  commensurable. 
Now,  if  AB  be  taken  as  u.L,  EF  is  not  expressible  arith- 
metically, as  will  be  shown  hereafter. 

.'.  AB  and  EF  are  incommensurable. 


p 


H 


D 


G 


151°.  Let  AB  be  a  segment  trisected  at  E  and  F  (127°), 
and  let  AC  be   the  square  on  AB.     Then  AD=AB.     And 
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if  AD  be  trisected  in  the  points  K  and  M,  and  through 

E  and  F  ||s  be  drawn  to  AD,  and  through 

K  and  M  ||s   be  drawn    to  Ali,  the  figures     '^ — ^^     ^ 

'>  ->  3>  4>  5>  6,  7,  8,  9  are  all  squares  equal  to    k 

one  another. 

Now,  if  AH  be  taken  as  «./.,  AC  is  the  «.r?. ; 
and  if  AE  be  taken  as  «./.,  any  one  of  the 
small  squares,  as  AP,  is  the  um.  And  the  segment  AB  con- 
tarns  AE  3  times,  while  the  square  AC  contains  the  square 
AP  m  three  rows  with  three  in  each  row,  or  3-'  times. 

.'.  if  any  assumed  ?i./.  be  divided  into  3  equal  parts  for  a 
new  «./.,  the  corresponding  u.a.  is  divided  into  f  equal  parts 
for  a  new  u.a.  And  the  least  consideration  will  show  that  this 
is  true  for  any  whole  number  as  well  as  3. 

.-.  I.  If  an  assumed  u./.  be  divided  into  ;/  equal  parts  for  a 
new  u./.,  the  corresponding  ti.a.  is  divided  into  n^  equal  parts 
for  a  new  u.a.;  n  denoting  any  whole  number. 

Again,  if  any  segment  be  measured  by  the  u.l.  AB,  and 
also  by  the  u.l.  AE,  the  measure  of  the  segment  in  the  latter 
case  is  three  times  that  in  the  former  case.  And  if  any  area 
be  measured  by  the  u.a.  AC,  and  also  by  the  u.a.  AP,  the 
measure  of  the  area  in  the  latter  case  is  f  times  its  measure 
m  the  former  case.  And  as  the  same  relations  are  evidently 
true  for  any  whole  number  as  well  as  3, 

.-.  2.  If  any  segment  be  measured  by  an  assumed  ti.l.  and 
also  by  ^^th  of  the  assumed  //./.  as  a  new  71.I.,  the  measure  of 
the  segment  in  the  latter  case  is  ;/  times  its  measure  in  the 
former.     And  if  any  area  be  measured  by  the  corresponding 
u.a.^  the  measure  of  the  area  in  the  latter  case  is  n^  times  its 
measure  in  the  former  case  ;  ;/  being  any  whole  number. 
This  may  be  stated  otherwise  as  follows  :— 
By  reducing  an  assumed  u.l.  to  ^h  of  its  original  length, 
we  increase  the  measure  of  any  given  segment ;/  times,  and 
we  mcrease  the  measure  of  any  given  area  n^  times  ;  n  beino- 
a  whole  number.  ° 


* 

t^H 

^^H 

(^^1 

1^1 

««  i 

HI^^H 

'^. 
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In  all  cases  where  a  //./.  and  a  u.a.  are  considered  together 
they  are  supposed  to  be  connected  by  the  relation  of  i  ;o°' 
3  and  4.  •'    ,' 

152'.  7y/6'^m//.-The  number  of  unit-areas  in  a  rectangle 
IS  the  product  of  the  numbers  of  unit-lengths  in  two  adjacent 
sides. 

The  proof  is  divided  into  three  cases. 
I.  Let  the  measures  of  the  adjacent  sides  with  respect  to 
^  c    the  unit  adopted  be  whole  numbers. 

Let  AB  contain  the  assumed  //./.  a 
times,  and  let  AD  contain  it  d  times. 
^  Then,  by  dividing  AB  into  a  equal 
D  parts  and  drawing,  through  each  point 
of  division,  lines  ||  to  AD,  and  by  dividing  AD  into  b  equal 
parts  and  drawing,  through  each  point  of  division,  lines  ||  to 
AB,  we  divide  the  whole  rectangle  into  equal  squares,  of 
which  there  are  a  rows  with  /;  squares  in  each  row. 

the  whole  number  of  squares  is  ab. 
But  each  square  has  the  nJ.  as  its  side  and  is  therefore  the  lui. 

''•'^-s  in  AC^7/./.s  in  AB  x  u.l.s  in  AD. 
We  express  this  relation  more  concisely  by  writing  symbolic- 
'%  i=iAC  =  AB.AD, 

where  nAC  means "  the  number  of  u.a.s  in  cnAC,"  and  A  B  and 
AD  mean  respectively  "the  numbers  of  «./.s  in  these  sides." 
And  in  language  we  say,  the  area  of  a  rectangle  is  the  pro- 
duct of  Its  adjacent  sides  ;  the  proper  interpretation  of  which 
is  easily  given. 

2.  Let  the  measures  of  the  adjacent  sides  with  re?pect  to 
the  unit  adopted  be  fractional. 

Then,  •.•  AB  and  AD  are  commensurable,  some  m'^i  will 
be  an  aliquot  part  of  each  (150°,  5).  Let  the  new  unit  be 
-ih.  of  the  adopted  unit,  and  let  AB  contain  p  of  the  new 
units,  and  AD  contain  g  of  them. 

The  measure    of  oAC  in  terms  of  the  new  n.a.  is   Pq 
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( 1 52^  I ),  and  the  measure  of  the  oAC  in  terms  of  the  adopted 


unit  is 


pq 
«5 


„        -  (151°,  2) 

But  the  measure  of  AH  in  terms  of  the  adopted  ,../  is 
^,  and  of  AD  it  is  y.  ^ 


and 


;/ 


or 


li^     n '  n 
aAC=:AIJ.AD. 

////,,-.  Suppose  the  measures  of  Ali  and  AD  to  some 
un,t-.en<rth  to  be  3.472  and  4.631.  By  taking  a  /,./.  ,000 
times  smaller  these  measures  become  the  whole  numbers 
3472  and  4631,  and  the  number  of  corresponding  u.a.^  in  the 
rectangle  is  3472  x  4631  or  16078832  ; 

and  dividing  by  1000-',  the  measure  of  the  area  with  respect  to 
the  origmal /../.  is     16.078832  =  3.472x4.631. 

3.  Let  the  adjacent  sides  be  incommensurable.     There  is 
now  no  uJ.  that  will   measure   both  AB    b  r 

and  AD.  " 

IfoAC  is  not  equal  to  AB.  AD,  let  it 
be  equal  to  AB  .  AE,  where  AE  has  a    a  e hd 

measure  different  from  AD  ;  and  suppose,  first,  that  AE  is  < 
AU,  so  that  E  lies  between  A  and  D. 

With  any  «./.  which  will  measure  AB,  and  which   is  less 
han  ED,  dmae  AD  into  parts.     One  point  of  division  at 
least  must  fall  between  E  and  D  ;  let  it  f.ll  at  H.     Complete 
the  rectangle  BH.  ^ 

Then  AB  and  AH  are  commensurable,  and 

oBH  =  AB.AH, 
^^"'  cz^BD^AB.AE;  (hyp.) 

and  oBH  is<c=iBD; 

AB.AH  is<AB.AE, 
and  AB  being  a  common  factor 

AH  is  <  AE  ;  which  is  not  true. 
.-.  If  □AC  =  AB .  AE,  AE  cannot  be  <  AD,  and  similarly 
it  may  be  shown  that  AE  cannot  be  >  AD  ;  .-.  AE  =  AD 


aAC=AB.AD. 


or 


q.e.d. 


m\ 
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I  S3''-  The  results  of  the  last  article  in  conjunction  with 
Section  I.  of  this  Part  give  us  the  following  theorems. 

1.  The  area  of  a  parallelogram  is  the  product  of  its  base 

and  altitude.  /,.^o\ 

(140) 

2.  The  area  of  a  triangle  is  one-half  the  product  of  its  base 
and  altitude.  /,..o\ 

3.  The  area  of  a  trapezoid  is  one-half  the  product  of  its 
altitude  and  the  sum  of  its  parallel  sides.  (145°,  Ex.) 

4-  The  area  of  any  regular  polygon  is  one-half  the  product 
of  its  apothem  and  perimeter.  (147°) 

5.  The  area  of  a  circle  is  one-half  the  product  of  its  radius 
and  a  line-segment  equal  to  its  circumference.  (149°) 

Ex.  I.  Let  O,  O'  be  the  centres  of  the  in-circle  and  of  the 

ex-circle  to  the  side  BC  (13:°); 
and  let  OD,  O'P"  be  perpen- 
diculars on  BC,  OE,  O'P'  per- 
pendiculars on  AC,  and  OF,  O'P 
on  AB.     Then 

^^ ,  OD  =  OE  =  OF  =  ?' 

^  E  c\    P     ^,^^^      0'P  =  0'P'=0'P''=r'; 

.-.  AABC=AAOB-|-ABOC  +  ACOA 

=  UB.OF  +  U)C.OD  +  ^CA.OE  (153,2) 

=  V,;-  X  perimeter  =  rs, 
where  j  is  the  half  perimeter  ; 

Ex.2.    AABC  =  AAO'B  +  AAO'C-ABO'C 

=iO'P .  AB  +  iO'P'.  AC  -  iO'P".  BC 

where  r'  is  the  radius  of  the  ex-cirrle  to  side  a  ; 
A=r'(s~(7). 
Similarly,      ^  =  r"(s-d) 
=  r"'{s-c). 
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I.   '=.l  +  ^  +± 
r    r'     r"     r'" 

.''.lit 


Exercises. 


2.  /^i=rr'r"r' 

3.  What  relation  holds  between  the  radius  of  the  in-circle 

and  that  of  an  ex-circle  when  the  triangle  is  equiangular  .> 
A^/..-When  the  diameter  of  a  circle  is  taken  as  the  u  I 
the  measure  of  the  circumference  is  the  inexpressible  numeri- 
cal quantity  symbolized  by  the  letter  ir,  and  which,  expressed 
approximately,  is  3. 141 5926.... 

4.  What  is  the  area  of  a  square  when  its  diagonal  is  taken 

as  the  ti.l.  ? 

5.  What  is  the  measure  of  the  diagonal  of  a  square  when 

the  side  is  taken  as  the  u.U  /j  -^o     . 

6.  Find  the  measure  of  the  area  of  a  circle  when  the  di- 

ameter  is  the  n.L     When  the  circumference  is  the  tc  l. 

7.  If  one  line-segment  be  twice  as  long  as  another,  the 

square  on  the  first  has  four  times  the  area  of  the 
square  on  the  second.  (151°  2) 

8.  If  one  line-segment  be  twice  as  long  as  another,  'the 

equilateral  triangle  on  the  first  is  four  times  that  on 
the  second.  . 

9.  The  equilateral  triangle  on  the  altitude  of  another  equitat- 

eral  triangle  has  an  area  three-fourths  that  of  the  other 
10.  The  three  medians  of  any  triangle  divide  its  area  into 
SIX  equal  triangles. 
From  the  centroid  of  a  triangle  draw  three  lines  to  the 
sides   so  as  to  divide  the  triangle  into  three  equal 
quadrangles. 
In  the  triangle  ARC  X  is  taken  in  BC,  Y  in  CA  and  Z 
in  AB,  so  that  BX  =  ^BC,  CY=]CA,  and  AzL^ak 
Express  the  area  of  the  triangle  X  YZ  in  terms  of  that 
of  ABC. 


1  [ 


12 


13.  Generalize  12  by  making  BX='bC  etc 

n      ' 

14.  Show  that  a-si\  -  ^\=.L{r" -^-r'"). 
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SECTION   III. 

GEOMETRIC  INTERPRETATION  OF 
ALGEBRAIC  FORMS. 

1 54°.  We  have  a  language  of  symbols  by  which  to  express 
and  develop  mathematical  relations,  namely,  Algebra.  The 
symbols  of  Algebra  are  quantitative  and  operative,  and  it  is 
very  desirable,  while  giving  a  geometric  meaning  to  the 
symbol  of  quantity,  to  so  modify  the  meanings  of  the  sym- 
bols of  operation  as  to  apply  algebraic  forms  in  Geometry. 
This  application  shortens  and  generalizes  the  statements  of 
geometric  relations  without  interfering  with  their  accuracy. 

Elementary  Algebra  being  generalized  Arithmetic,  its 
quantitative  symbols  denote  numbers  and  its  operative  sym- 
bols are  so  defined  as  to  be  consistent  with  the  common 
properties  of  numbers. 

Thus,  because  2  +  3  =  3-1-2  and  2.3  =  3.2,  we  say  that 
(i->(-b  =  b  +  a  and  ab  =  ha. 

This  is  called  the  commutative  law.  The  first  example  is 
of  the  existence  of  the  law  in  addition,  and  the  second  of  its 
existence  in  multiplication. 

The  commutative  law  in  addition  may  be  thus  expressed : — 
A  sum  is  independent  of  the  order  of  its  addends  ;  and  in 
multiplication — A  product  is  independent  of  the  order  of  its 
factors. 

Again,  because  2(3  4-4)  =  2  .  3  +  2  .  4,  we  say  that 
a{b  +  c)  =  ab  +  ac. 

This  is  called  the  distributive  law  and  may  be  stated 
thus  : — The  product  of  multiplying  a  factor  by  the  sum  of 
several  terms  is  equal  to  the  sum  of  the  products  arising  from 
multiplying  the  factor  by  each  of  the  terms. 

These  two  are  the  only  laws  which  need  be  here  mentioned. 
And  any  science  vvhich  is  to  employ  the  forms  of  Algebra 
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must  have  that,  whatever  it  may  be,  which  is  denoted  by  the 
algebraic  symbol  of  quantity,  subject  to  these  laws. 

155°.    As  already  explained  in  22°  we  denote  a  single  line- 
segment,  m  the  one-letter  notation,  by  a  single  letter,  as  a 
which  IS  equivalent  to  the  algebraic  symbol  of  quantity  ;  and 

A  single  algebraic  symbol  of  quantity  is  to  be  interpreted 
geometrically  as  a  line-segment. 

It  must  of  course  be  understood,  in  all  cases,  that  in  em- 
ploying the  two-letter  notation  for  a  segment  (22°)  as  "  AB  " 
the  two  letters  standing  for  a  single  line-segment  are  equiva- 
lent to  but  a  single  algebraic  symbol  of  quantity. 

The  expression  a  +  d  denotes  a  segment  equal  in  length  to 
those  denoted  by  a  and  b  together. 

Similarly  2a=a  +  a,  and  na  means  a  segment  as  long  as  n 

of  the   segments  a  placed   together  in   line,  n   being  anv 

numerical  quantity  whatever.  r^^^. 

a-b,  when  a  is  longer  than  b,  is  the  segment  which  is  left 

when  a  segment  equal  to  b  is  taken  from  a. 

Now  it  is  manifest  that,  if  a  and  b  denote  two  segments 
a^bj^b^a,  and  hence  that  the  commutative  law  for  addition 
applies  to  these  symbols  when  they  denote  magnitudes  having 
length  only,  as  well  as  when  they  denote  numbers. 

IS6^  Lme  in  Opposite  Senses.- A  quantitative  symbol  a  is 
in  Algebra  always  affected  with  one  of  two  signs    -f-  Jr  - 
which,  while  leaving  the  absolute  value  of  the  symbol  un- 
changed, impart  to  it  certain  properties  exactly  opposite  in 
character. 

This  oppositeness  of  character  finds  its  complete  interpreta- 
tion in  Geometry  in  the  opposite  directions  of  every  segment 
Thus  the  segment  in  the  margin  may  be  con-  a 

sidered  as  extending/r^w  A  to  B  or  from  B  to  A.  A  S 

With  the  two-letter  notation  the  direction  can  be  denoted 
by  the  order  of  the  letters,  and  this  is  one  of  the  advantages 


HO 
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of  this  notation;  but  with  the  one-letter  notation,  if  we  denote 
the  segment  AB  by  +a,  we  must  denote  the  segment  BA 
by  -^. 

But  as  there  is  no  absolute  reason  why  one  direction  rather 
than  the  other  should  be  considered  positive,  we  express  the 
matter  by  saying  that  AB  and  BA,  or  +^and  -«,  denote 
the  same  segment  taken  in  opposite  semises. 

Hence  the  algebraic  distinction  of  positive  and  negative  as 
applied  to  a  single  symbol  of  quantity  is  to  be  interpreted 
geometrically  by  the  oppositeness  of  direction  of  the  segment 
denoted  by  the  symbol. 

Usually  the  applications  of  this  principle  in  Geometry  are 
confined  to  those  cases  in  which  the  segments  compared  as 
to  sign  are  parts  of  one  and  the  same  line  or  are  parallel. 

Ex.  I.  Let  ABC  be  any  A  and  let  BD  be  the  altitude  from 
the  vertex  B. 

Now,  suppose  that  the  sides  AB  and  BC 
undergo  a  gradual  change,  so  that  B  may 
move  along  the  line  BB'  until  it  comes 
into  the  position  denoted  by  B'. 
Then  the  segment  AD  gradually  di- 
minishes as  D  approaches  A  ;  disappears  when  D  coincides 
with  A,  in  which  case  B  comes  to  be  vertically  over  A 
and  the  A  becomes  right-angled  at  A ;  reappears  as  D 
passes  to  the  left  of  A,  until  finally  we  may  suppose  that 
one  stage  of  the  change  is  represented  by  the  AAB'C  with 
its  altitude  B'D'. 

Then,  if  we  call  AD  positive,  we  must  call  AD'  negative,  or 
we  must  consider  AD  and  AD'  as  having  opposite  senses.' 

Again,  from  the  principle  of  continuity  (104°)  the  foot  of 
the  altitude  cannot  pass  from  D  on  the  right  of  A  to  D'  on 
the  left  of  A  without  passing  through   every  intermediate 
point,  and  therefore  passing  throug/i  A.     And  thus  the  seg- 
ment AD  must  vanish  before  it  changes  sign. 

This   is   conveniently   expressed   by  saying  that  a  line- 
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segment  changes  sign  'when  it  passes  through  zero  ■  nassin. 
through  zero  being  interoreted  a^  vnnJc^-  '-^^ ^^^""^  passing 
on  the  other  side  of  th'Topoim  '"^^  '"'  "^^^^^^'"^ 

Ex.  2^  ABCD  is  a  normal  quadrangle.     Consider  the  side 
AD  and  suppose  D  to  move  along  the  line 
UA  until  It  comes  into  the  position  D' 
^    The  segments  AD  and  AD'  are  opposite 
m  sense,  and  ABCD'  is  a  crossed  quad- 
rangle. ^ 

.-.  the  crossed  quadrangle  is  derived  from 
the  normal  one  by  changing  the  sense  of  one  of  the  sides 

c  lit,  -ire  ceases  to  be  a  crossed  quadrangle. 

alld'bu;  Jl!!ll  ''  "''  ''"""P^'  ^^''"  ''^^'''''  ^'hich  are  par- 
allel but  which  are  not  in  line  have 

opposite  senses. 

ABC  is  a  A  and  P  is  any  point 
within   from  which  perpendiculars 
PD,  PE,  PF  are  drawn  to  the  sides. 
Suppose    that   P   moves    to    P'. 
Then  PF   becomes   P'F',  and    PF 
and  P'F'  being  in  the  same  direc- 
tion  have  the  same  sense.     Similarly   PE   becomes   P'E' 
^d  these  segments  have  the  same  sense.     But  PD  becomes 
P  D  which  IS  read  in  a  direction  opposite  to  that  of  PD 
Hence  PD  and  P'D'  are  opposite  in  sense. 

But  PD  and  P'D'  are  perpendiculars  to  the  same  line  from 
points  upon  opposite  sides  of  it,  and  it  is  readily  seen  that  in 
passing  from  P  to  P'  the  ±PD  becomes  zero  and'then  chang 
sense  as  P  crosses  the  side  BC. 

Hence  if  by  any  continuous  change  in  a  figure  a  point 
passes  from  one  side  of  a  line  to  the  other  side' the  pe.p  n 
dicular  from  that  point  to  the  line  changes  sense. 
Cor.   If  ABC  be  equilateral  it  is  easily  shown  that 
PD  +  PEH-PF  =  a  constant. 
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And  if  we  regard  the  sense  of  the  segments  this  statement  is 
true  for  all  positions  of  P  in  the  plane. 

157°.  Product ~Y\,^  algebraic  form  of  a  product  of  two 
symbols  of  quantity  is  interpreted  geometrically  by  the  rect- 
angle having  for  adjacent  sides  the  segments  denoted  by  the 
quantitative  symbols. 

This  is  manifest  from  Art.   152°,  for  in  the  form  ab  the 
smg  e  letters  may  stand  for  the  measures  of  the  sides,  and  the 
product  ab  will  then  be  the  measure  of  the  area  of  the  rect 
angle. 

If  we  consider  ab  as  denoting  a  □  having  a  as  altitude  and 
b  as  base,  then  ba  will  denote  the  o  having  b  as  altitude  and 
a  as  base.  But  in  any  □  it  is  immaterial  which  side  is  taken 
as  base  (138  ) ;  therefore  ab=ba,  and  the  form  satisfies  the 
commutative  law  for  multiplication. 
Again,  let  AC  be  the  segment  b^-c,  and  AB  be  the  segment 
-        °  ^  'h  so  placed  as  to  form  the  n2a{b^-c)  or 

AF.     Taking  AD  =/;,  let  UE  be  drawn 
II  to  AB.     Then  AE  and  DF  are  rect- 
angles and  DE=AB=rt. 
oAE  is  ^ab,  and  oDF  is  zimc  ; 

^=^n{b^-c)=U2ab^r^:nac^ 
and  the  distributive  law  is  satisfied. 

158°.  We  have  then  the  two  following  interpretations  to 
which  the  laws  of  operation  of  numbers  apply  whenever  such 
operations  are  interpretable. 

I.  A  smgle  symbol  of  qtiantity  denotes  a  line-se^ment 

As  the  sum  or  difference  of  two  line-segments  is  a  segment 

the  sum  of  any  number  of  segments  taken  in  either  sense  is  a 

segment. 

Therefore  any  number  of  single  symbols  of  quantity  con- 
nected  by    +    and    -    signs   denotes   a  segment,  as  a-^b 
'7 -b  +  e,  a- b  +  (-c\  etc.  ' 
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For  this  reason  such  expressions  or  forms  are  often  called 
linear^  even  in  Algebra. 

Other  forms  of  linear  expressions  will  appear  hereafter. 

2.  The  product  form  of  two  symbols  of  quantity  denotes  the 
rectangle  whose  adjacent  sides  are  the  sci^ments  denoted  by  the 
single  symbols. 

A  rectangle  encloses  a  portion  of  the  plane  and  admits  of 
measures  m  two  directions   perpendicular  to  one  another, 
hence  the  area  of  a  rectangle  is  said  to  be  of  two  dimensions 
And  as  all  areas  can  be  expressed  as  rectangles,  areas  in 
general  are  of  two  dimensions. 

Hence  algebraic  terms  which  denote  rectangles,  such  as  ab, 

{a-^b)c,  {a  +  bXc-^d),  etc.,  are  often  called  rectangular  terms 

and  are  said  to  be  of  two  dimensions.       ad  c  ' 

Ex.  Take  the  algebraic  identity 

a{b+c)  =  ab-{-ac. 
The  geometric  interpretation  gives— 
If  there  be  any  three  segments  {a,  b,  c)  the  c=]  on  the  first 
and  the  sum  of  the  other  two  (/.,  c)  is  equal  to  the  sum  of  the 
as  on  the  first  and  each  of  the  other  two. 

The  truth  of  this  geometric  theorem  is  evident  from  an 
mspection  of  a  proper  figure. 
This  is  substantially  Ejiclid,  Book  II.,  Prop.  i. 


1 59°-  Square.— When  the  segment  b  is  equal  to  the  seg- 
ment a  the  rectangle  becomes  the  square  on  a.     When  this 
equality  of  symbols  takes  place  in  Algebra  we  write  a^  for  aa 
and  we  call  the  result  the  "  square  »  of  a,  the  term  "  square  "' 
being  derived  from  Geometry. 

Hence  the  algebraic  form  of  a  square  is  interpreted  geo- 
metrically by  the  square  which  has  for  its  side  the  segment 
denoted  by  the  root  symbol. 

Fa'.  In  the  preceding  example  let  /;  become  equal  to  a,  and 

a{a  +  c)  =  a--\-ac, 
H 
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which  interpreted  ^geometrically  pives— 

If  a  segment  (u  +  c)  be  divided  into  two  parts  (rt,  r),  the 
rectangle  on  the  segment  and  one  of  its  parts  (u)  is  equal  to 
the  sum  of  the  square  on  that  part  (a-)  and  the  rectangle  on 
the  two  parts  {<h). 

This  is  Jiuc/iW,  Book  II.,  Prop.  3.  The  truth  of  the  geo- 
metric theorem  is  manifest  from  a  proper  figure. 

160".  Homogeneity.— "L^t  a,  h,  e,  d  denote  segments.  In 
the  linear  expressions  a^h,  a -I),  etc.,  and  in  the  rectangular 
expressions  ad  +  cd,  etc.,  the  interpretations  of  the  symbols  + 
and  -  are  given  in  28^  29°,  and  143^  and  are  readily  in- 
telligible. 

But  in  an  expression  such  as  al)-\-c  we  have  no  interpreta- 
tion for  the  symbol  +  if  the  quantitative  symbols  denote 
line-segments.  For  af)  denotes  the  area  of  a  rectangle  and  c 
denotes  a  segment,  and  the  adding  of  these  is  not  intelligible 
in  any  sense  in  which  we  use  the  word  "add." 

Hence  an  expression  such  as  al>  +  c  is  not  interpretable 
geometrically  This  is  expressed  by  saying  that— An  alge- 
braic form  has  no  geometric  interpretation  unless  the  form  is 
Jwviogcncous,  i.e.,  unless  each  of  its  terms  denotes  a  geo- 
metric element  of  the  same  kind. 

It  will  be  observed  that  the  terms  "square,"  "dimensions," 
"homogeneous,"  and  some  others  have  been  introduced  into 
Algebra  from  Geometry. 

161°.  Rectaugies  i?t  Opposite  Senses. —The  algebraic  term 
alf  changes  sign  if  one  of  its  factors  changes  sign.  And  to  be 
consistent  we  must  hold  that  a  rectangle  changes  sense 
whenever  one  of  its  adjacent  sides  changes  sense. 

Thus  the  rectangles  AB .  CD  and  AB .  DC  are  the  same  in 
extent  of  area,  but  have  opposite  senses.     And 

AB.CD  +  AB.DC  =  o, 
fo^  thesum  =  AB(CD-f  DC), 

and  CD  +  DC  =  o.  (156°) 
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As  the  sense  of  a  rectangle  depends  upon  that  of  a  line- 
segment  there  .  no  difficulty  in  detern.ining  when  rectanls 
aie  to  be  taken  ni  different  senses  ^ 

The  following  will  illustrate  this  part  of  the  subject  :- 

LetOA  =  OA'andOC  =  OC,andIct     b^         c 
the  figures  be  rectangles. 

osOA.OCandOA'.oc  have  the 
common  altitude  OC  and  bases  equal 
in  length  but  opposite  in  sense.    There-        , 

call  aUA.  OC  positive  we  must  call  aOA'.  oc  ne-ative 

Aga,n  OS  OC.  OA'  and  OC.  OA'  have  the  coimnon  base 
OA    and  altitudes   equal    in    length   but  opposite  in  sense 
Therefore  os  OC.  OA'  and  OC.  OA'  are  opposite  in  se    c 

andthereforeosOA.OCaiKlOA'.OCareofTheL     se      ' 
Similarb-  os  OC.  OA'  and  OC.  OA  are  of  the  same  sense 

These  fo.ir  ns  are  equivalent  to  the  algebraic  forms  :- 

m.^r'r;^^^^.^^^'J'  "''"''''^  quadrangle  whose  opposite  sides 
meet  m  (^  and  OE,  OF  are  altitudes 

of  the  As  DOC  and  AOB  respectivelv 
The  Od.  AliCD 

=Anoc-AAorj, 

^^□DC.OE-^aAB.OF.  (141°) 
Now,  let  A  move   along  AB   to   A' 
(104°).    Then  O  comes  to  O',  F  to  F'     d    e  e'        c 

nnv^^VT,"^  ^'^''  ^'^^'  ^^^°"^^  '^^  '-altitudes  of  the  As 
DO'C  and  A'O'B  respectively.  ^ 

and  DC '  nr"^  ^^  u^'"'  '^'  ''"^"  '^"^"'  ^^^'•^^^^'^  ^C .  OE 
and  DC.  OE  have  the  same  sense 

in  se:,:'eroF."''""'  '"  """  "  ^'''  '^"'  ">''"  '^  !>PP'»* 
•  ••      AB .  OF  and  A'B .  O'F'  have  the  same  senlf  '  ^''  ^^ 
Qd.  A'BtD=ADO'C- AA-O'B  ; 
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or,  the  area  of  a  crossed  quadrangle  must  be  taken  to  l)e  the 
difference  between  the  two  triangles  which  constitute  it. 


162°.  Theorem. ~K  quadrangle  is  equal  to  one-half  the 
parallelogram  on  its  diagonals  talien  in  both  magnitude  and 
relative  direction. 

AnCD  is  a  (juadrangle  of  which  AC 
and  liD  are  diagonals.  Through  H  and 
1)  let  P(2and  RS  be  drawn  ||  to  AC,  and 
through  A  and  C  let  PS  and  ()R  be 
drawn  ||  to  IJD.  Then  P()RS  ]s  the 
ZZZ7  on  the  diagonals  AC  and  BD  in 
both  magnitude  and  direction. 
Qd.  ABCD-AzZZ7P()RS. 

Proof.— Ci^i.  A  PCD 

-AAPC+AAI)C(istFig.) 

= AABC  -  AADC  (2ndFig.) 

(161°,  Kx.) 

Aabc^Aezvpoca, 

AAI)C  =  i£Z:7SRCA, 


(141°,  Cor.  i) 
Qd.  ABCD-^zz::^P()RS  in  both  figures. 

This  theorem  illustrates  the  generality  of  geometric  results 
when  the  principle  of  continuity  is  observed,  and  segments 
and  rectangles  are  considered  with  regard  to  sense.  Thus 
the  principle  of  continuity  shows  that  the  crossed  cfuadrangle 
is  derived  from  the  normal  one  (156°,  Ex.  2)  by  changing  the 
sense  of  one  of  the  sides. 

This  requires  us  to  give  a  certain  interpretation  to  the  area 
of  a  crossed  quadrangle  (161°,  Ex.  i),  and  thence  the  present 
example  shows  us  that  all  quadrangles  admit  of  a  common 
expression  for  their  areas. 


163°.  A  rectangle  is  constructed  upon  two  segments  which 
are  independent  of  one  another  in  both  length  and  sense. 
But  a  square  is  constructed  upon  a  single  segment,  by  using 
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it  for  each  side.  In  other  words,  a  rectangle  depends  upon 
two  segments  while  a  square  depends  upon  only  one 

Hence  a  scjuare  can  have  only  one  sign,  and  this  is  the 
one  which  we  agree  to  call  positive. 

Hence  n  square  is  always  positive. 

164^  The  algebraic  equation  ab^cd  tells  us  gepmetrically 
that  the  rectangle  on  the  segments  a  and  /;  is  equal  to  the 
rectangle  on  the  segments  c  and  d. 

Hut  the  same  relation  is  expressed  algebraically  by  the  form 

cd 


a  — 


b' 


therefore,  since  a  is  a  segment,  the  form  "L  is  linear  and 

denotes  that  segment  which  with  a  determines  a  rectangle 
equal  to  cd. 

Hence  an  expression  such  as  ''^' j^^'^' ^^^-f  j^  Xxx\^,xx 

c      a      b 

165°.  The  expression  a-^bc  tells  us  geometrically  that  the 
square  whose  side  is  a  is  equal  to  the  rectangle  on  the  seir- 
ments  b  and  c. 

But  this  may  be  changed  to  the  form 

a  =  s'br. 
Therefore  since  .^  is  a  segment,  the  side  of  the  square,  the  form 
>Jbi-  is  linear. 

Hence  the  algebraic  fonn  of  the  square  root  of  the  product 
of  two  symbols  of  quantity  is  interpreted  oca  metrically  by  the 
side  of  the  square  which  is  equal  to  the  rectaiii^le  on  the 
segments  denoted  by  the  quantitative  symbols. 

166°.  The  following  theorems  are  but  geometric  interpreta- 
tions of  well-known  algebraic  identities.  They  mav,  however 
be  all  proved  most  readily  by  superposition  of  areas,'  and 
thus  the  algebraic  identity  may  be  derived  from  the  o-eo- 
metric  theorem.  *' 
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I.  The  .square  on  the  sum  of  two  sckmiiciUs  is  equal  to 
ll»e    sum    of  ihc    squares   on    the  si>Kmcnts  and   twice   the 
''      rectangle  on  the  scKUjents. 

(,M /O" -«/■'  + //^  +  2</A 

2.  Thi"  Kvtanglc  on  the  sum  and  diCfcr- 
enro  ol  two  sc^nncnts  is  c(|u,d  to  the 
diKeicmo  of  the  squares  on  these  segments. 

3.  The  sum  of  the  s(|uares  on  the  sum  and  on  the  diffcr- 
(Mue  of  (WO  soKnients  is  ei|ual  to  twice  the  sum  «)rthe  squares 
on  the  segments. 

4.  The  dlMerence  of  the  squares  on  (he  sum  and  on  the 
dillerence  of  two  segments  is  cqu.d  to  four  times  the  rectangle 
on  the  segments. 

KXKRCISKS. 
1.    To  prove  4  of  Art.  i66\ 

l-el  AK-  ./  and  Hn  =  /;  he  the  segments,  so  that 
_H -ft^,  B  AH  is  (heir  sum.  Through  H 
draw  HO  ||  to  HC,  a  side  of  the 
square  on  AM.  Make  HG--=rt, 
and  complete  the  square  FC.LE, 
as   in   the  ligure,  so  that   VC.  is 

Then  AC  is  {<i  +  />y  and  EG  is 
"  ffl4b)'         ^    {<f  -/')'\    and   their  dirfcrence  is 

the  four  rectangles  AF,  HK,  CL,  and  DE  ;  but  these 
each  have  d  and  /'  as  adjacent  sides. 

O'  +  /')'"-O^-/0-=4'^/'. 

2.  Stale  and  prove  geometrically  (a  ~dy'-=ii'-i-/fi-2<i/K 

3.  State  and  prove  geometrically 

(d  +  />)(<!  +  (•)  =  a-  +  <r{/>  +  r)  +  l>c. 
4    State  and  prove  geometrically  by  superposition  of  areas 


ab          b 

ab 
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E            F 
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b          ab 
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denote  sci^nicnts. 
5.   If  a  Kivcn  scKmcnt  l,c  (livi.U.l   into  any  three  parts  the 
square  on  the  segment   is  ecpial   to  the  sum  of  the 
squares  on   the  parts  together  with  twice  the  sum  of 
the  rectangles  on  the  parts  taken  two  and  two. 
••"7'  ^^>'  <^«'"Pa>ison  of  areas  from  the  Fig.  of  Ex.  ,,  ,ha, 

'^  +  /'>-2/>U  +  fi)^2/Ku-fi)+(a.-/.f,    and    state    the 
tlicorem  in  words. 


SECTION    IV. 

AKKAl.  KKI.ATIONS. 

167".  A/.     I.  The  segment  which  joins  two  given  points 
•s  called  the  >/.  of  the  points  ;  and  where  no  'eferenc:  ! 
made  to  ength  the ,/./,,  of  two  points  may  be  taken  to  mean 
the  hne  determined  by  the  points. 

2.  The  foot  of  the  perpendicular  from  a  given  point  to  a 
given  hne  .s  the  .;-//..,.,.,/  ^,,y,r//.;,,  or  simply  L  projcc 
tton,  of  the  pomt  upon  the  line. 

3.  length  being  considered,  the  join  of  the  projection  of 
two  pomts  IS  the  projection  of  the  Q 
join  of  the  points. 

Thus  if  L  be  a  given  line  and  P, 
Q,  two  given  points,  and  PI'',  QQ' 
perpendiculars  upon  L  ;   PQ  is  the 

join  of  P  and  (),  P'  and  Q'  are  the  p  q— t 

projections  of  P  and  (2  upon  L,  and  the  segment  P'O'  is  fh. 
projection  of  PQ  upon  L.  ^  ^  "^^ 


16S  .   Theorem. 


-The  sum  of  the  projections  of  the  sides  of 
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any  closed    rectilinear   figure,    taken    in   cyclic   order  with 

respect  to  any  line,  is  zero. 

A  BCD    is    a    closed    rectilinear 
figure  and  L  is  any  line.     Then 
Pr.AB  +  Pr.BC  +  Pr.CD  +  Pr.DA=o 

A'    B^^        ~^'      D'   L       Proof. ~T>r2i\\\.hQ  perpendiculars 
AA',  BB',  CC,  DD',  and  the  sum  of  the  projections  becomes 

A'B  +B'C'  +  C'D'4-D'A'. 
But  D'A'  is  equal  in  length  to  the  sum  of  the  three  others  and 
is  opposite  in  sense.        .-.  the  sum  is  zero. 

It  is  readily  seen  that  since  we  return  in  every  case  to  the 
point  from  which  we  start  the  theorem  is  true  whatever  be 
the  number  or  disposition  of  the  sides. 

This  theorem  is  of  great  importance  in  many  investigations. 

Cor.  Any  side  of  a  closed  rectilinear  figure  is  equal  to  the 
sum  of  the  projections  of  the  remaining  sides,  taken  in  cyclic 
order,  upon  the  line  of  that  side. 

Def.—ln  a  right-angled  triangle  the  side  opposite  the  right 
angle  is  called  the  hypothenuse,  as  distinguished  from  the 
remaining  two  sides. 

169°.  Theorem.~\w  any  right-angled  triangle  the  square 
on  one  of  the  sides  is  equal  to  the  rectangle 
on  the  hypothenuse  and  the  projection  of 
that  side  on  the  hypothenuse. 

ABC  is  right-angled  at  B,  and  BD  is  ± 
AC.     Then  AB2  =  AC.AD. 

Proof.— "L^t  AF  be  the  Q  on  AC,  and  let 
EH  be  II  to  AB,  and  AGHB  be  a  □,  since 
L&  is  a  "J. 

^GAB  =  /_EAC  =  -I,  (82°,  Cor.  5) 

z.CAB  =  ^EAG. 

AE  =  AC,  (hyp.) 

ACAB^AEAG,  (64°) 

AG  =  AB,  and  AH  is  the  □  on  AB. 


Then 


Also, 
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Now 


t.e.. 


(82^ 


Cor  5) 

(52^) 

(I4i"j 


nAH=.^=7ABLE  =  aADKE,      (140^ 
AB'^  =  AC.AD.  \J^ 

As  this  theorem  is  very  important  we  give  an  alternative 
proof  of  It. 

Proo/.~AT  is  the  □  on  AC  and  AH 
IS  the  n  on  AB,  and  BD  is  ±  AC 

"••        ^C'AB=^CAE=n.        (82°,  Cor.  5)G 

^GAC=z.BAE. 
Also,        AG=AB, 
and  AC  =  AE, 

.-.  AGAC-ABAE. 
But  AGAC  =  |nAH, 
and    ABAE  =  ^[=iAK, 

nAH=nAK, 
i.e.,  AB^=AC.AD. 

Cor.  I.  Since  AB'^= AC .  AD  we  have  from  symmetry 

BC-  =  AC.DC, 
•*.  adding,  AB2+ BC-'  =  AC(AD  +  DC) 

or  AB^+BC2=AC2. 

.;.  The  square  on  the  hypothenuse  of  a  right-angled  triangle 
is  equal  to  the  sum  of  the  squares  on  the  reniumng  sides 

This  theorem,  which  is  one  of  the  most  important  in  the 
whole  of  Geometry,  is  said  to  have  been  discovered  by 
rythagoras  about  540  b.c. 

Cor.  2  Denote  the  sides  by  a  and  .  and  the  hypothenuse 
^yb  and  let  a,  and  c,  denote  the  projections  of  the  sides  a 
and  c  upon  the  hypothenuse. 

^"^  d'^c^=b\ 

Cor,  3.  Denote  the  altitude  to  the  hypothenuse  by  f, 
Then  b  =  c,^a,,  and  ADB  and  CDB  are  right-angled  at  D 

add  2/2  to  each  side  and  Uoo  ,  i) 

b'+2f=.ci^^P^^a{^^.p'^^2c,a,, 


\\ 
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or  c'  +  a'^-^2p-^  =  c"+a^^.2c,a,.  (Cor.  i) 

or  BI>'  =  AD.DC, 

i.e.,  the  square  on  the  altitude  to  the  h>  pothenuse  is  equal  to 

the  rectangle  on  the  projections  of  the  sides  on  the  hypo- 

thcnuse. 

^€/-— 'I'hc  side  of  the  square  ecjual  in  area  to  a  given 
rectangle  is  called  the  mean  proportional  or  the  geometric 
mean  between  the  sides  of  the  rectangle. 

Thus  the  altitude  to  the  hypothenuse  of  a  right-angled  A 
is  a  geometric  mean  between  the  segments  into  which  the 
altitude  divides  the  hypothenuse.  (169",  Cor.  3) 

And  any  side  of  the  A  is  a  geometric  mean  between  the 
hypothenuse  and  its  projection  on  the  hypothenuse.       (169") 

170°.  Theorem.— \{  the  square  on  one  side  of  a  triangle  is 
equal  to  the  sum  of  the  squares  on  the  remaining  sides,  the 
triangle  is  right-angled  at  that  vertex  which  is  opposite  the 
side  having  the  greatest  square.     (Converse  of  169°,  Cor.) 

If  AC^  =  ABH  BC-',  the  .iB  is  a  -J- 

7';'^^/- Let  ADC  be  a  |0  on  AC. 
AC=^  =  ABHBC2, 
ABis<AC. 
'.  a  chord  AD  can  be  found  equal  to  AB. 
Then  the  AADC  is  right-angled  at  I). 

(io6^  Cor.  4) 
AO'  =  ADHDC-',  (169°,  Cor.  ,) 

and  AC2=AB'-'-f  BC^,  and  AD  =  AB.  (hvp ) 

DC  =  BC, 
and  AADC  =  AABC. 

171°.  Theorem  169°  with  its  corollaries  and  theorem  170" 
are  extensively  employed  in  the  practical  applications  of 
Geometry.     If  we  take  the  three  numbers  3,  4,  and  5,  we 


nf- 
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have  ^=32^,,  Therefbre  if  a  triangle  has  its  sides  3,  4. 
and  5  feet  metres,  m.les,  or  any  other  ;../.,  it  is  right-ang  ed 
opposite  the  side  5.  '  fe   ^  cmgitu 

For  the  segments  into  which  the  altitude  divides  the 
hypo  henuse  we  have  sn,=^,'^  and  5.,  ^4^  whence  .,^ ^ 
c,~,.     For  the  altitude  itself; /^^y.iji;  whence/J^i^ 

/V.Mv;.  -To  find  sets  of  whole  ntm.bers  which  represent 
the  sides  of  right-angled  triangles. 

This  problem  is  solved  by  any  three  nun.bers  .r,  j,  and  . 
which  satisfy  the  condition  x^^f^^'K 

Let ;//  and  //  denote  any  two  numbers.     Then  since 

the  pn^blem  will  be  satisfied  by  the  numbers  denoted 'by 

The  accompanying  table,   which    may   be    extended    at 
pleasure,  gives  a  number  of  sets  of  such  numbers  :  - 

m 


n 


2 

3 

1  4 
'5 

;  5 

6 

7 

8 

9 

10 

;  5  ." 

26 

37 

50 

65 

82 

1 

loi  ... 

1  J     0    6   10   12 

14 

16 

18 

20 

1  4 

^>  ;  17 
13  20 

1  24  !  35 

48 
53 

63 
68 

80 

99 

( 

1 

0  i 

'  29  40 

85 

ro4 

-  1      1 -:   I  u   20   24 

28  32 

36 

40 

1            5   12 

:      t 

21  1  32 

45 

60 

77 

_96 
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■25 

"3                  .-.  . 

i  34 

45 

58 

7?, 

90 

J                  24 

1         1         \            mm 

30  , 

3b 

42 

48 

54 

60 

\        \     7 

16  27  j 

40 

55 

72 

91 

•  •  • 

4 

41  ! 

52  I 

65 

80 

97 

ri6 

9  ' 

48 

56 

64 

72 

80 
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20 

33 

48 
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60 
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70 
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80 
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172.  Let  11,  h,  c  be  the  sides  of  any  triangle,  and  let  b  be 

taken  as  base.  Denote  the  projections 
of  a  and  c  on  /;  by  a^  and  c\,  and  the 
altitude  to /M)y/.     Then 

(i)     //-•^,-,-'  +  ,^,2  4.2,y,j,         (,66°^  ,) 


(2) 


Cx'^P\ 


(169°,  Cor.  I 


(3)     ^^''  =  ih'-\-pK 
I.   IJy  subtracting;  (2)  from  (3) 

.'.  The  difference  behoeen  the  squares  upon  hvo  sides  of  a 
iriangie  is  equal  to  the  difference  of  the  squares  on  the  projec- 
tions 0/ these  sides  on  the  third  side,  taken  in  the  same  order. 

Since  all  the  terms  are  squares  and  cannot  change  sign 
(163°),  the  theorem  is  true  without  any  variation  for  all  As. 

2.  13y  adding  (i)  and  (2)  and  subtracting  (3), 
b'^  +  c^-d'  =  2c^'  +  2c,a^ 

-■=2k\,    '.'  b  =  Ci  +  ^i, 

d^^b'^  +  c'^-2k\. 
Now,  since  we  have  assumed  that  b^e^  +  ay,  where  c^  and  a^ 
are  both  positive,  D  falls  between  A  and  C,  and  the  angle  A 
is  acute. 

.•.  ///  an_y  triano/e  the  square  on  a  side  opposite  an  acute 
ano/e  is  /ess  than  the  sum  of  the  squares  upon  the  other  two 
sides  by  twice  the  rectangle  on  one  of  these  sides  and  the  pro- 
jection of  the  other  side  upon  it. 

3.  Let  the  angle  A  become  obtuse.     Then  D,  the  foot  of 

the  altitude  to  b,  passes  beyond  A, 
and  c\  changes  sign. 

.'.  im/^rj^  changes  sign,         (161") 
and  d^=b'-\-c--\-2bc.^. 

.-.  The  square  on  the  side  opposite 
the  obtuse  anole  in  an  obtuse- 
angled  triangle  is  greater  than  the  sum  of  the  squares  on  the 
other  two  sides  by  twice  the  rectangle  on  one  of  these  sides  and 
the  projection  of  the  other  side  upon  it. 
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The  results  of  2  and  3  are  fundamental  in  the  theory  of 
tnanjrjes.  ^ 

These  results  are  but  one  ;  for,  assuming  as  we  have  done 
that  the  rnbc,  ,s  to  be  subtracted  from  Ifi^c^  when  A  is  an 
acute  an-  e,  the  change  in  sign  follows  necessarily  when  A 
becomes  obtuse,  since  in  that  case  the  □  changes  sign  because 
one  of  Its  sides  changes  sign  (161°);  and  in  conformity  to 
algebraic  forms  -  (  -  ibc^==  +  2bcy 

Cor.  If  the  sides  a,  b,  c  of  a  triangle  be  given  in  numbers, 
we  have  from  2  c  —  ^^"  +  ^""-  d" 

^  2b  ~~' 

which  gives  the  projection  of  c  on  b. 

If^i  is  +  the^A  is  acute; 
if  Cy  is  o  the  z.A  is  ~\ ; 
^'^"^  if^iis  -  the  Z.A  is  obtuse. 

Ex.  The  sides  of  a  triangle  being  12,  13,  and  4,  to  find  the 
character  of  the  angle  opposite  side  13. 

Let  ii  =  a,  and  denote  the  other  sides  as  you  please,  e.cr 
^=12  and  r= 4.     Then  '    '^  ' 

0  =  1^1+4^3=^^  _  3 
24  8' 

and  the  angle  opposite  side  13  is  obtuse. 

173;.   7y/.mm-The  sum  of  the  squares  on  any  two  sides 
of  a  tnang  e  is  equal  to  twice  the  sum  of  the  squares  on  one- 
half  the  third  side  and  on  the  median  to 
that  side. 

BE  is  the  median  to  AC.     Then 
AB^+lJC2=2(AE-'+EB^). 
Proof.~\.(ti  D  be  the  foot  of  the  altitude  ^  '^     ^    c 

on  AC.     Consider  the  AABE  obtuse-angled  at  E  and 

AB^'  =  AE-'-}-EBH2AE.ED.        '     (170°   ,) 
Next,  consider  the  ACBE  acute-angled  at  E  and 

BC^-EC2  +  EB2-2EC.KD.  (17.°  .) 
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Now,  addin^r  and  rcmcmbciin«,r  that  AE  =  EC 


q.c.d. 


Cor.  I.  Denoting  the  median  by  ;//  and  the  side  upon  which 
It  falls  by  b,  wc  have  for  the  length  of  the  median 

4 

Cor.  2.  All  the  sides  of  an  equilateral  triangle  are  equal 
and  the  median  is  the  altitude  to  the  base  and  the  ri<rht 
bisector  of  the  base.  (53^  Cors.  2,%) 

.'.  in  an  equilateral  triangle, 

m-=^P'^=la\  OYp^hrsf^,  a  being  the  side. 

1 73°-   T/ico;v/;i.~Thc  sum  of  the  squares  on  the  sides  of  a 
c   quadrangle    is    equal   to   the    sum    of   the 
squares  on   the  diagonals,  and  four  times 
the  square  on  the  join  of  the  middle  points 
of  the  diagonals. 

K,  F  are  middle  points  of  AC  and  BD. 
Then        :iXAB-)  =  AC-'+BI)^+4EF^. 

D  Proof.— Join  AF  and  CF. 

Then  AF  is  a  median  to  AABD,  and  CF  to  ACfU). 


and 


adding, 


ABHAD-'-2BF-'+2AF-',  (170^) 

BC-'  +  CD-'-2BFH2CF-', 

:i(AB'-i)  =  4BFH2(AF2+CF2). 
But  EF  is  a  median  to  AAFC. 

AF-'4-CF2  =  2CEH2EF2,  (i-^-, 

1XAB^)  =  4BFH4CEH4EF2 

=  BD2  +  ACH4EF2.  ^.^.,;^. 

Since  squares  only  are  involved  this  relation  is  true  with- 
out any  modification  for  all  quadrangles. 

Cor.  I.  When  the  quadrangle  becomes  a  c=7  the  diagonals 
bisect  one  another  (8r°,  3)  and  EF  becomes  zero. 

.-.  the  sum  of  the  squares  on  the  sides  of  a  parallelogram 
IS  equal  to  the  sum  of  the  squares  on  its  diagonals. 
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any  point 
B 


174".  Let  ABC  be  an  isosceles  trian^rie  and  ] 
.n  tiic  base  AC,  and  let  D  be  the  middle  point  of 
the  base,  and  therefore  the  foot  of  the  altitude 
In  the  ABAP,  acute-angled  at  A 

HF^=BAHAI-'    2AP.AI);     (,;.»  .) 
13A^-BP^=AP(2AD-AP)  ' 

Tf  r,  =AP.PC.  Q     A    P     D        C 

II  P  moves  to  O,  AP  berompc:  An  o„j     u 

becomes  BQ  wl.ic h  is  >  Z         ?  u      .'^""^^'  """'  '"' 
eounllfv  .1,  '  •'""'  "'"^  """I'  Siides  of  the 

Ztlfr'  '""  '°^'="^"  "^  "^^^  P-^  '".ough  .ore  by 

Now,  of  the  two  segments  from  B  we  always  know  which 
.s  the  greater  by  63°,  and  if  we  write  PA  for  Al'  the  oPA    PC 

"::*"'?■"" ''r*^^^''-^^-  He„ce;co°:it„' 

theoJem-'  "*■'  "'"'^^  P"^'"™'  "«  '"^'X  ^'^o  the 

175''-  I.  From  174°  we  have  I3A2-BP2  =  AP   VC      m« 
BA  .s  fixed,  therefore  the  oAP.PC  increats'as  BP  7 
creases.     But  BP  is  least  when  P  is  at  d7^^   ^\^ 
the  CAP .  PC  is  greatest  when  P  is  at  D.     ^  '  '    ^'  ''""''" 
Def.    i.-A    variable    magnitude,    which    by    continuous 
change  may  „.crease  until  a  greatest  value  is  reac  ed  an 

t"  esT"  1"'  '^  ^f  ^^  '^  ^--^P'^^^'^  ^'  ^  -aximm^  td  X 
greatest  value  reached  is  its  maximum 

Thus  as  P  moves  from  A  to  C  the  oAP.PC  increases 
from  zero,  when  P  is  at  A,  to  its  maximum  value,  v    en  P 

^^  And  as  AC  may  be  considered  to  be  any  segment  divided 

.;.  Themaxhnum  rectangle  ou  the  parts  of  a  give7i  se<rnunt 
u._f armed  by  bisecting  the  segment;  .  -^     ^'''''' ''-  '"^  "^ 
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Or,  of  all  rectangles  ivith  a  given  perimeter  the  square  has 


the  greatest  area. 


2. 


AC^=(AP  +  PC)2  =  AP2+PC2  +  2AP.  PC       (i66°,  i) 

=  AP2+PC2+2(AB2-BP2).  (,74°) 

But  AC  and  AB  are  constant, 

AP2  +  PC2  decreases  as  BP2  decreases. 
But  BP  is  least  when  P  is  at  D, 

AP2  +  PC2  is  least  when  P  is  at  D. 

Def.  2.— A  variable  magnitude  which  by  continuous  change 
decreases  until  it  reaches  a  least  value  and  then  increases  is 
said  to  be  capable  of  a  minimum^  and  the  least  value  attained 
is  called  its  miniiman. 

:.  The  siun  of  the  squares  on  the  two  parts  of  a  given  seg- 
ment is  a  minimum  when  the  segment  is  bisected. 

I75i°-  The  following  examples  give  theorems  of  importance. 
D  Ex.  I.  Let  ABC  be  any  triangle  and  BD  the 

/\.         altitude  to  side  b.    Then 

,'\\  ''^^—ir-^  (172°,  Lor.) 

A      'd  D    c  But      P^  =  c~~ci'^(^c-^Cy){c-c^, 
and  A=i^A  (153°,  2) 


Now, 
and 


r+^i 


^ij}±cf-a'^_{b  +  c^a){b^c-a) 


C-C-i 


2b  2b  ' 

_!^:^:M_-jfA^+i^-c){a-b+c) 

''  2b      ~  2b  • 

AV=i(>^^^{a-¥b  +  c){b+c-a){c-^a-b){a  +  b-c\ 
and   by  writing  s  for  ^(^-  +  ^  +  4  and  accordingly  s-a  for 
\{b+c-a),  etc.,  we  obtain 

A=sl7{J^){7^b)(^cY. 
This  important  relation  gives  the  area  of  the  A  in  terms  of 
its  three  sides. 

Ex.  2.  Let  ABC  be  an  equilateral  A-     Then  the  area  may 
be  found  from  Ex.  i  by  making  a  =  b  =  c,  when  the  reduced 

expression  becomes,         A^'^\'3- 
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circ^  idt'"'  ^'^  ""  ^'^  '■^^"^^^'  °^^'^^-  -  7"-  of  its 

Let  A  B,  C  be  three  vertices  of  the  octagon 
and  O  the  centre.  Complete  the  square  OD. 
and  draw  BE  ±  to  OA. 

Since^EOB-J-].  andOB  =  ;' 
EO=EB==|;V2, 
and       AOAB  =  iOA.EB  =  J^r.irV2=l;V2 
But  AOAB  is  one-eighth  of  the  Jctagon 
Oct.  =  2rV2.  «     > 

Exercises. 
..  ABC  is  right-angled  at  B,  and  E  and  K  are  middle  points 
,        °fBA  and  lie  respectively.  Then  5AC^=4(CEHAFt 

2.  ABC  ,s  nght-angled  at  B  and  O  is  the  middle  of  AC 

Ar-  ^^'  ^^  ''''°'  °'  ""^  •''"''"''e  from  B.    Then 
2AC.OD  =  AB2-BC2. 

3.  A^C  is  right.angled  at  B  and,  on  AC,  AD  is  taken  equal 

ED^=2AE.'dc    '  ""^  "  ''"'"  '^"'^^  ^°  ^^-    ^^- 

4.  The  square  on  the  sum  of  the  sides  of  a  right-angled  tri- 

angle exceeds  the  square  on  the  hypothenuse  by  twice 
the  area  of  the  triangle. 

5.  To  find  the  side  of  a  square  which  is  equal  to  the  sum  of 

two  given  squares. 

6.  To  find  the  side  of  a  square  which  is  equal  to  the  differ- 

ence of  two  given  squares. 

7.  The  equilateral  triangle  described  upon  the  hypothenuse 

of  a  right-angled  triangle  is  equal  to  the  sum  of  the 
equilateral  triangles  described  on  the  sides 

BC.     Then  AC2=2CB.CD. 
9.  Four  times  the  sum  of  the  squares  on  the  three  medians 
of  a  triangle  is  equal  to  three  times  the  sum  of  the 
squares  on  the  sides. 
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i.v 


14. 


10.  ABCI)  is  a  rcctanprle  and  I'  is  anv  point.     Then 

11.  O  is  the  centre  of  a  circle,  and  AOH  is  a  centre-hnc. 
()A-()Ii  and  C  is  any  point  on  the  circle.  Then 
AC'-'+BC-^  a  constant 

Define  a  circle  as  the  locus  of  the  point  C. 

12.  AD  is  a  perpendicular  upon  the  line  OB.  and  BE  is  a 
])erpcndicular  upon  the  line  OA.  Then  OA  OF 
=  OB.()D. 

Two  equal  circles  pass  each  throu^di  the  centre  of  the 
other.  If  A,  B  be  the  centres  and  E,  F  be  the  points 
of  intersection,  EF-  =  3AB^. 

If  EA  produced  meets  one  circle  in  P  and  AB  pro- 
duced meets  the  other  in  O,  PO''*=7AB2. 

ABC  is  a  triangle  having  the  angle  A  two-thirds  of  a 
right  angle.     Then  AB2  +  AC-'=BC-'-f  AC.  AB. 

15.  In  the  triangle  ABC,  D  is  the  foot  of  the  altitude  to  AC 

and  E  is  the  middle  point  of  the  same  side.     Then 
2ED.AC  =  AB2-BCa. 

16.  AD  is  a  line  to  the  base  of  the  triangle  ABC,  and  O  is 

the  middle  point  of  AD.     If  AB-'  +  BD2=AC2+CD2 
then  OB -OC.  ' 

17.  ABC  is  right-angled  at  B  and  BD  is  the  altitude  to  AC 

Then  AB.CD  =  BD.BCandAD.CB  =  BA   BD 

18.  ABC  is  a  triangle  and  OX,  OY,  OZ  perpendiculars  from 

any  point  O  on  BC,  CA,  and  AB  respectively.     Then 
BX^'+CYHAZ^'=CX2  +  AY^'-fBZ^. 
A  similar  relation  holds  for  any  polygon. 

19.  AA„  BBi  are  the  diagonals  of  a  rectangle  and  P  any  point 

Then  PA-+  PB-'-f  PA,H PB,^'=AA,H4P02,  where  O 
IS  the  mtersection  of  the  diagonals. 

20.  ABC  is  a  triangle,  AD,  BE,  CF  its  medians,  and  P  any 

pomt.     Then 

PAHPBHPC-'-=PD2-fPE2+PF2+KADHBEHCF2) 

2PA2=ZPDH.\2<  where;;/ is  a  median.     ' 

21.  If  O  be  the  ceniroid  in  20, 
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-5-  It  A   B,  C  be  equidistant  points  in  line  md  J^  .  f       u 
Po-t  .„  same  line,  the  d^erence  b  twecn    1  e  J 
on  AI3  and  DB  is  equal  to  the  rect3"  ^^e  squares 
CD.  rectangle  on  AD  and 

=6-  IfA,Ii,  CD  be  any  four  points  in  line 

AD2+]iO=AC=+IiDH2Au'cD 
=7.  Any  rectangle  is  equal  to  one-half  the  ^emnele        ,. 

Middle  poi"„'.^tAc'a^dF:;T,r;c/^'^-''= 

3.  The  ..et::;:^ec:.;ira:eir::f  ^-- , 

of  the  perpendicular  from  tZ'Llf^  '^  ""=  'r^'" 
?  be  the  distance  between  ZZTr  ,  ''*^°"'''  """^ 
perpendiculars  so  drl"  n,  ""'  '"°  P"""^' 

M'^+>=«^andj,V,?TK=^2_„2,^        . 

30  ABCD'i!'"'"'^'"'"'  "  ""'"'^^  ^y  -'«*+^^ 

30.  ABCD  ,s  a  square.     P  is  a  point  in  AB  produced  and  O 

'3  a  pomt  m  AD.     If  ,he  rectangle  BP   OD '•         ~ 

Stan,,  the  triangle  PQC  is  constant  '  ^      "  '""■ 

If*eIe„gthsof  the  sides  Of  a  triangle  be  expressed  by 

K"  and  Vbe  the'de  ^''^  'T'''  ''  "S^'-gled.       ' 

..^e  altitude"::  ^li:^T^^'  '^-^'«  -'i  /  Be 
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33.  The  triangle  whose  sides  are  20,   15,  and   12  has  an 

obtuse  angle. 

34.  The  area  of  an  isosceles  triangle  is  8^/T^  and  the  side  is 

twice  as  long  as  the  base.     Find  the  length  of  the  side 
of  the  triangle. 

35.  What  is  the  length  of  the  side  of  an  equilateral  triangle 

which  is  equal  to  the  triangle  whose  sides  are  13,  14, 
and  15.? 

36.  If  AB  is  divided  in  C  so  that  AC----2BC2,  then 

ABHBC2=2AH.AC. 
37-  Applying  the  principle  of  continuity  state  the  resulting 
theorem  when  B  comes  to  D  in  (i)  the  Fig.  of  172°, 
(2)  the  Fig.  of  173°. 

38.  Applying  the  principle  of  continuity  state  the  resulting 

theorerti  when  B  comes  to  E  in  the  Fig.  of  173°. 

39.  The  bisector  of  the  right  angle  of  a  right-angled  triangle 

cuts  the  hypothenuse  at  a  distance  a  from  the  middle 
point,  and  the  hypothenuse  is  2b.  Find  the  lengths  of 
the  sides  of  the  triangle. 

40.  Construct  an  equilateral  triangle  having  one  vertex  at  a 

given  point  and  the  remaining  vertices  upon  two  given 
parallel  lines. 

41.  A  square  of  cardboard  whose  side  is  s  stands  upright 

with  one  edge  resting  upon  a  table.  If  a  lower  corner 
be  raised  vertically  through  a  distance  a,  through 
what  distance  will  the  corner  directly  above  it  be 
raised } 

42.  What  would  be  the  expression  for  the  area  of  a  rectangle 

if  the  area  of  the  equilateral  triangle  having  its  side 

the  71  J.  were  taken  as  the  7c,a.} 
43-  The  opposite  walls  of  a  house  are  12  and  16  feet  high  and 

20  feet  apart.     The  roof  is  right-angled  at  the  ridge 

and  has  the  same  inclination  on  each  side.     Find  the 

lengths  of  the  rafters. 
44    Two  circles  intersect  in  P  and  Q.     The  longest  chord 

through  P  is  perpendicular  to  PQ. 
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„   T.,     ,  ^"^ '"°  ^"'^^  Sivcn  is  isosceles. 

48.  The  largest  isosceles  triangle  with  variable  base  has  its 

s,des  perpendicular  to  one  another.  " 

49.  The  largest  rectangle  inscribed  in  an  acute-angled  tri- 

angle and  having  one  side  lying  on  a  side  of  Ih 

50   L  ^r^''■^^^'^•->''''"^--ha'f•hVo"t;e    Lgle 

ApTi      °  ''"t,T''"«  i"  O.-d  P  is  any  pint. 

Thl ,         ,."""'  '""^  •="«'"£  L  in  A  and  M  in  U 
The  tnangle  AOB  is  least  when  P  bisects  AB. 

EQUALITIES  OF  RECTANGLES  ON  SEGMENTS 
RELATED  TO  THE  CIRCLE. 

176°.  Theorem, — If  two  sprantc  f«  .u 
sprt    f),»        »       .  secants  to  the  same  c  rcle  inter 

is  equal  to  the  coir   /         ^^''^ '°  °""  °^  *^^^  ^^^^nts 
othe'rsecrnt.       '^"'^P^'^^'"^  rectangle  with  respect  to  the 

I.  Let  the  point  of  intersection   be 
within  the  circle.     Then 

AP.PB  =  CP.PD. 

Proo/.-AOB  is  an  isosceles  triangle, 
and  P  IS  a  point  on  the  base  AB 

.-.        OA2-OP2=AP.PB.      *(i74°N 

Similarly,  COD  is  an  isosceles  tri- 
angle,  and  P  a  point  in  the  base  CD 
Bui*  0C2-0P2=CP.PD. 


C-OA, 
AP.PB  =  CP.PD. 


^.e.^. 
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Cor.  I.  (a)  Let  CD  become  a  diameter  and  be  ±  to  AB. 


(96°,  Cor.  5) 


Then     AP .  PB  becomes  AP2, 

AP2  =  CP.PD, 
and  denoting  AP  by  c,  CP  by  v,  and  the 
radius  of  the  circle  by  r,  this  becomes 

which  is  a  relation  between  a  chord  of  a  0, 
the  radius  of  the  0,  and  the  distance  CP, 
commonly  called  the  verses/  sine,  of  the  arc  AB. 

ib)  When  the  point  of  intersection  P  passes  without  the  0 
we  have  still,  by  the  principle  of  con- 
tinuity, AP.  PB=CP.  PD.  But  the  ns 
being  now  both  negative  we  make  them 
both  positive  by  writing 

PA.PB  =  PC.PD. 


Cor.  2.  When  the  secant  PAB  be- 
comes the  tangent  PT  (109°),  A  and 
B  coincide  at  T,  and  PA .  PB  becomes 
PT2,  .-.  PT2=PC.PD, 

i.e.,  if  a  tangent  and  a  secant  be  drawn 
from  the  same  point  to  a  circle,  the  square  on  the  tangent  is 
equal  to  the  rectangle  on  the  segments  of  the  secant  between 
the  point  and  the  circle. 

Cor,  J.  Conversely,  if  T  is  on  the  circle  and  PT2=PC .  PD, 
PT  is  a  tangent  and  T  is  the  point  of  contact. 

For,  if  the  line  PT  is  not  a  tangent  it  must  cut  the  circle  in 
some  second  point  T'  (94°).     Then 

PT.PT'  =  PC.PD  =  PT2 
Therefore  PT=Pr,  which  is  not  true  unless  T  and  T'  coin- 
cide.    Hence  PT  is  a  tangent  and  T  is  the  point  of  contact. 

Cor.  4.  Let  one  of  the  secants  become  a  centre-line  as 
PEF.  Denote  PT  by  /,  PE  by  h,  and  the  radius  of  the  circle 
by  r.     Then  PT2=PE  .  PF 

becomes  t^^h{2r+h). 


4. 
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2. 


4. 


mouth.    A  sphere  of  radius  >•  is  di-opoed  into  if      h 
rar  .  the  centre  of  the  sphere  .oJ^CZ  JZ 

''  ^'LTventf  s"r  ''"'  """^^^  ^'  7'9^°  -"-^  how 

— •:;  ::ntrh;:ir  ^^'-^  -  ^--  ^^^  to;  or . 

'■  "^T/tet::?";"'/,^"  "  ^"^  ^  ^-^^heir  centres 

and  .1    ^.l       f '""*  '^'  ^'"^^h  «^  th^i^  ^«n^mon  chord 
and  also  that  of  their  common  tangent. 

9.  Two  parallel  chords  of  a  circle  are^-  pnd  .        ^    1.  • 
distance    apart    is    ^    to    find   !k         /^  """"^  '^'"' 
circle.  *^^    ^^^^"s    of    the 

10.  If  .,  is  the  versed  sine  of  an  arc,  l^  the  chord  of  half  the 
arc,  and  r  the  radius,  /:'^=2vr. 

177°-  Theo7'em. — If  unon  pnrh  r>r  <■ 
raiV  of  ,^^-  *    u       V  ^  °^  ^^^°  intersect  ng  lines  a 

pair  ot  pomts  be  taken  mirh  ff,^f  *u  ^  ^ 

-cnts  between  the  JoLr:'   nleclTrd  tVe"  ""^  ■"^'; 
PO.nts  in  one  of  the  hnes  is  equal  tolrco^resptd.^ 


J,   , 


Mil!  '! 
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angle  for  the  other  line,  the  four  assumed  points  are  concyclic. 

-^  (Converse  of  176°.) 

-^  L  and  M  intersect  in  O,  and 

OA.OB  =  OC.OD. 
Then  A,  B,  C,  and  D  are  concyclic. 

Proof.— Since  the  os  are  equal,  if  A  and  B  lie  upon  the 
same  side  of  O,  C  and  D  must  lie  upon  the  same  side  of  O  ; 
and  if  A  and  B  lie  upon  opposite  sides  of  O,  C  and  D  must 
lie  upon  opposite  sides  of  O. 

Let  a  0  pass  through  A,  B,  C,  and  let  it  cut  M  in  a  second 
point  E.     Then  OA.OB  =  OC.OE.  (176°) 

^"t  OA.OB  =  OC.OD.  (hyp) 

OD  =  OE, 
and  as  D  and  E  are  upon  the  same  side  of  O  they  must  co- 
mcidej  .-.    A,  B,  C,  D  are  concyclic.  g.e.c^, 

178°.  Let  two  circles  excluding  each  other  without  contact 
have  their  centres  at  A  and  B,  and  let  C  be  the  point,  on 
their  common  centre-line,  which  divides  AB  so  that  the 
difference  between  the  squares  on  the  segments  AC  and  CB 
is  equal  to  the  difference  between  the  squares  on  the  con- 
terminous radii.  Through  C 
draw  the  line  PCD  J_  to  AB, 
and  from  any  point  P  on  this 
^ '  line  draw  tangents  PT  and  PT' 
to  the  circles. 
Join  AT  and  BT'. 
Then,  by  construction, 

AC2-BC2  =  AT2-BT'2. 
But,  since  PC  is  an  altitude  in 
■BC2=AP2-BP2, 
AP2=AT2-f-PT2, 
BP2=BT'2-|-PT'2, 

P'p2_p'p'2 

PT=pr.' 


(172°,  I) 

(169°,  Cor.  I) 
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Therefore  PCD  is  the  locus  of  a  point  from  which  equal 
tangents  are  drawn  to  the  two  circles. 

nef.~T\ns  locus  is  called  the  radicai  axis  of  the  circles 
and  IS  a  line  of  great  importance  in  studying  the  relations  of 
two  or  more  circles. 

Cor.  I.  The  radical  axis  of  two  circles  bisects  their  com- 
mon tangents. 

Cor.  2.  When  two  circles  intersect,  their  radical  axis  is 
their  common  chord. 

Cor.  3.  When  two  circles  touch  externally,  the  common 
angent  at  the  point  of  contact  bisects  the  other  common 
tangents. 

179°.  The  following  examples  give  theorems  of  some  im- 
portance. 

Ex.  I.  P  is  any  point  without  a  circle  and  TT'  is  the  chord 
of  contact  (114°,  Def.)  for  the  point  P. 
TT'  cuts   the   centre-line   PO   in    Q 

Then,  PTO  being  a  n,  (110°) 

OQ.OP  =  OT2.  (169°) 

.'.  the  radius  is  a  geometric  mean  be- 
tween the  join  of  any  point  with  the 
centre  and  the  perpendicular  from  the 
centre  upon  the  chord  of  contact  of  the  point. 

Def—V  and  Q  are  called  inverse  points  with  respect  to 
the  circle. 

Ex.  2.  Let  PQ  be  a  common  direct  tangent  to  the  circles 
having  O  and  O'  as  centres. 
Let  OP  and  O'Q  be  radii 
to  the  points  of  contact,  and 
let  QR  be  ||  to  00'.     Denote 
the  radii  by  r  and  /.     Then 
AC  =  00'4-r-r', 
BD  =  00'-r-f-»-'. 
.-.  AC.BD  =  00'2-(r-O2=0R2-PR2=P02  (T69°,Cor.  t) 
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Similarly  it  may  be  shown  that 
AD .  BC  =  square  on  the  transverse  common  tangent.    ^ 

EXKRCISES. 

..  The  greater  of  two  chords  in  a  circle  is  nearer  the  centre 
than  the  other. 

2.  Of  two  chords  unequp.lly  distant  from  the  centre  the  one 

nearer  the  centre  is  the  greater 

3.  Ali  is  the  diameter  of  a  circle,  and  P,  Q  any  two  points  on 

he  curve     AP  and  BQ  intersect  in  C,  and  AQ  and  BP 
in  C .     Then 

AI\AC  +  BQ.BC=:AC'.AQ  +  BC'.BP. 

4.  Two  chords  of  a  circle,  AB  and  CD,  intersect  in  O  and 

are  perpendicular  to  one  another.     If  R  denotes  the 
radius  of  the  circle  and  E  its  centre, 
8R^  =  ABiJ  +  CD-  +  40E'^ 

5.  Circles  are  described  on  the  four  sides  of  a  quadrangle  as 

diameters.  The  common  chord  of  any  two  ad^cent 
circles  is  parallel  to  the  common  chord  of  the  other 
two. 

6.  A  circle  S  and  a  line  L,  without  one  another,  are  touched 

by  a  variable  circle  Z.  The  chord  of  contact  of  Z  passes 
through  that  point  of  S  which  is  farthest  distant 
from  L. 

7.  ABC  is  an  equilateral  triangle  and  P  is  -ny  point  on  its 

crcumcircle.  Then  PA  +  PB  +  PC=o,  if  we  consider 
the  line  crossing  the  triangle  as  being  negative. 

8.  CD  IS  a  chord  parallel  to  the  diameter  AB,  and  P  is  any 

point  in  that  diameter.     Then 

PC-  +  PD-  =  PA-+PB2. 
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SECTION   V. 

CONSTRUCTIVE   GEOMETRY. 

180°.  Problem.~K^  being  p  given  segment,  to  construct 
the  segment  A  13^2. 

6V«j/r. -DrawBC_LtoABandequaltoit. 
Then  AC  is  the  segment  AB^/2. 

Proof.~^\nQ^  ABC  is  right-angled  at  B 

AC2=AB^+BC2=2AB2,   (169,  cLr.  i) 
AC-ABV2.  ^ 

Cor.  The  square  on  the  diagonal  of  a  given  square  is  equal 
to  twice  the  given  square.  ^ 

181°.  Problem.—  lo  construct  A Bv/3. 
C^«j/r.-Take  BC  in  line  with  AB  and  equal 
to  It,  and  on  AC  construct  an  equilateral  tri- 

""?;!^^^5^-  (124°,  Cor.  I) 

BD  is  the  segment  ABV3. 

Proof.-k^Vi  is  a  H,  and  AD=AC  =  '>AB 
Also  AD^  =  ABHBD2=4AB^.         (,69°,  Cor.  ,) 

BD2  =  3AB^,andBD  =  ABV3. 

Cor   Since  BD  is  the  altitude  of  an  equilateral  triangle 
and  AB  is  one-half  the  side,  ^ 

.-.the  square  on  the  altitude  of  an  equilateral  triangle  is 
equal  to  three  times  the  square  on  the  half  side. 

182°.  Problem.— '^Q  construct  AB^/5.  a 

Constr.  -Draw  BC  ±  to  AB  and  equal  to  twice 
AB.    Then  AC  is  the  segment  AB^S. 
Proof.— ^xnQ.^  aB  is  a  right  angle, 
AC-'=AB-^+BC^ 
But  BC-=4AB-; 

AC-=5AB^ 
and  AC  =  ABV5. 
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are  given.  "  convenient.    A  few  examples 

Ex.  ,.  AB  being  a  g,iven  segment,  to  find  a  point  C  in  its 
A 0 B        ^"^^  "'•'"  AO= AB .  CB. 

Analysis-  Aa=An.CB  =  AB(AB-Aa 
••         .^    .  AC^'  +  AC.AB=AB=.  *  '^^^' 

r  ufcT'lr'"^  T  '"'"  ''^*"'^  '■"^  «"''  -'ving  as  a  quad- 
1  .It  c  m  AC,  ive  have        AC  =  l(AB^c  -  A  Kl 

"nd  Ihis  is  to  be  constructed.  ^'  ^' 


c' 

I 

< 
I 

\ 


C>«/r.-Construct  AD=ABV5  (by  ,8.-)  as  in  the  figure 


\ 
\ 


\ 


and   let    E    be    the 
middle  point  of  BD 

\  '  qV  TakeDF  =  DE.    ' 

V  ^  Then 

AF=ABv/5-AB; 
.-.  bisecting  AF  in  G, 
AG=AC 

=  KAB^/5-AB), 
and  the  point  C  is 
found. 

Again,  since  ^/5  has 
two    signs    +    or   -, 

and  we  have  AC=  -Ua:^^^  ''^  "^^^''^  ^'^° 

inerefore,    for    the    nnmf    r"  a  t^ 

l^r=DE,  and  bisect  AplC'Tren  '"""'''    '^''^ 

AG'=i(ABV5  +  AB); 

and  since  AC'  is  negative  we  set  olT  AG'  from  A  to  C  and 
C  IS  a  second  point.  'i  to  c,  and 

The  points  C  and  C  satisfy  the  conditions, 

AC==AB.CBandAC'2=AB   CB 
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It  is  readily  proved  however.     For 
AD'^=5AB-,  and  also  AD-=(AF  +  FD)-'  =  (2AC+AB)2 
whence  AC^  =  AB(AB  -  AC)  =  AB.  CB.  ' 

It  will  be  noticed  that  the  constructions  for  finding  the  two 
points  differ  only  by  some  of  the  segments  being  taken  in 
different  senses.  Thus,  for  C,  DE  is  taken  from  DA,  and  for 
C ,  added  to  DA ;  and  for  C,  AC  is  taken  in  a  positive  sense 

el^lt^Al.''^^'  '''''^^''''  "'^"  -  ^  -^-^-  -- 

In  connection  with  the  present  example  we  remark  :- 

I.  Where  the  analysis  of  a  problem  involves  the  solution  of 

a  quadratic  equation,  the  problem  has  two  solutions  corre- 

spondmg  to  the  roots  of  the  equation. 

2  Both  of  the  solutions  may  be  applicable  to  the  wording 
ot  the  problem  or  only  one  may  be. 

3-  The  cause  of  the  inapplicability  of  one  of  the  solutions 
IS  commonly  due  to  the  fact  that  a  mathematical  symbol  is 
more  general  in  its  significance  than  the  words  of  a  spoken 
language.  * 

4.  Both  solutions  may  usually  be  made  applicable  by  some 
change  in  the  wording  of  the  problem  so  as  to  generalize  it. 

The  preceding  problem  may  be  stated  as  follows,  but 
whether  both  sohations  apply  to  it,  or  only  one,  will  depend 
upon  our  definition  of  the  word  "part."     See  Art.  23°. 

To  divide  a  given  segment  so  that  the  square  upon  one  of 
the  parts  ts  equal  to  the  rectangle  on  the  whole  segment  and 
the  other  part, 

De/.~K  segment  thus  divided  is  said  to  be  divided  into 
extreme  and  mean  ratio,  or  in  median  section. 

Ex.  2.  To  describe  a  square  when  the  sum  of  its  side  and 
diagonal  is  given. 

Analysis.-If  AB  is  the  side  of  a   square,  AB^^--   is  its 
diagonal.  ^^^^.^ 
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Ali(i  +  s'2)  is  a  given  scRment  =.S,  say.    Then 

Al)  =  SfV2-i). 

r.«,r/,-     Let  EF  be  the  given  segments. 
I  '-aw  i  a  X  and  =   to  EF,  and   with 

.Tko  <•:,'',:;';„"' '^^"'''="®-- 

square  is  easny^conslncfed'^  '"'  "  ""  ^''"^^^  •  ""--  '"^ 

diagonal  is  the  .^    n  s  '  ,enfs     The  7  u"  ''?  ^'"^  ='"" 
is  ve.  suggestive,  hut  w^^f  its:^^!^ ll^r 

o:^i:i::e:^-hX— --^ 

^- j'^  ^"^  AC  the  given  rectangle. 

I        On  DA  produced   make  AP  =  S    and 
.         .  -Q    draw  PBO  to  cut  DC  produced  in  Q. 

'-Q-'  CQ  IS  the  segment  required. 

^r../-Complete  the  os  PEQD,  PGBA,  and  BCQF 
Then  c::AC=oGF  =  GB.BF  =  PA.CQ,  ^ 

S.CQ=aAC. 

185°.  Problem.—lo  find  the  siH^  ^f  o 

me  side  of  a  square  which  is 
F  equal  to  a  given  rectangle. 

iu?'"n^~'-"   ^'^   "^   "'^   '««a„gle. 
Make  BE  =  BC   and  in   line  with  BA. 
Un  AE  describe  a  semicircle,  and  pro- 
duce CB  to  meet  it  in  F. 
B  F  is  the  side  of  the  required  square. 
/''■<'<'/-  Since  AE  is  a  diameter  and  FB  a  half  chord  X  to  it, 
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(176°,  Cor.  I) 


BF»=AB.BE, 
BF2=AB.IiC. 


Cor.  This  is  identical  with  the  problem,  "To  find  a  eeo 
metru:  mean  between  two  ,iven  segments,"  and  it  tnifhes" 

-     (165°) 
remngie.'^°  '°"''''"'' '"  '''""''''■''^^  ^''•^"^'^  ^^"'-^^  *«  '-^  g-en 

i'QK  to  be  the  required  triangle.     Then 

AB.BC=:^PR.QT  ■ ' 

=  PT.QT. 
But  QT=PT,/3,  (181",  Cor) 

PT.QT=PTV3 
whence  PT^ = AB^ 3 .  J^BC.  -      .      .. 

s'ldt  T  AP';J''  1^r.T'''  '^"'^^  ^°  *^^  '■^^^^"^^le  whose 
r27°'and  r^S^:^'  '""^  ^'''^'^"'  ^^  ^"""^  ^^  "^^-"s  of  181°, 
Thence  the  triangle  is  readily  constructed. 

itstse.'  "^^  ''"''' '"'  "''  ''"  ^''""^^^  ^y  '  ^-^  P--"eI  to 

Let  ABC  be  the  triangle,  and  assume 
PQ  as  the  required  line,  and  complete 
the  parallelograms  AEBC,  KFBC,  and 
let  BD  be  the  altitude  to  AC.  Because 
PQislltoAC,  BDis±toFO.     Now 

£=7EP  =  c=7PC, 
.-.  £=7FC  =  ci:7EO,  or  PQ.  BD=AC.  BG.       (icr\i 

d-  .^,^^^^^=^EC,or.PQ.BG=AC.BD;    ^  '' '  ^ 
j^^^d.v.dmg  one  equation  ^b^the^other,  and  reducing  to  one 

termined  '     '  '"^  '"'  ^"^'"^'"^  ^^  ^^  ^^  ^^-- 


\   iti 
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186°.  Problem.-^To  find  the  circle  which  shall  pass  through 

two  given  points  and  touch  a  given  line. 
Let  A,  B  be  the  given  points  and  L 
the  given  line. 

Constr.-h^i  the  line  AB  cut  L  in  O. 
Take  OP  =  OP',  a  geometric  mean  be- 

*T,        u    ,  ^'''^^"  ^^  ''^"d  Oi^  (iS5°).     The  circles 

through  the  two  sets  of  three  points  A,  B,?  Ind  A,  B,  P  a  e 
the  two  solutions.  ' 

The  proof  is  left  to  the  reader.     (See  176°,  Cor.  2.) 

I87^  Problenu-To  find  a  0  to  pass  through  two  given 

points  and  touch  a  given  0. 

Let  A,  B  be  the  points  and  S 
the  given  0. 

G?;w/;-.__Through  A  and  B 
draw  any  0  so  as  to  cut  S  in 
two  points  C  and  D.  Let  the 
line  CD  meet  the  Hne  AB  in  O. 
From  O  draw  tangents  OP  and 
OQ  to  the  0S  (114°).     Pand 

the  0s  which  pass  through  A^a^d  S  tuct  T  Th^^ 
fore  the  0s  through  the  two  sets  of  three  pc^n  s  a' B  P  "d 
A,  B,  Q  are  the  0s  required.  '     '      ^^^ 

Proof,-        OB.OA  =  OC.OD  =  002=OP2. 
therefore  the  0s  through  A,  B,  P  and  A,  B,  Q  have  OP  and 

to  ns  'r'T  ^^f'  ^°^-  '^-     ^"^  ^^-^  -^  als'^^ngents 

"Ssr^-^ '  ^"^  ^  -^  ^^^  p^^-  ^^  -tact  o?  th: 


12. 


Exercises. 


I.  Describe  a  square  that  shall  have  twice  the 


given  square. 


area  of  a 


2.  Describe  an  equilateral  triangle  equal  to  a  -iven  s 


square. 


CONSTRUCTIVE   GEOMETRY. 


4-  Construct  AB./7,  where  AH  .=  o'   • 

5.  Construe.  V«^l7  ^,f, '^;  ^.ven  segment. 

given  line  segments  '  "'""  "  """  '  *"»'« 

6.  Dmde  the  segment  AU  in  C  so  that  AC^->CB=     9,, 

that  AC  is  the  dia-oml  of  ,h.  '    ''''°"' 

.h.hoMrorexterlirauT;"^""^'^-     '^°- 
'^avingAf;e':r:rAOarrad,';:;r„T  %\  ''^l 

"o  dil'i de'  '™"™"'°"  "f  "^'  -'-^    he  problem 
-.  Show  that  the  cons.    cZ  of  ,8  ?";"  °T'  P'"'^'" 

1 1.  Construct  an  equilateral  triangle  when  the  sum  nf ,-.     -^ 
Descnbe  a  square  in  a  given  acu.e-angled  trian-^Ie  so 

>4.  W,thin  an  equilateral  triangle  ,o  inscribe  a  second  eaui 
lateral  ^.r,a„gle  whose  area  shall  be  one.h:™!:?:^ 

"  '™ra„Vdrr  ^/ic^rA^'t  ;r  r"^  -  '"^ 

given  square.  ^  '^^"  ^^  ^^^^^  *«  a 

K 
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13. 
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ir>.  Draw  a  tangent  to  a  given  circle  so  that  the  triangle 
formed  by  it  and  two  fixed  tangents  may  be  (i)  a 
maximum,  (2)  a  minimum. 

17.  Draw  a  circle  to  touch  two  sides  of  a  given  square,  and 

pass  through  one  vertex.    (Generalize  this  problem  and 
show  that  there  are  two  sohitions. 

18.  Given  any  two  lines  at  right  angles  and  a  point,  to  find  a 

circle  to  touch  the  lines  and  pass  through  the  point 

19.  Describe  a  circle  to  pass  through  a  given  point  and  to 

touch  a  given  line  at  a  given  point  in  the  line 

20.  Draw  the  oblique  lines  required  to  change  a  given  square 

mto  an  octagon. 

If  the  side  of  a  square  is  24,  the  side  of  the  result- 
ing octagon  is  approximately  10;  how  near  is  the 
approximation  ? 

21.  The  area  of  a  regular  dodecagon  is  three  times  that  of 

the  square  on  its  circumradius. 

22.  By  squeezing  in  opposite  vertices  of  a  square  it  is  trans- 

formed into  a  rhombus  of  one-half  the  area  of  the  square 
What  are  the  lengths  of  the  diagonals  of  the  rhombus? 

23.  J ,  Q,  R,  S  are  the  middle  points  of  the  sides  AB,  BC, 

CD,  and  DA  of  a  square.     Compare  the  area  o'f  the 
square  with  that  of  the  square  formed  by  the  joins  AO 
BR,  CS,  and  DP.  ^        ^  ^' 

24.  ABCDEFGH  is  a  regular  octagon,  and  AD  and  GE  are 

produced  to  meet  in  K.     Compare  the  area  of  the  tri- 
angle  DKE  with  that  of  the  octagon. 

25.  The  rectangle  on  the  chord  of  an  arc  and  the  chord  of 

Its  supplement  is  equal  to  the  rectangle  on  the  radius 
and  the  chord  of  twice  the  supplement. 

26.  At  one  vertex  of  a  triangle  a  tangent  is  drawn  to  its  cir- 

cumcircle.  Then  the  square  on  the  altitude  from  that 
vertex  ,s  equal  to  the  rectangle  on  the  perpendiculars 
from  the  other  vertices  to  the  tangent. 

27.  SOT  is  a  centre-line  and  AT  a  tangent  to  a  circle  at  the 

point  A.     Determine  the  angle  AOT  so  that  AS  =  AT. 


PART    III. 

PRELIMINARY. 

I88°.  By  superposition  we  ascertnin  n,« 

equaluy  of  two  given  line-segments      li     T'"^  "'  '"' 
the  relation  between  the  lengths  "/;  "  '"  '''P''"^ 

endeavour  to  find  two  numefkn,  /  """""'"  ^^^"^"'^  "« 
another  the  same  relation^  n  m^"?','""  "'"^''  •"""  ">  ""e 
ments  do.  '"  ""^gn^^de  that  the  given  seg- 

Which  the  mLines  o    AB    nd^L to''1  "'"  "^P-^"  '° 
numbers.     Le,  ,„  denote  the   ,r.  ^^    '  ?  "■'  ''''"'  ""'"lo 

me..sure  ofCD  with  respect  to  ■W-V'  ^"  "■"•  «  'he 

The  numbers  m  andThlw  ,       """"'^"S"'- 
tions  as  to  magn  ude 'h, ,  '    '"  °"^  -"'h-  "-e  same  re.a- 

T^    .       .      „/  '"'^ '^2""^"'=  AB  and  CD  do. 

Ihe  fraction  _  is  caller!  ,•„  a  ■». 

of  «  to  „  ,nd  -"r  '"  "'•^'^^''■•^  'he  n,//. 

"I  m  to  «,  and  m  Geometry  it  is  rili«.i  .1         •     ■ 

Now  n  has  to  m  the  same  ratio  ^  f  °  "^^^  "'  ^D. 

-•     But  if  CD  be  ,1  """^  ^"^  '°  'he  fraction 

„  CD  be  taken  as  ../.  its  measure  becomes  unity 

while  that  ofAB  becomes  2-'. 

Therefore  the  w/a  of  AB"to  CD  i.  tJ,» 
respect  to  CD  as  unit-length  "'"""•^  °^ ^B  with 


ill 
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oni'vtf "  ""k  r*^T""  "'  '"^"""ensurable  the  ratio  can 
only  be  symbohzed,  and  cannot  be  expressed  arithmetically 
except  approximately.  ^ 

unlilT;  J^""'  '"P^°'^  ^^  '°  '^^  '"P"^^^  °^  '^^•"^  stretched 
until  It  becomes  equal  in  length  to  AB,  the  numerical  factor 

which  expresses  or  denotes  the  .mount  of  stretching  neces- 
sary may  conveniently  be  called  the  tensor  of  AB  with 
respect  to  CD.  /rr       ,       s 

Ac.  f  X  (Hamilton.) 

As  far  as  two  segments  are  concerned,  the  tensor,  as  a 
numerical  quantity,  is  identical  with  the  ratio  of  the  segments 
bi^  It  introduces  a  different  idea.     Hence  in  the  cLeTcom.' 

rutTth.  "'T''  '^"  ''"^"'  "  arithmetically  expressible, 
but  m  the  case  of  incommensurable  ones  the  tensor  maybe 
symbolically  denoted,  but  cannot  be  numerically  expressed 
except  approximately.  p*c:,bcu 

Thus  if  AB  is  the  diagonal  of  a  square  of  which  CD  is  the 
side,  AB  =  CDV2  (180°);  and  the  tensor  of  AB  on  CD 
....,  the  measure  of  AB  with  CD  as  unit-length,  is  thai 
numerical  quantity  which  is  symbolized  by  ^2,  and  which 
can  be  expressed  to  any  required  degree  of  approximation  by 
that  amhmetical  process  known  as  "extracting  the  square 

190°.  That  the  tensor  symbolized  by  ^2  cannot  be  ex- 
pressed arithmetically  is  readily  shown  as  follows  •- 

If  x/2  can^be  expressed  numerically  it  can  be  expressed  as 
a  fraction,  ^,  which  is  in  its  lowest  terms,  and  where  accord- 
ingly m  and  «  are  not  both  even. 

If  possible  then  let  sj2  =  ^. 

Then  2ir=m\  Therefore  vr  and  m  are  both  even  and  ;/ 
IS  odd. 

But  if  m  is  even,  ^-  is  even,  and  ifi  and  ;/  are  both  even. 

But  n  cannot  be  both  odd  and  even. 

-  ..eretore  y  2  cannot  be  arithmetically  expressed. 


PRELIMINARY, 
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//W^//.«  of  an  incommensurable  tensor. 

> . E'F' 

Then  some  tensor  will  bring  AB  to  AC 
Let  BD  be  divided  into  10  equal  parts  whereof  F  nn.1  r 
arethosenumbe:^d4and5  ts  wnereot  E  and  F 

.he  second  too  ,.a..  an^^ ttjee:^::^^  ^"^"  ^'^ 

a.fZ;n^,r  :^,^  r '°  --  --  --or  K;  . 

too  grea?  '  "'  ''"  "^^'"^  "°  -"''"  -"<•  'he  second 

-  Srrr^':^^^^^^^^^^^^  -  oM.n 

sides  of  C  and  adjacent  to  ft.  P°"  °PP°="^ 

Thus,  however  far  this  process  be  carried,  C  will  alwav,  i;» 

^./w.«  two  adjacent  ones  of  the  points  toobtTilled     '^'^ '" 

the      nlTthTf     ""°"  '""  '"'"^P^"^-  °-'»'h  of 
tne  length  of  the  former  ones,  we  may  obtain  a  noint  „f 

division  lying  as  near  C  as  we  please  ^ 

Now  if  AB  be  increased  in  length  from  AB  to  AD  it  must 

at  some  period  of  its  increase  be  equal  to  AC 
Therefore  the  tensor  which  brings  AB  to  AC  i,  ,  r.=i 

The  preceding  illustrates  the  difference  between  magnitude 
and  number.     The  segment  AB  in  changing  to  AD  passes 

r  nl'eS  '"'""''1?  '^"^"'-     ^"'  '^e'commensu  aS 

mustproceedh     ■"■''""'  .^™"""''  'y'"=  ''«"«"  ■  -"d  ^ 
iiiusc  proceed  bv  snmp  unif  }T^"'-, ,-   n        j 

not  continuous. ''"^"'  ^'"^  "'^  '^^"'^'"^ 


in  .  I 


n  |'« 


;  ^1' 
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Hence  a  tnagnittide  is  a  variable  which  i,,  ^n^  •      r 
onevalu.  .  ano,.r^ passes  /W^.  jj t^^Xf^r 

AC  to  AB  numerical  factor  which  brings 

But  according  to  the  operative  principles  of  Algebra 

AB  ^        ' 


AB. 


AC 


.AC=AB, 


•••  AC  is  the  tensor  which  brings  AC  to  AB 
ratio  of  the  numerator  to  the  denominator. 


SECTION   I. 

PROPORTION   AMONGST  LINE-SEGMENTS. 

l')^\  Def.-Four  line-segments  taken  t„  order   form    „ 
proportion,  or  are  in  proportion,  when  the  tensTrofZ^ 
onthe^eond  is  the  same  as  the  tensor  ^Zt^^lfX 

This  definition  gives  the  relation 

a  __  c 

where  «,  l,,c,  and  ^denote  the  segments  taken  in  order 

The  fractions  expressing  the  proportion  are  subjecf  o  all 
the  transformafons  of  algebraic  fractions  (,58')  and  the  re 
u     .s  geometrically  true  whenever  it  admit    o    rgeomet" 
interpretation.  geometric 

The  statement  of  the  proportion  is  also  written 

""''^-'-'^^ (B) 


I'KOPORTION   AMONGST  UNE-SEGMKNTS.    .5, 
Tn'l'Tf  \"*'"  •■  '■"'"'^'""  «"=  '^'"^ion  of  the  quantity  de 

In  either  form  the  proportion  is  read 

"^  is  to  (^  as  ^  is  to  ^t'." 

193°.  In  the  form  (b)  a  and  ./  are  called  the  .r/remcs  ind 

a\  c 

;«:''"  ^""'^"^^^  '  ^"  ^^-  '^^  °PPosites  of  the 

194^  I.  From  form  (a)  we  obtan.  by  cross-multiplication 
wJiich  states  geometrically  that 

;^/..«  four  segments   are  in  proportion    the   rectanol^ 

and  this  equality  can  be  expressed  under  any  one  of  the  fol 
lowmg  forms,  or  may  be  derived  from  any  one  of  them  v.^' 

«^t     «=l'    !'_b'     b    a! 
.  a!     b'   b'     b'   a'~2'   b'~-i' 

.n  all  of  vvh,ch  the  opposites  remain  the  same.    Therefore 
3    Two  equal  rectangles   have  their  sides  in  propo,t!on 


l\ 


III 


l[ 


in 


I-', 


ri?« 


I  w 


i:fi  j  r 


1  "' 

1' 

1 

J 

s 

'1 

!lli 


.11  J! 


52 


SYNTHETIC  GEOMETRY. 


195°.  The  following  transformations  are  important. 


Let  "='.  then 
b    d 

I. 


2. 


q±^^c±d 

b  d  ' 

a_c_a+c    a-c 


{a>b  for  -  sign) 
b'd-TTd^J^'       (^>^for  -  sign) 


^^'  rrr^'''-  '^^'^ 


^  ^  f  _  ^  _  «  +/+J? + etc. 
b    d  y    <^  +  ^/+7feTc.' 


To  prove  i.  •.• 

a 
1)' 

d          b          d      ^ 

and 

a±b 
b 

c±d 
d  ' 

To  prove  2.  *.• 

a 
b 

c      .    a     b 
d'    '  '  Td' 

(194°, 

?. 

a±c    b±d 

c         d   ' 

or 

a_c    a±c 
b    d    b±d' 

To  prove  3.  •.• 

a 
T 

c     a  +  c     P 

^  f  f+Q,    f+d+J 


.,  etc. 


SIMILAR   TRIANGLES. 

196°.  Dcf.—i.  Two  triangles  are  swnVar  when  the  angles  of 
the  one  are  respectively  equal  to  the  angles  of  the  other. 

(yf,  4) 

2.  The  sides  opposite  equal  angles  in  the  two  triangles  are 
corresponding  or  homologous  sides. 

The  symbol  «  will  be  employed  to  denote  similarity,  and 
will  be  read  "is  similar  to." 


A'    D'      C 
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In  the  triangles  ABC  and  A'B'C,  if  z.A=i.A'  and  lB=  '  B' 
then  also   lC=lC  and    the    tri- 
angles are  similar. 

The  sides  AB  and  A'B'  are 
homologous,  so  also  are  the  other 
pairs  of  sides  opposite  equal 
angles.  a       d 

Let  BD  through  B  and  B'D'  through  B'  make  the 

^BDA=^B'D'A'. 

Then  AABD  «  AA'B'D'  since  their  angles  are  respectively 
equal.  In  like  manner  ADBC  «  AD'B'C,  and  BD  and  B'D' 
divide  the  triangles  similarly. 

3.  Lines  which  divide  similar  triangles  similarly  are 
homologous  lines  of  the  triangles,  and  the  intersections  of 
homologous  /mes  are  homologous  points. 

Cor.  Evidently  the  perpendiculars  upon  homologous  sides 
of  similar  triangles  are  homologous  lines.  So  also  are  the 
medians  to  homologous  sides ;  so  also  the  bisectors  of  equal 
angles  in  similar  triangles  ;  etc. 

197°.  Ty^^^rm.— The  homologous  sides  of  similar  triangles 
are  proportional. 

AABC^AA'B'C 
having         lA  =  lA' 
and  z.B=^B'. 

A^  =  B^C^  CA 

A'B'     B'C     C'A'* 


Then 


B  c 

Proo/.-Vlace  A'  on  A,  and  let  C  fall  at  D.     Then  since 
LA  =z.A,  A'B'  will  lie  along  AC  and  B'  will  fall  at  some  point 
1^.     Now,    AA'B'C'^AAED,   and   therefore    z.AED=z.B 
and  B,  D,  E,  C  are  concyclic.  /j^^ov' 

Hence  AD.AB  =  AE.AC,  (176°  V^ 

^^  A'C'.AB=A'B'.AC. 

AB      AC 


11  r 


ill 


Ml 


ll 

F 


V 

1 

t 

1 

1 

^ 

1 

i    , 
!  1 

if   ' 

.   !  i 

1 

'C  il 

iWl 


A'B'    A'C* 


(194°,  2) 
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Similarly,  by  placing  B'  at  B,  we  prove  that 

AB^  BC 
A'B'     Wc' 

AB  _  BC  ^  CA 
A'B'     B'C     CA'" 


q.c.d. 


Cor.  I.  Denoting  the  sides  of  ABC  by  a,  b,  c,  and  those  of 

a'    V~c'' 

Cor.  2.  i^  =  ^  =  ^_  ii-^b-\-c  .       „ 

a!    b'    'c~a'  +  b'-^c"  (^95,3) 

t.c.,  the  perimeters  of  similar  triangles  are  proportional  to 
any  pair  of  homologous  sides. 


198°.  Theorem.—Tv^o  triangles  which  have  their  sides  pro- 
,  B'        portional   are   similar,   and  have 

B  A         their  equal  angles  opposite  hom- 

/     \       ologous  sides.    (Converse  of  197°.) 

Af )c'  AB^BC^^CA 

A'B'     B'C    C'A'' 
Then    ^=zA',     ^B=z.B',     and 

Proof.-On  A'C  let  the  AA'DC  be  constructed  so  as  to 


have  the 

and 

Then 

and 
but 

m 
•     • 

and 
and 

•    • 

and 


z.DA'C'=.lA 
^DC'A'-^C. 
AA'DC  ^AABC, 

AB^AC^BC 
A'D    A'C    DC' 
AB  ^  AC  ^  BC 
A'B'    A'C     B'C ' 
A'D  =  A'B' 
DC = B'C, 
AA'DC  =  AA'B'C'. 
lM=lA,  z.B'=^B, 


(196°,  DtL  I) 
(197°) 

(hyp.) 


(58°) 
q.e.d. 
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i99\  Theorem.~.\i  two  triangles  have  two  sides  in  ^.rh 
proportional  and   the  included  ^^^^ 

angles  equal,  the  triangles  are 
similar. 

AB_AC        ^     , 
A'iy~"A'C"  ^'^^  '^=^, 

then      AABC^AA'B'C. 

A'rT^T^^'?/'  ""  '^'  ''^"^^  ^'^  A'C'  li^  along  AB,  and 
A  B  he  along  AC,  so  that  C  falls  at  D  and  B'  at  E 

The  triangles  AED  and  A'B'C  are  congruent  and  therefore 
similar,  and  AB^AC 

AE    AD 

Hence  AB.AD^AE.AC;  /,q.°^ 

and  ...  B,  D,  E,  C  are  concyclic.  \^1}. 

z.AED  =  ^B,and^ADE=^C,     (106°  Cor  , 
and  AABC^  AAED^AA'B'C.  '     ,3. 

20o\   Theorem.~\{  two  triangles  have  two  sides  in  earh 
LTe^^al:'  ^"'  ^"  ^""^'^  '''-''  ^  homologt 'sidT  in 

trilnj^f :r::t^^^^^^^  '''  ^^"^^^  °^  ^^^  -°  ^^^-  the 

tH^nXf  :::'t^^r ;::  ^^-^-  ^^  ^^^  -  ^^^-  the 

similar. 

AB_BC         ,     ^        ^ 

A'B'~B^C'^^^^=^'-  dA      \  ^' 

I-  If         BOAB, 

AABC^AA'B'C. 

/^;-../_Place  A'  at  A  and  let  B'  fall  at  D,  and  A'C  along 
AC.     Draw  DE  II  to  BC.     Then 


AABC^  AADE,  and  ^^-=  ^^ 


But 


AB^BC 
AD     B'C ' 


AD   dp:' 

DE  =  B'C'. 


M 


H     f 


1  *! 


ft 
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And  since  B'C>  A'li',  the  AA'B'C'^  AADE  and  they  are 
therefore  similar.  /^^o     x 

•n  (05    ,    I) 

But  AABC^AADE, 

AABC^AA'B'C. 

2.  If  RC<AB,  B'C'<A'B',  and  the  triangles  may  or  may 
not  be  similar. 

Proo/.-Smcc  AD=A'B',  and  DE  =  B'C',  and  B'C'<A'B' 
.-.  the  triangles  A'B'C  and  ADE  may  or  may  not  be 
congruent  (65°,  2),  and  therefore  may  or  may  not  be 
similar. 

But  AABC^AADE, 

.;.  the    triangles    ABC    and    A'B'C    may  or   may   not  be 
snnilar. 

Cor.  Evidently,  if  in  addition  to  the  conditions  of  the 
theorem,  the  angles  C  and  C  are  both  less,  equal  to,  or 
greater  than  a  right  angle  the  triangles  are  similar. 

Also,  if  the  triangles  are  right-angled  they  are  similar. 

201°.  The  conditions  of  similarity  of  triangles  may  be 
classified  as  follows  : — 

1.  Three  angles  respectively  equal.     (Def.  of  similarity.) 

2.  Three  sides  proportional. 

3.  Two  sides  proportional  and  the  included  angles  equal. 

4.  Two  sides  proportional  and   the   angles    oppo.-^ite  the 

longer  of  the  homologous  sides  in  each  equal. 

If  in  4  the  equal  angles  are  opposite  the  shorter  sides  in 
each  the  triangles  are  not  necessarily  similar  unless  some 
other  condition  is  satisfied. 

By  comparing  this  article  with  66°  we  notice  that  there  is  a 
manifest  relation  between  the  conditions  of  congruence  and 
those  of  similarity. 

Thus,  if  in  2,  3,  and  4  of  this  article  the  words  "propor- 
tional" and  "homologous"  be  changed  to  "equal,"  the 
statements  become  equivalent  to  i,  2,  and  5  of  Art.  66°.'   The 


or 


be 
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difference  between  congruence  and   similarity  is  the  non- 
necessity of  equality  of  areas  in  the  latter  case 

When  two  triangles,  or  other  figures,  are  similar  they  are 
cop.es  of  one  another,  and  the  smaller  may  be  brought  bv  a 
uniform  stretching  of  all  its  mrtc;   Jnf^  'J'^o^nt,  by  a 

larcrer     Thn.  th^  r^-        "^  P'^'^^^'  '"^o  congruence  with  the 
arger.     1  bus  the  pnmary  idea   of  similarity  is  that  evciv 
Ime-segment  of  the  snnllprnf  f,.,^    -    ■^      n  '•"'H  evei) 

to  the  snn)P  Jl  ?  ''""^''''  ^^""'^^  '^  stretched 

to  the  same  relative  extent  to  form  the  corresponding  scir- 

ments  of  the  larger  figure.     This  means  that  the  tensors  o 
every  pair  of  corresponding  line-segments,  one   from  e  ch 
figure,  are  equal,  and   hence   that   any  tv^o  or  mo^^  I^e 
segments  from  one  figure  are  proportional  to  the  co"re"ponc 
ing  segments  from  the  second  figure. 

divided  into  the  same  number  of  parts,  any  tv;:  part  f  m^ 
one  of  he  segments  and  the  corresponding  parts  from  the 
other  taken  in  the  same  order  are  in  proportton 

Hi'?°'  P''^;;'"-^  J'"^  P^-^^allel  to  the  base  of  a  triangle 
divides  the  sides  similarly  ;  and 

Conversely,  a  line  which  divides  two  sides  of  a  trian<de 
similarly  is  parallel  to  the  third  side 

DE   is   II  to  AC.     Then  BA  and  BC  are  ^ 

divided  similarly  in  D  and  E. 

Proo/.~The  triangles  ABC  and  DBE  are    /^ 
evidently  similar,  -'^ 


^^  =  ^^  and       ^^^^     CE 
DB     EB'^""^-  DB  =EB' 


c 

(195°.  I) 
q.e.d. 


and  AB  and  CB  are  divided  similarly  in  D  and  E. 
Conversely,  if  DE  so  divides  BA  and  BC  that 

AD:UB  =  CE:EB,  DEislltoAC. 
Proof. -'^m^Q^J^J^^     .    AB_CB  ^    , 

DB     EB'  ■  ■  DB~EB  '  *'^^  triangles 

ABC  and  DBE  having  the  angle  B  common,  and  the  sides 
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about  that  angle  proportional,  are  similar. 

z.BDE=^A,  and  DE  is  II  to  AC. 


(^99°) 
q.e.d. 


Cor.  I.  Since  the  triangles  ABC  and  DBE  are  similar 
BA:BD  =  AC:DE. 

203».   Theorem.-T^^  transversals  to  a  system  of  parallels 
aO  are  divided  similarly  by  the  parallels. 

AA'  is  II  to  BB'  is  II  to  CC,  etc. 
Then  AD  and  A'D'  are  divided  similarly. 

Pr^^—Consider  three  of  the  ||s  AA' 
BB',  and  CC,  and  draw  A'Q  ||  to  AD       ' 
Then    AP    and    BQ    are   cZ7s,   and 
AB  =  A'PandBC-PQ      (8i°i) 

Similarly,  if  DD'  be  a  fourth  parallel    ^^  -  CD 


AB  ^  BC^^CD 
A'13'     B'C     C^' 


=  etc. 


B'C    ClJ" 


Def-K  set  of  three  or  more  lines  meeting  in  a  point  is  a 
pencil  and  the  hnes  are  rays. 

The  point  is  the  vertex  or  centre  of  the  pencil. 

Cor   I.  Let  the  transversals  meet  in  O,  and  let  L  denote 
any  other  transversal  through  O  »  ^-i  i.  aenote 

Then    AD,   A'D',   and    L    are   all   divided    similarly    by 
the  ^parallels.      But  the  parallels  are   transversals    to'  the 

similar'r"''    '""'''"'^'    ^"^'^    ^^^    ^^^^    «f    -    pencil 
Cor.  2.  Applying  Cor.  i  of  202°, 

OA^qB^OC_OD 
AA'    BB'    CC~D1)'"^^^' 
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204°    T/uorem.-Th^  rectangle  on  any  two  sides  of  a  t,-; 
angle  ,s  equal  to  twice  tl,e  rectangle  on  b 

the  circumradius  (97-,  Def.)  an-i  the  aiti-  ~ 

tude  to  the  third  side.  Ai , 

BU  is  X  to  AC  and  BE  is  a  diameter.  "       ° 

Then  BA.nc  =  BE.BD. 

P.oo/^  ^A-^E,        (,06°,  Cor.,) 

and^AUB=z.ECB  =  n,         (.06;  Cor. 4) 
AABD  «  AEBC,  and  ^''^^  "D 
BA.BC  =  BE.BD.         ""^     ^^'  ^^^^ 

Cor.  Denoting  BD  by/  and  the  circumradius  by  R,  ^''" ' 

ac=2pR, 
and  multiplying  by/;,  and  remembering  that /^=. A  (.53°,  2), 


we  obtain 


R  = 


4A' 


which  (with  i75r,  Ex.  I)  gives  the  means  of  calculating  the 
cn-cumrachus  of  a  triangle  when  its  three  sides  ^^  ''' 

Jf'  ,^^^^"^7-1^  a  concyclic  quadrangle  the  rectin^le 
on  the  chagonals  is  equal  to  the  sum  of  the  rectangle  on  the 
sides  taken  m  opposite  pairs.  ^ 

AC.BD=AB.CD  +  BC.AD. 
^Pr^^/-_Draw     AE     making     zAED 
-^ABC.     Then,   since  lV    A^.BDA 
the  triangles  EDA  and  BCA  are  similar  ' 
BC.AD=AC.DE. 
Again,  since  ^EB  is  supp.  to  zAED, 
and     CDA  ,s  supp.  to  z^BC,  therefore  triangles  BEA  nnr' 
CDA  are  s.milar,  and  AB  .  CD=AC   EB 

Adding  these  results  AB.  CD +  BC.  AD  .AC   BD 
1  his  theorem  is  known  as  Ptolemfs  Theorem. ' 

206°.  De/.~T^vo  rectiline.  r  figures  are  sirr'^r  when  thev 
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can  be  divided  into  the  sa.ne  nu.nber  of  triangles  similar  in 

pairs  and  similarly  placed. 
^  Thus  the  pcntaj^ons  X 

)C       /  \     \\    ,   '"^"^  Y  <  an  l)c  divided  into 
E<^'*     \    ^ y/       ,/p'\   ^' /^'  the   same  number  of  tri- 
angles. 

b  D'  If     then     /\V  ^  ^p' 

The  triangles  are  similarly  i)laced  if    FA  n  ^^..  i 

F'A'D'   /ATM  i..  A'v'M-     \H  ^t^^AI)  corresponds  to 

,p,     '         ''    ^*'  A  K  I) ,  ^DAC  to  D'A'C,  ctr 

I  h.s  requires  that  the  angles  A,  P,  c,  elc./^f  one  figure 

slmll  l3e  respeet.vely  equal  to  the  angles  A  ,  H'  C',  etc,  of  he 

other  hgure.  '       '      '^"'' 

Hence  when  two  rectilinear  figures  are  similar,  their  angles 
taken  n.  the  san.c  order  are  respectively  equal,  a  ul  the    .de 
abcn.t  .jual   angles    ta.en    in    the    samj    o;der    ar:  't. 

relatllmirho'f'  "f  "  ^"^  "^'  ^'^''  "^'^^  ^^'^^  -->- 
the  figures!  "    '"''''  ""'  """'"'  "'  ^^"-"'«^'--  lines  of 


207°.  7y/.w;;/.--.Two  similar  rectilinear  figures  have  any 
two  hne-segn.ents  from  the  one  proportional  to  the  homolo- 
gous segments  from  the  other. 

Proof.  ~^y  definition  AP^AP',  and  they  are  similarlv 
placed,  .-.  AE  :  A'r:'  =  AC  :  A'C. 

For  like  reasons,   AD  :  A'D'  =  AC  :  A'C'*=AB  :  A'lr 
AE^AD_AC__AR 
A'E'    A'D'~A'C""A'ir"^^'^-' 
and  the  same  can  be  shown  for  any  other  sets  of  homolo.^ous 
Ime-segments.  ^ 

fi  ures  ''  '^"  '''^'"^'''  polygons  of  the  same  species  are  similar 


rUOPOKTION  AMOKOST   r,,N,,..sKc;Ml.:NT.S.    ,6, 

Now,  let  (7    fi    c  i'    /'     J 

Similar  rcLnilar  no'lvrroL*       V,""'       ''^"""'"Poiis  sides  of  two 

r     a'    //    /     •••-,V  +  //  +  ,,^  ;         (.95",  3) 
_  perimeter  of  I» 

their  radii.  ^         ^^lXq^  are  proportional  to 

C-or.  3.  If ,-, .'  ,eno.e  .he  circun.fcenccs  „f  two  d,Ces  and 
'■■'.mir' .her  radii,      ;.;,  =  eons.a,u. 
Oenote  this  constant  by  2r,  then 

.he  appro^in,:.:";;;;;  r ;;;:;— t,-^^   '--''>•. 
(f?-^r^r,:s:hrci:[:s:-:^:- 

whose  radius  is  k  the  ton«„-  ■'        •       ,.  '^''^ 

•         '«"«»  ^  var,es  directly  as  .  varies, 
an    also  var.os  directly  as  the  angle  at  the  centre  varies 

Hence  ^  ,s  taken  as  the  ,.u-as,.r.  of  the  a„«,e,  subtended 
by  the  arc,  at  the  centre.     Denote  this  angle  by  ..    Then 

and  when  s=r,  0  becomes  the  ',ni,  an.de. 

inl<ha;;:is::;;:dtts";rf' ""'""  '"^  '"^■•'^"-  -^ -"  »-* 

be  indicated  I,v  the  mari-  ""  "'""'""     ""<''""  ■"<=-"-  «» 


Cor.4.  When.,==^-  =  asen,icircle.»  =  .. 


J- 
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But  a  semicircle  subtends  a  straight  angle  at  the  centre. 
.••  T  IS  the  radian  measure  of  a  straight  angle  and  '^  of  a  H 

Now  a  straight  angle  contains  i8o°,  ^         /,  .o. 

-'^=180°.  ^^'^ 

Hence  ..^^^o  .^^^g.., 

^"^  i°=o'\oi7453...; 

and  these  multipliers  serve  to  change  the  expression  of  a 

rJZT'  "'""^   *°   '^^"^^   ''   ^^-^^   ^^^--   to 

Cor.  5.  Since  the  area  of  a  circle  is  equal  to  one-half  that 

.-.  the  area  of  a  0  is  .  times  that  of  the  square  on  its  radius 
\ 

r°S;   ^/;^>'^'«.-The  bisectors  of  the  vertical  angle  of  a 
tnangle  each  divides  the  base  into  parts  which  are  propor- 

B  tional  to  the  conterminous 

sides. 

BD    and    BD'    are    bi- 
sectors of  ^B.     Then 
AD^AD'^AB 
I^C     CD'     BC' 

^roo/.-Through  C  draw 
FRF'     -I.    o,       ,        EE'lltoAB.    Then 
EBE  =-]  (45  ),  and  ^E=^BD  =  ^DBC 
BC  =  EC  =  CE' 
But  ABD  and  ABD'  are  triangles  having  EE'  /f^V^ 
common  base  AB  ^     ^    "  *°  ^^^ 

AB^AD       .  AB     AD' 


EC     DC'-^^d^E'-CD" 


or 


AD^AD'    AB 
DC     CD'"'BC 
Cor.  D  and  D'  divide  the  base  internally  and  externally  in 


(203%  Cor.) 
g.e.d. 
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209"..  Theorem.~-^^  line  through  the  vertex  of  a  trianele 
d.v,d,ng  the   base    into    parts  which    are    proportional. o 
he  contermmous  sides  is  a  bisector  of  the  vertical  angle 
(Converse  of  208  .)  ^^wi-ai  diigie. 

Let  the  line  through  B  cut  AC  internally  in  F.     Then,  AD 
being  the  internal  bisector  |^=AD  ^^^3.^^  ^^^  aB^AF  ^^ 

hypothesis,  .*.  AF^AD 

FC     DC' 
But  AD  is  <  AF  while  DC  is  >  FC. 

tl.:'"r'^^-  '^If'u"  ''  ^"^P««^ible  unless  F  and  D  coincide  ie 
the  line  is  the  bisector  AD.  "'"^lue,  i.e., 

ext^e^allvlt  i'sTh 'b'  "'""f  A'^'  "  ""^  ''™  "'"''^^  '"e  base 
externally  it  is  the  bisector  AD'. 

2io^   rW.;«.-The  tangent  at  any  point  on  a  circle  and 
he  perpendicular  from  that  point  upon' the  diameter  divide 
the  diameter  harmonically.  ^ ^  ^ 

AB  is  divided   harmonically  in 
M  and  T.  ^ 

/'r^^/-z.CPT=^PMT  =  -l,  (iro°) 
ACPM^^CTP, 

CM     Cp' 


and 


=   _  ^^  CM     CB 

CP     cr  ^'^CB^^CT' 
CB  +  CM_CT  +  CB  AM     AT 

CB-CM     CT-CB'  "'^  MB^BT' 


.'.  AB  is  divided  harmonically  in  M  and  T. 
21  r.  The  following  examples  give  important  results. 


('95°,  2) 
q.e.d. 
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Ex.  r.  L,  M,  and  N  are  tangents  which  touch  the  circle  at 


similar, .-. 
But 


TA^TP_TB 


A,  B,  and  P. 

AX  and  BY  are  J.s  on 
N,  PC  is  i.  on  AB,  and 
PQ  and  PR  are  ±s  upon 
L  and  M. 

Let  N  meet  the  chord 
of  contact  of  L  and  M  in 
T.  Then  the  triangles 
TAX,  TPC,  TBY  are  all 

TA^TB^TP2 

AX.  BV~Pca" 

(176°,  Cor.  2) 
(A) 


(114°,  Cor.  I) 


AX    PC "by'    ■ 
TA.TB  =  TP2, 

AX.BY  =  PC' 

Again,  let  L  and  N  intersect  in  V.    Then 
VP  =  VA, 
^VQP=z.VXA  =  n, 
and  ^QVP  =  ^XVA. 

AVXA  =  AVOP, 
'ind  AX  =  Pp. 

Similarly  BY  =  PR,   .-.   PQ.PR  =  Pc-. („) 

Kx.  2.  AD  is  a  centre-line  and  DQ  a  perpendicular 'to  it, 

''^"^  AO  is  any  line  from  A  to 
the  line  DO, 

Let  AG  cut  the  circle  in  P 
Then       AADQ^^^^aPB, 
AD^AO 
AP     AI? 
or  AD.AB  =  AP.AO. 

-D  But  *he  circle  and  the  poiln  D 

being  given,  AB.  AD  is  a  given 
constant. 

_,  •  •  AP.  AO  =  a  constnnf 

Conversely,  if  Q  moves  so  that  the  oaP.  AO  rem-xi  „ 


p. 
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Now,  let  the  dotted  lines  reorespnt  v.v.vi      j      , 
metal  jointed  toirethei-  ,n  17      f       ^      '■°'^'  "^  """"^  <"■ 
the  PC  nts  X  CPU  V  .nH  n       /       '''^  ™''''"°"  =''^™' 

rhombus  (8  ",  Def   0   'a^d  Pt't'Iv"'"  "'^'  ^'^^^  '^  - 
being  fi  J.     '      ''  '^'  ""''  ^"=AV,  and  AC  =  CP,  AC 

PQ  is  the  right  bisector  of  UV  nnH  A  Jc  «     -j- 
U  and  V.     Therefore  A    P  n  /  equidistant  from 

Also  PTin  '     '  ^  ^'^  •'^^^^y^  ^"  l'"e. 

UP  being  constants,  AP  Valf  ^^n^J^  '     ""'  "^  •^"'' 

And  AC  being  fixed,  and  CP  beinc  ecmnl  tn  Ar  i, 
on  the  circle  through  A  having  C  as  ce^e  ""'  ^  "°^" 

.'.  Q  describes  a  line  ±  to  AC 

bap\4l°s=^;i---  -7J,:  o^  -ch  each 
bist«fhf:A'*'=''™°"'^'^<'"'-'''-->'"'°'et'AD 

Then  z_B=^BAD  =  / DAT  o«^     r-  - 
;o  .he  ..angles  ABC  airrfic^Tlfer^ X: 

Also,  AABD  is  isosceles  and  AD  =  DB=AC 
BA:AC=.AC:DC, 
"•*  I3C:BD  =  BD:DC 

••    ,  ^  BC.DC  =  BD2 

And  BC  IS  divided  into  extreme  and  mean  ratio  at  D  (r8.° 
Ex.  I).     Thence  the  construction  is  readily  obtained  ^  ' 

Cor.  I.  The  isosceles  trian^de  APR  i,oo        i 
angles  eqna.  to  one-third  its  v^rtic  .u:gt   '"'  °'  "'  '"^' 

with  their  vertices  at 


'III 


If  a 


m 


form  a  regular  decagon.  (132°) 
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Wlli     1' 


AABC  meet  its  circumcircle  in  two  points  ivhich,  with 
the  three  vertices  of  the  triangle,  form  the  vertices  of  a 
regular  pentagon. 

(3)  The  ^BDA  =  the  internal  angle  of  a  regular  pentagon. 

2 1  If.  The  following  Mathematical   Instruments  are  im- 
i  P    portant  :— 

I.  Proportional  Compasses. 
This  is  an  instrument  primarily  for  the  purpose 
of  mcreasing  or  diminishing  given  line-segments 
in  a  given  ratio  ;  U,  of  multiplying  given  line- 
segments  by  a  given  tensor. 

If  AO  =  BO  and  QO  =  PO,  the  triangles  AGE, 
i'Oq  are  isosceles  and  similar,  and 
AB:PQ==OA:OP. 
B       Hence,  if  the  lines  are  one  or  both  capable  of 
rotation  about  O,  the  distance  AB  may  be  made  to  vary  at 
pleasure,  and  PQ  will  remain  in  a  constant  ratio  to  AB 

The  instrument  usually  consists  of  two  brass  bars  with 
slots,  exactly  alike,  and  having  the  point  of  motion  O  so 
arranged  as  to  be  capable  of  being  set  at  any  part  of  the  slot. 
The  poinis  A,  B,  P,  and  Q  are  of  steel. 

2.  The  Sector. 

This  is  another  instrument  which  pri- 
marily serves  the  purpose  of  increasing  or 
diminishing  given  line-segments  in  given 
ratios. 

This  instrument  consists  of  two  rules 
equal  in  length  and  jointed  at  O  so  as  to 
be  opened  and  shut  like  a  pair  of  com- 
passes.     Upon  each  rule  various  lines  are 
drawn  corresponding  in  pairs,  one  on  each  rule 

Consider  the  pair  OA  and  OB,  called  the  "line  of  lines  " 
H-ach  of  the        ..  of  this  pair  is  divided  into  lo  equal  parts 


im- 
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which  are  again  subdivided.     Let  the  divisions  be  numbered 

numbered  6  are  the  pomts  P  and  Q.  Then  OAB  and  OPO 
are  simihr  triangles,  and  therefore  PQ:AB=OP:OA.  But 
A   7^  u  •'•     PQ  =  i"oAB. 

And  as  by  opening  the  instrument  AB  may  be  made  equal  to 

can  find  PQ  equal  to  /^  of  any  such  given  segment. 

lAB  VT''  Tr^"^''"'^""  ^^"  '^°^  *^^^  t^^  distance  5-5  is 

7  7,  etc     Hence  the  instrument  serves  to  divide  any  ^i^en 

bef  fs's  ch  asb"!  ""'":'  ^^"^^  P^^^^'  ^^^^^^^  ^^^  -- 
t)er  IS  such  as  belongs  to  the  instrument. 

The  various  other  lines  of  the  sector  serve  other  but  verx- 
smiilar  purposes.  ^^ 

3-   77/^  Pantagraph  or  Eidograph. 
Like  the  two  preceding  in- 
struments the  pantagraph   pri-  ^ 
marily  increases  or  diminishes     ' 
segments  in  a  given  ratio,  but 
unlike  the  others  it    is    so  ar- 
ranged as  to  be  continuous  in 
its    operations,    requiring    only 
one   setting    and    no    auxiliary 
instruments. 

It  is  made  of  a  variety  of 
forms,  but  the  one  represented 
in  the  figure  is  one  of  the  most  convenient 

bafs  AE  tfr  Z''  '"  ''r ''"  J'""^^'  ^^  ^  -d  B.  The 
bar  AE  and  BF  are  attached  to  the  wheels  A  and  B  respec- 
tively, which  are  exactly  of  the  same  diameter,  and  around 
which  goes  a  very  thin  and  flexible  steel  band  C 

parallel   thryremam  parallel  however  thev  be  situated  w.>i. 
respect  to  AB.     E,  F  are  two  points  adjustable  on  the  bars' 


'■  I. 
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Evidently  the  triangles   DAF   ind    nnir 
similar  however  the  incf     '^'^^\'^"^   ^^^  remain  always 

'th    fi  ""^  "''  "■"  '°  "  '"^  -"-  const„^f;tio'™     ■■ '' 

-suits  offer  so„,e  interesting  geo,;etricaU::;:::  '"  "™  "= 

4 T ? j—   " A        4.  The  Diagonal  Scale. 

^ ==tl±IZ'       ™^    ^s    ^    flivided    scale    in 

\^    which,  by  means  of  similar  tri- 
angles, the  difficulty  of  readin<. 
,^^^^^_l__n;  f  n^'nute  divisions  is  very  much 
K^'ZII1'ZIZ.'IZZ_~^\^  dinunished. 

^^^^~^~^^B   ,^  ^'l  '""P^^^  ^'^^"^  is  illustrated  in 
A  ^^^  figure. 

A  scale  divided  to  fortieths  of  nn  inr-i,  ; 
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Xtch,""  ''  ''^'"""  °°'  ^"<^  0«.  -  AO'B,  tha.  is 
on1:tK.c"^"^'''  ™  ''■^  ''— ^' ''"- '^  « '-,,, 

Hence  from^  .0  g  is  one  inch  and  seven-fortieths. 
In  a  sun.lar  nianner  diagonal  scales  can  be  n,ade  to  divide 
^ny  assumed  una-lengd,  into  any  required  number  of  nl^t 

The  chief  advantages  of  such  scales  ar^  tT^.f  ,\ 


I 


Exercises. 
I.  ABCD  is  a  square  and  P  is  taken  in  BC  so  that  PC  is 
one.th,r<l  of  BC.    AC  cuts  the  diagonal  BU  in  O  and 

^    IffnVoV""''-  .T"- OE  is  one-tenth  of  DB.' 
-.    f,  n  ,,  OE  IS  one.e,ghth  of  DB,  how  does  P  divi.le  BC  > 

>  'fliP'so„e;nhofBC,whatpartofDBisOI.-P 
4.  G.ven  three  line-segments  to  find  a  fourth,  so' that  the 
four  may  be  in  proportion 

'■  '"'connTf  °"  u"  "''•■'"'^^  °'^  P°'"'  '-"d  its  chord  of 
contact  from  the  centre  of  a  circle  is  equal  to  the 
square  on  the  radius  of  the  circle 

6.  OD  and  DO  are  fixed  lines  at  right  angles  ,nnd  O  is  a 
fi'^ed  po,,n.  A  fixed  circle  with  centre  on  OD  and 
passing  through  O  cuts  Ou  in  P.  Then  01'  GO  k  a 
constant  however  OCj  be  drawn  -^Z'sj. 

'Vans^'  a  given  segment  into  a  given  number  of  equal 

T,vo  secants  through  A  cut  a  circle  in  B,  D,  and  C  E 

mihr'^t  /"'"  ":  '"""^'^^  ^""^  -^  ^^"  -^ 
smilar.     So  also  are  the  triangles  ABC  and  AF D 

I".  Two  chords  are  drawn  in  a  circle.    To  find  a  point  on 


7- 
8. 

9- 


I       ' 


1I  'i 


I  I 
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»«K|,. 


II. 


12. 


13. 


14. 


BO  is  a  median.        "  "  ""'i -^^  .ntersect  in  O.    Then 
If  BO,  in  II,  cuts  DE  in  P  and  AC  in  n  nr,  ■     _,. 
harmonically  by  P  and  Q  ^'     °  "  '^""^^'^ 

In  the  triangle  ABC,  BD  bisects  thf^  /  R        , 

D.     Then   BD^AB.  BC    Id   DC  ".p"'? '''' '^ 
circumcircle.)  ^i^.uc.     (Employ  the 

15-  ABC  is  right-angled  at  B  anH  tm^  •    *i.      ,  . 

(')  The  As  ADB  and  'iUC   " '!  ""k'  '""'"""^  °"  ^C. 
fo\  Qu^     u  ^  ^^^  ^''^ch  smi  lar  to  AFU' 

(2)  ^how  by  proportion  that  AB2=.- AD    .^     ^°^^^- 
and  Tjiv>     *  ^         ' 

16.  If  R  and  .  denote  the  radii  of  th^"        '  '^^■ 

Circe  of  a  triangle.^Rt :'.+  ):r"^"*  '"'  '"" 

In  an  equdateral  triangle  the  square  on  the  side  is  .      , 

to  s,x  tm,es  the  rectangle  on  the  radii  of  tt         ^     ' 

circle  and  incircle.  ""*=  '="C"m- 

°t°h;°the"::  "T    ''""'  ^  ""^  "■«■•"?  -"em 
may  be  bfsectld  b^OB     "'"^''  '^^'"•^^"  °^  -'^  ^C 
What  is  the  measure  of  an  angle  in  rad;,n=     ,        • 
measure  in  degrees  is  68'  17'  ?  "'  '*^"  "^ 

Jo"^^tude  but  differing  i6MnlLude^'""" 

33.  ABCDE  is'a  re^gl;;!:!"'  °'  ^°  ^^'^^'  ^^^^  ^^^-. 
(0  Kvery  diagonal  is  divided  into  extreme  and  mean 
ratio  by  another  diagonal. 


17. 


18. 


19. 

20. 
21. 


=5- 


2(>. 
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(2)  The  diagonals  enclose  a  second  reRular  pentaeon 
Convpare  .he  s,de  and  the  areas  of  the  two  pemagonTof 

"rnn1t,°'"''"\^'-''"'«'"'  '"••■"e'^  ''^  »  "^^■•>"  proper, 
t^nal  betu-een  the  other  side  and  the  hypothenL,  .he 
al  ttude  from  the  right  angle  divides  the  hypo.henuse 
into  extreme  and  mean  ratio.  omenuse 

""  Inttnd'x  'TT,  "  '"'"  P""'  ^  "«'=  '■•  fi-d  circle 
<n  P,  and  X  ,s  taken  on  AP  so  that  AP.  AX  =  a  con 

Slant.     The  locus  of  X  is  a  circle. 

If  two  circles  touch  externally  their  common  tangent  is  a 

mean  proportional  between  their  diameters. 

■       lii^es"'"!^"  ';'"''  T  "'"'"'"'"'  ^y  ""-  P-"  of 
Pornt'  on  th^"'     ,"°"  ""=  P'^'-P^"*culars  from  any  fifth 
po  nt^n  the  crcle  to  one  pair  of  lines,  ft  ft  to  another 
pa,r,and  y,  y    to  the  third  pair,  then  a«,=^ft  =  „, 
(Employ  204  .)  ^     ^^^     ''^^' 

39.  A  line  is  drawn  parallel  to  the  base  of  a  trapezoid  and 
b.ect,ng  the  non-parallel  sides.  Compare'the  areas 
ot  the  two  trapezoids  formed 

30.  Draw  two  lines  parallel  to  the  base  of  a  triangle  so  as  to 
trisect  the  area.  *" 

"■  "^""fmrn  A?o  th"f ''  "  "•  •■•"'  ^''  '^  '"^  perpendicular 
AP  AC  !ab=        '"' '°  ""  "'^^"""^cle  at  li.    Then 


SECTION   II. 
FUNCTIONS  OF  ANGLES.-AREAL  RELATIONS. 

rh^f'  ^f--"^,^""  «"  element  of  a  figure  undergoes  chan<.L- 
the  figure  is  said  to  vary  that  element.  " 

Ifa  triangle  changes  into  any  similar  trianM"  i-  -,-;^  ■„ 
magnitude  while  its  form  remains  cons.ant/atd;n;  changes 


172 


SYNTHETIC  GEOMETRY. 


two  de.e™,C  The  fo™  of  fhr,       'fT  '"'^^"  '"o  -'" 

p   '''"^  ^^ceive  distinctive  names. 

The  AOPM  is  right-angled  at  M 
and  the  ^POM  is  denoted  by  ^. 
i^en,  ^^   ,s  the  j/;/^  of  ^,  and  is 
contracted  to  sin  d  in  writing. 

^  "  ''^  ""^  °'^^^^  ^^^^^'  but  as  .0PM  is  the  comple- 

OM 
Cor.  I 


is  the  tangent  oU,  contracted  to  tan  e. 

™^PM    OP 
OM     OP  •  OM' 


Cor.  2. 


tan  ^  =  ^111^ 
cos  d 


or 


PM-  +  0M-=0P2     •   /'PM\'    /OMV 
sin-'^-fcos=-'^=i.     '   "  ^OP/  "^Vop/^^^- 
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'•  sinP'OM  =  ™'=™_,:,. 

OP'      OP  • 

^^'.,  an  angle  and  its  supplement  have  the  same  sine 

2.    C0SP'0M=2M'        But    In       T,  ■         r 

OP*     ^^^  ^^  changmg  from  CM  to  CM' 

Therefore  CM  and  DM'  v.^,.^ 
i.-we  consiCe.  OM^tuive,  OM'  ~  ivr"^^^  ^'^'^°^'  '^"^ 
••  0M'=- CM,  and  hence 

215^  r/,,^;.,;;,.__The  area  of  a  parallelogram  is  the  oro 

AC  is  a  ci^  and  BP  is  1.  upon  AD.  ^ ~^      "" 

Then   I3P   is   the    altitude,   and    the 
area  =  AD.BP.  (^^3=   ^s    /,,v 

But  BP  =  ABsinz.BAP.' 


=  AB .  AD  sin  ^BAP=,?/;  sin  ^. 
Cor.  I.  Since  the  area  of  a  triangle  is  one  hnlf  fh.^     c  .t. 
parallelogram  on  the  same  base  and  aldtudc  ''  ''' 

.-.  the  area  of  a  triangle  is  one-half  the  product  of  anv  tun 
sides  multiplied  by  the  sine  of  the  included  angle!     Or 
2A=^?^smC  =  <^rsinA=f.?sinB.*' 

216^.  rW;;.-The  area  of  any  quadrangle  is  one-h.lf 
the  product  of  the  diagonals  multiplied  by  the  sine  of  the 
angle  between  them.  ^  ^  ^^  *^^ 

ABCD  is  a  quadrangle  of  which  AC 
and  BD  are  diagonals. 

Letz.AOB  =  ^  =  ^COD.  /     ^^on 

Then  ^BOC=z.AOD  =  supp.  of  ^ 
AA0B=|0A.OBsin^, 
ABOC^iOB.COsin.,     AC0D  =  i0C.  DO  sin  ., 
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ADOA  =  jDO.OAsin^,  and  adding, 

Qd.  =  |AC  .  BD  sin  6.  (compare  162°) 


217" 


BD  being  the  altitude  to  AC  in  the  AABC,  we  have 
B        from  172",  2, 

But  AD=ABcosA=^cosA, 

(i~ = i>'^  +  c^  -  2dc  cos  A. 
D'   A  D~c     When  B  comes  to  B'  the  ^A   becomes 

obtuse,  and  cos  A  changes  sign.  (214°  2) 

If  we  consider  the  cosine  with  respect  to  its  magnitude 
only,  we  must  write  +  before  the  term  2^f  cos  A,  when  A  be- 
comes obtuse.  But,  if  we  leave  the  sign  of  the  function  to  be 
accounted  for  by  the  character  of  the  angle,  the  form  given 
IS  universal. 

Cor.  I.  ABCD  is  a  parallelogram.     Consider  the  AABD, 

then  BTi-  =  a'  +  l?'-2adcosd. 

Next,  consider  the  AABC.     Since 
Z.ABC  is  the  supplement  of  d,  and 
BC  =  AD=(5, 
AC^=d^  +  b'^^2abcosd. 
and  writing  these  as  one  expression, 
(i'^+b^±2adcos9f 
gives  both  the  diagonals  of  any  CZJ ,  one  of  whose  angles  is  6, 

Cor.  2.     I)E  =  ,^cos^  (CE  being  J.  to  AD),  CE=^sin^. 
AE  =  ^  +  <^?cos  6  ; 

a  sin  6 


and 


tanCAE  =  ^?  = 


AE     d  +  aco^e' 
which  gives  the  direction  of  the  diagonal. 

218°.  Def.-The  ratio  of  any  area  X  to  another  area  Y  is 
the  measure  of  X  when  Y  is  taken  as  the  unit-area,  and  is 
accordingly  expressed  as  ^.     (Compare  i88°.) 

I.  Let  X  and  Y  be  two  similar  rectangles.     Then  X=a/f 
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and  \=a'b\  where  a  and  b  are  adjacent  sides  of  the  aX  and 
a  and  b'  those  of  the  cnY. 

X_/?    b 

\~a''b'' 
But  because  the  rectangles  are  similar  '^  =  ^ 


Y    rt'^' 
/>.,  the  areas  of  similar  rectangles  are  proportional  to  the 
areas  of  the  squares  upon  homologous  sides. 

2.  Let  X  and  Y  be  two  similar  triangles.     Then 

X  =  ^r7^sinC,  Y=W<^'sinC, 

Y    a'b'    Z^' 
because  the  triangles  are  similar,  (197°) 

i.e.,  the  areas  of  similar  triangles  are  proportional  to  the 
areas  of  the  squares  upon  homologous  sides. 

3.  Let  X  denote  the  area  of  the  pentagon  ABCDE,  and  Y 
that  of  the  similar  pentagon 
A'B'C'D'E'.    Then  A^    r\  ,'       B' 

P_AD2     R      AC2 


F" 

"A'D'2' 

R'    A'C^'           /p   \      Q    y 

Q_ 

DC^ 

^\\/ 

Q' 

D'C'2' 

^"-A/ 

But 
and 

D 

(X) 

P_R_Q_P+Q+R     X 

F     R'     O'     F  +  Q'  +  R'~Y' 
AD  _  AC      DC 
A'D'    A'C'     D'C" 

• 

X      DC2 

Y     D'C'^" 

(I95^  3) 
(207°) 


And  the  same  relation  may  be  proved  for  any  two  similar 
rectilinear  figures  whatever. 

.*.  the  areas  of  any  two  similar  rectilinear  figures  are  pro- 
portional to  the  areas  of  squares  upon  any  two  homologous 
lines. 


m 
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4.  Since  two  circles  are  always  similar,  and  are  the  limits 
of  two  similar  regular  polygons, 

.-.  the  areas  of  any  two  circles  are  proportional  to  the  areas 
of  squares  on  any  homologous  chords  of  the  circles,  or  on 
Ime-segments  equal  to  any  two  similar  arcs. 

5.  When  a  figure  varies  its  magnitude  and  retains  its  form, 
any  smiilar  figure  may  be  considered  as  one  stage  in  its 
variation. 

Hence  the  above  relations,  i,  2,  3,  4,  may  be  stated  as 
follows  : — 

The  area  of  any  figure  with  constant  form  varies  as  the 
square  upon  any  one  of  its  line-segments. 


Exercises. 

1.  Two  triangles  having  one  angle  in  each    equal    have 

their  areas  proportional  to  the  rectangles  on  the  sides 
containing  the  equal  angles, 

2.  Two  equal  triangles,  which  have  an  angle  in  each  equal, 

have  the  sides  about  this  angle  reciprocally  propor- 
tional, i.e.,  a  :  a'=b' :  b. 

3.  The  circle  described  on  the  hypothenuse  of  a  right-angled 

triangle  is  equal  to  the  sum  of  the  circles  described  on 
the  sides  as  diameters. 

4-  If  semicircles  be  described  outwards  upon  the  sides  of  a 
right-angled  triangle  and  a  semicircle  be  described  in- 
wards on  the  hypothenuse,  two  crescents  are  formed 
whose  sum  is  the  area  of  the  triangle. 

J.  AB  is  bisected  in  C,  D  is  any  point  in     /^^^^^^Z^\ 

AB,  and  the  curves  are  semicircles,    f   q      \^A/^~^ 
Prove  that  P  +  S  =  O  +  R.  i cdb 

).  If  a,  b  denote  adjacent  sides  of  a  parallelogram  and  also 
of  a  rectangle,  the  ratio  of  the  area  of  the  parallelogram 
to  that  of  the  rectangle  is  the  sine  of  the  angle  of  the 
parallelogram. 


14. 


15 
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7.  The  sides  of  a  concyclic  quadrangle  are  a,  b,  ,,  d.     Then 

the  cosine  of  the  angle  between  a  and  b  is 

8.  In  the  quadrangle  of  7,  if  ^  denotes  one-half  the  perimeter 

^r^^  =  ^{{s~a){s~b){s-c){s-~d)], 

9.  in  any  parallelogram  che  ratio  of  the  rectangle  on  the 

sum  and  differences  of  adjacent  sides  to  the  rectangle 
on  the  diagonals  is  the  cosine  of  the  angle  between  the 
diagonals. 

10.  Ma,  bhc  the  adjacent  sides  of  a  parallelogram  and  e  the 
angle  between  them,  one  diagonal  is  double  the  other 

when  cose  =  JJ-  +  ^\ 
io\b    a)' 

If  one  diagonal  of  a  parallelogram  is  expressed  b> 
V  V  «'+  r 7 '        other  diagonal  is  n  times  as  long. 

Construct  an  isosceles  triangle  in  which  the  altitude  is  a 
mean  proportional  between  the  side  and  the  base 

Three  circles  touch  two  lines  and  the  middle  circle 
touches  each  of  the  others.  Prove  that  the  radius  of 
the  middle  circle  is  a  mean  proportional  between  He 
radii  of  the  others. 

In  an  equilateral  triangle  describe   three  circles  which 

shall  touch  one  another  and  each  of  which  shall  touch 

a  side  of  the  triangle. 
In  an  equilateral  triangle  a  circle  is  described  to  touch 

the  mcircle  and  two  sides  of  the  triangle.     Show  that 

Its  radius  is  one-third  that  of  the  incircle. 


II 
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GEOMETRIC  EXTENSIONS. 

220°.  Let  two  lines  L  and  M  passing  through  the  fixed 
points  A  and  B  meet  at  P. 

When  P  moves  in  the  direction  of  the  arrow,  L  and  M 

approach  towards  parallehsm,  and  the 
angle  APB  diminishes.  Since  the 
^  ^  '^  ^"~'~~"^--  lines  are  unlimited  (21°,  3)  P  may  re- 
cede from  A  along  L  until  the  segment  AP  becomes  greater 
than  any  conceivable  length,  and  the  angle  APB  becomes 
less  than  any  conceivable  angle. 

And  as  this  process  may  be  supposed  to  go  on  endlessly,  P 
is  said  to  "go  to  infinity"  or  to  "be  at  infinity,"  and  the 
^APB  is  said  to  vanish. 

But  lines  which  make  no  angle  with  one  another  are  parallel, 
.*.  Parallel  lines  meet  at  infinity^  and  lines  which  meet  at 
infinity  are  parallel. 

The  symbol  for  "  infinity "'  is  00 . 

The  phrases  "to  go  to  infinity,"  "to  be  at  infinity,"  must 
not  be  misunderstood.  Infinity  is  not  a  place  but  a  property. 
Lines  which  meet  at  00  are  lines  so  situated  that,  having  the 
same  direction  they  cannot  meet  at  any  finite  point,  and 
therefore  cannot  meet  at  all,  within  our  apprehension,  since 
every  point  that  can  be  conceived  of  is  finite. 
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The  convenience  of  the  expressions  will  appear  throughout 
the  sequel. 

Cor.  Any  two  lines  in  the  same  plane  meet  :  at  a  finite 
point  if  the  lines  are  not  parallel,  at  infinitv  if  the  lines  are 
parallel. 


22 1 ^  L  and  M  are  lines  intersecting  in  O,  and  P  is  any 
point  from  which  PB  and  PA  are  || 
respectively  to  L  and  M.     A  third 
and  variable  line  N  turns  about  P 
in  the  direction  of  the  arrow. 

I.  AX.  BY  =  a  constant  (184') 
=  U  say. 

When  N  comes  to  parallelism 
with  L,  AX  becomes  infinite  and 
BY  becomes  zero. 

••-  ^.o   is   indefinite   since  U  may  have   any    value  we 
please. 

2.  The  motion  continuing,  let  N  come  into  the  position  N'. 
Then  AX'  is  opposite  in  sense  to  AX,  and  BY'  to  BY.  But 
AX  increased  to  00,  changed  sign  and  then  decreased  ab- 
solutely, until  it  reached  its  present  value  AX',  while  BY 
decreased  to  zero  and  then  changed  sign. 

.-.  a  magnitude  changes  sign  when  it  passes  through  zero 
or  infinity. 

3.  It  is  readily  seen  that,  as  the  rotation  continues,  BY'  in- 
creases negatively  and  AX'  decreases,  as  represented  in  one 
of  the  stages  of  change  at  X"  and  Y".  After  this  Y"  goe-  off 
to  CO  as  X"  comes  to  A.  Both  magiiitudes  then  change  si-n 
again,  this  time  BY"  by  passing  through  co  and  AX'^  by  pass- 
ing through  zero. 

Since  both  segments  change  sign  together  the  product  or 
rectangle  remains  always  positive  and  always  equal  to  the 
constant  area  U. 
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222°.  A  line  in  the  plane  admits  of  one  kind  of  varia- 
tion, rotation.  When  it  rotates  about  a  fixed  finite  point  it 
describes  anodes  about  that  point.  Hut  since  all  the  lines  of 
a  system  of  parallels  meet  at  the  same  point  at  infinity,  rota- 
tion about  that  point  is  equivalent  to  translation,  without 
rotation,  in  a  direction  orthogonal  to  that  of  the  line. 

Hence  any  line  can  be  brought  into  coincidence  with  any 
other  line  in  its  plane  by  rotation  about  the  point  of  intersection. 

223".  If  a  line  rotates  about  a  finite  point  while  the  point 
simultaneously  moves  along  the  line,  the  point  traces  a  curve 
to  which  the  line  is  at  all  times  a  tangent.  The  line  is  then 
said  to  envelope  the  curve,  and  the  curve  is  called  the  en- 
velope of  the  line. 

The  algebraic  equation  which  gives  the  relation  between 
the  rate  of  rotation  of  the  line  about  the  point  and  the  rate  of 
translation  of  the  point  along  the  line  is  the  intrinsic  equation 
to  the  curve. 


224°.  A  line-segment  in  the  plane  admits  of  two  kinds  of 
variation,  viz.,  variation  in  length,  and  rotation. 

If  one  end-point  be  fixed  the  other  describes  some  locus 
depending  for  its  character  upon  the  nature  of  the  variations. 

The  algebraic  equation  which  gives  the  relation  between 
the  rate  of  rotation  and  the  rate  of  increase  in  length  of  the 
segment,  or  radius  vector,  is  the /^/^r  equation  of  the  locus. 

When  the  segment  is  invariable  in  length  the  locus  is  a 
circle. 


225°.  A  line  which,  by  rotation,  describes  an  angle  may 
rotate  in  the  direction  of  the  hands  of  a  clock  or  in  the  con- 
trary direction. 

If  we  call  an  angle  described  by  one  rotation  positive  we 
must  call  that  described  by  the  other  negative.  Unless  con- 
venience requires  otherwise,  the  direction  of  rotation  of  the 
hands  of  a  clock  is  taken  as  negative. 
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An  angle  is  thus  counted  from  zero  to  a  circumangle  either 
positively  or  negatively. 

The  angle  between  AB  and  A'lV  is  the  ^^' 

rotation  which  brings  AB  to  A'B",  and 


IS  either  +a  or  -^,  and  the  sum  of  these  A 
two  angles  irrespective  of  sign  is  a  cir- 
cumangle. /b' 

When  an  angle  exceeds  a  circumangle  the  excess  is  taken 
m  Geometry  as  the  angle. 

Ex.  QA  and  OB  bisect  the  angles  CAB  and  ABP  extern- 
ally ;  to  prove  that  z_P  =  2^Q. 

The  rotation  which  brings  CP 
to  AB  is  -2a,  AB  to  BP  is  +2p, 

:.    Z.P  =  2(i3-o). 
Also,  the  rotation  which  brings    ^ 
AQ  to  AB  is  -o,  and  AB  to  BQ  P 

is  +p,  :.  z.Q=^-a. 

^(CP.BP)  =  2^(AQ.BO). 
This  property  is  employed  in  the  working  of  the  sextant. 

^    226°.     Let  AB  and  CD  be  two  diameters  at  right  angles 

1  he  rectangular  sections  of  the  plane 

taken  in  order  of  positive  rotation  and 

starting  from  A  are  called  respectively 

the   first,    second,    third,  and   fourth 

quadrants,  the  first  being  AOC,  the  p 

second  COB,  etc. 

The  radius  vector  starting  from  co- 
incidence with  OA  may  describe  the 
positive  ^OP,  or  the  negative  ^AOP'. 
Let  these  angles  be  equal   in  absolute  value,  so  that  the 
AMOPs  AMOP',  PM  being  _L  on  OA. 

Then   PM=-P'M,  since  in  passing  from  P  to   P',  PM 
passes  through  zero. 

sinAOF  =  .P;M=-™=_sinAOP. 
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and 


01*'     OP     ^"^^v^i  • 


/.  the  sine  of  an  an-le  changes  sign  when  the  angle  does, 
but  the  cosine  does  not. 


227"  As  the  angle  AOP  increases,  OP  passes  through  the 
several  quadrants  in  succession. 

VVhen  OP  lies  in  the  rst  a,  sin  AOP  and  cos  AOP  are 
both  positive  ;  when  OP  lies  in  the  2nd  Q,,  sin  AOP  is  posi- 
tive and  cos  AOP  is  negative  ;  when  OP  lies  in  the  3rd  O 
the  sine  and  cosine  are  both  negative ;  and,  lastly,  when  Op' 
hcs m  the  4th  (7.,  sin  AOP  is  negative  and  the  cosine 
positive. 

Again,  when  P  is  at  A,  ^AOP-.q,  and  PM=o,  while 
OM-^OP.  .••  sino=noand  coso=i. 

When  P'comes  to  C,  PM  =  OP  and  OM==o,  and  denoting 
a  right  angle  by  J,  ^.^^o^  ^^^  ^^ 

sin  J  =  I,  and  cos  0  =  0. 
VVhen  P  conies  to  B,  PM  =0  and  OM  ---  -  i , 

sin  7r  =  o,  and  cos  7r=  -  r. 
Finally  when  P  comes  to  D,  PM=  -OP  and  OM=o. 

sin^^'^=:-i,  and  cos^''  =  o. 

2 

These  variations  of  the  sine  and  cosine  for  the  several 
quadrants  are  collected  in  the  following  table  :— 


Sine,     . 
Cosine, 

Sine,     . 
Cosine, 


ISt  (?. 

+ 

+ 


2nd  Q. 
+ 


rroin       To      From      To 

0  I  I 

1  o       o 


O    1 

I  ' 


3rd  Q. 

4th  Q. 

— 

— 

+ 

Fiiiiii       To 

Ironi       To 

0     -  I 

-  I          0 

-  r       0 

0          I 

1 
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228'.  ABC  is  a  triangle  in  its  circumcircle  whose  diameter 
we  will  denote  bv  it  ^ ^ 

Let  CD  be  a  diameter. 

Then  z.U  =  _A,  (Io6^  Cor.  i) 

and    ^CBD=~1-  Al 

CH  =  CDsinCI)H=^sinA  =  ^. 
and  from  symmetry, 


/7  ^_/; 
sin  A     sin  B 


c 
sin  C' 


Hence  the  sides  of  a  triangle  are  proportional  to  the  sines  of 
the  opposite  angles  ;  and  the  diameter  of  the  circumcircle  is 
the  quotient  arising  from  dividing  any  side  by  the  sine  of  the 
angle  opposite  that  side. 


PRINCIPLE  OF  ORTHOGONAL  PROJFXTION. 

229°.  The  orthogonal  projection  (167",  2)  of  PQ  on  L  is 
P'O',  the  segment  intercepted  between 
the  feet  of  the  perpendiculars  PP'  and 
QQ'- 

Now       P'Q'  =  PO  cos  (PQ  .  P'Q'). 
.".  the  projection  of  any  segment  on  a 
given  line  is  the  segment  multiplied  by  the  cosine  of  the 
angle  which  it  makes  with  the  given  line. 

From  left  to  right  being  considered  as  the  +  direction 
along  L,  the  segment  PO  lies  in  the  ist  Q.,  as  may  readily  be 
seen  by  considering  P,  the  point  frotn  which  we  read  the 
segment,  as  being  the  centre  of  a  circle  through  O. 

Similarly  OP  lies  in  the  3rd  O.,  and  hence  the  projection 
of  PO  on  L  is  +  while  that  of  OP  is  -. 

When  PQ  is  _L  to  L,  its  projection  on  L  is  zero,  and  when 
II  to  L  this  projection  is  PO  itself. 

Results  obtained  through  orthogonal  projection  are  univer- 
sally true   for  all   angles,   but   the   greatest    care    must    be 


•:m 


1 84 


syntiiktk:  (;kometry. 


excrrlscfl   with    regard   to   the 
concerned. 


sij,Mis   of   anguhir    function! 


Kx.  AX  ;iiul  OY  are  fixed  lines  at  ri^ht  nnjrles,  and  A(2 

any  line  and  P  any  point. 


IS 


Required  to  find  the  ±PQ  in  terms  of 
AX,  I'X,  and  the  .A. 
Take  P()  as  the  positive  direction,  and 
X     project  the  closed  figure  POAXI'  on  the 
^    line  of  PO.     Then 

P''-^'Q  +  P>-QA  +  pr.AX  +  pr.XP=o.  (i68^ 
Now  pr.PQ  is  PQ,  and  pr.OA^o;  AX  lies  in  ist  (l,  and 
XP  m  the  3rd  Q.  '" 

Moreover  .(AX  .  J>(2),  /...,  the  rotation  which  brings  AX  to 
I  Q  in  direction  is  --_xN,  and  its  cosine  is  +. 
cos/.(AX.PO)^+sinA. 
Also,  pr.XP  is  -XPcos^XP(2=  -XPcosA. 
PO  =  XPcosA     AXsinA. 


.SIGNS  OF  THE  SKCiMKNTS  OF  DIVIDED 
LINES  AND  ANGLES. 

230°.  AOB  is  a  given  angle  and  .A(JH=  -.BOA. 
Let  OP  divide  the  -AOJB  internally,  and  OO  divide  it  ex- 
o  ternally  into  parts  denoted  respectively 


a\  ^^  "'  ^'  ^^^  "''^ 


^"V-^J"?'\  ^^  "  ^^  ^^^  ^^^^  and  ^  the  ^POB,  a 

L 1  and  /3  are  both  positive.     But  if  we 

I       .M^^n     \    >    ^'''■''^     -    ^""^     ^''    '^'^-AOQ,     and 
/S  =^i20B,  and  a  and  //  have  contrarv  signs 

On  the  other  hand,  if  a  is  ^AOP  and  Ahe  ^llOP,  a  and  8 
have  contrary  signs,  while  replacing  P  bv  O  gives  a'  and  3' 
with  like  signs. 

The  choice  between  these  usages  must  depend  upon  con- 
venience ;  and  as  it  is  more  symmetrical  with  a  two-letter 
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notation  to  write  AOP,  HOP,  A()(),  HO(),  than  AOP,  POM, 
etc.,  we  adopt  the  convention  that  internal  division'  of  an' 
an-le  -ivcs  segments  with  opposite  signs,  while  external 
division  gives  segments  with  like  signs. 

In  like  manner  the  internal  division  of  the  segment  AIJ 
gives  parts  AP,  MP  having  unlike  signs,  while  external  divi- 
sion gives  i)arts  Af),  VA)  having  like  signs. 

D^/.~A  set  of  points  on  a  line  is  called  a  nnfj^r^  and  the 
line  is  called  its  a.v/s. 

By  connecting  the  points  of  the  range  with  any  j)oint  not 
on  its  axis  we  obtain  a  corresponding  pencil.  (203",  Def ) 

Cor.  To  any  range  corresponds  a  pencil  for  every  vertex, 
and  to  any  vertex  corresponds  a  range  for  every  axis,  the 
axis  being  a  transversal  to  the  rays  of  the  pencil. 

If  the  vertex  is  on  the  axis  the  rays  are  coincident  ;  and  if 
the  axis  passes  through  the  vertex  the  points  are  coincident. 

231".  BY  is  any  line  dividing  the  angle  B,  and  CR,  AP  arc 
I)crpendiciilars  upon  BY.  B 

Then  AAPY«ACRY, 

AP  is  ABsinABY, 
CR  is  BCsinCBY, 

AY^AB    sinABY  /       ^^ 

CY     CB'sinCBY*  ^^C 

Therefore  a  line  through  the  vertex  of  a  tri-       ^^i" 
angle  divides  the  base  into  segments  which 
are  proportional  to  the  products  of  each  conterminous  side 
multiplied  by  the  sine  of  the  corresponding  segment  of  the 
vertical  angle. 

Cor.  I.  Let  BY  bisect  lB,  then  ^^  =  i:". 

YC     a 


and 
and 


AY=^(/;-AY),  and  AY  =  A  . 
"'  a  +  c 


Thence 


YC  = 


ha 
a  +  c 


*-:  ill 

W  111 
fif^  Iff  I 


ill 

!  I J 


3 
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segments  into  which  the  bisector  of  the  lB 
AC. 

Cor.  2.   In  the  AABY, 


HY-=:AE-'+AY^'-2AB.Ay, 


cos  A. 


Hut 


cos  A 


/^  +  c- 


(2lf) 


(V 


(217^-),  and  AY  = 


be 


whence  by  reduction 

which  is  the  square  of  the  length  of  the  bisector. 

Cor.  3.  When  AY  =  CY,  BY  is  a  median,  and 

AB^sinYBC 
CB     sinABY" 
•  '.  a  mr      n     >  a  triangle  divides  the  angle  through  which  it 
passes  1  rts  whose  sines  are  reciprocally  as  the  con- 

terminous sides. 

232°.  In  any  range,  when  we  consider  both  sign  and  mag- 
nitude, the  sum    AB  +  BC  +  CD  +  DE  +  EA  =0, 
however  the  points  may  be  arranged. 

For,  since  we  start  from  A  and  return  to  A,  the  translation 
in  a  +  direction  must  be  equal  to  that  in  a  -  direction. 

That  this  holds  for  any  number  of  points  is  readily  se^n 

Also,  in  any  pencil,  when  we  consider  both  sign  and  mag- 
nitude, the  sum  -iAOB+z.BOC  +  _COD  +  .LDOA=:o. 

For  we  start  from  the  ray  OA  and  end  with  the  ray  OA 
and  hence  the  rotation  in  a  +  direction  is  equal  to  that  in  a 
-  direction. 


RANGES  AND  PENCILS  OF  FOUR. 

133  .  Let  A,  B,  C,  P  be  a  range  of  four,  then 
AI5.CP  +  BC.AP  +  CA.BP^o. 


.B 


GKOMETKfC   EXTENSIONS. 

Proof.—  AP  =  AC  +  CP,  and  BP  =  BC  +  CP. 

.•.  the  expression  becomes 

BC(AC  +  CA)+(AB  +  BC  +  CA)CP, 
and  each  of  the  brackets  is  zero  (232°).     .-.  etc. 
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234°.  Let  O  .  ABCP  be  a  pencil  of  four.     Then 
sinA0B.sinC0P  +  sinBOC.sinA0P  +  sinCOA.sinB0P=o. 

/"r^^Z— AAOB  =  iOA.  OBsinAOH, 
also  AAOB=UB.;^, 

where  p  is  the  common  altitude  to  all 
the  trian.srles. 

AB./  =  OA.OB.sinAOB. 
Similarly,     (ZV.p=OQ.  OP.  sin  COP. 

AB.CP.j?j2=OA.OB.OC.OPsinAOB.sin'coP 
Novy,  p'^  and  OA .  OB .  OC .  OP  appear  in  every  homoloo;,us 
product,  .-.  (AB.CP  +  BC.  AP  +  CA.BP);i'^ 

=  OA .  OB .  OC .  OP(sin  AOB .  sin  COP 

+  sin  BOC .  sin  AOP  +  sin  COA .  sin  BOP). 
But  the  bracket  on  the  left  is  zero  (233°),  and  OA.  OB  OC  01) 
is  not  zero,  therefore  the  bracket  on  the  right  is  zero.       g  ^  d. 


r.;^5^'/''°"'  ^'  ^^^  perpendiculars  PA',  PB',  PC  be  drawn  to 
OA,  OB,  and  OC  respectively.     Then  , 

sinAOP=:^P   sinBOP=|^:|;,  etc., 

:md^ putting  these  values  for  sin  AOP,  etc.,  in  the  relation  of 
234  ,  we  have,  after  multiplying  through  by  OP 

C'P.sinAOB  +  A'P.sinBOC  +  B'P.sinCOA-o 
Or,  let  L   M,  and  N  be  any  three  concurrent  lines,  /,  ///.  „ 
the  perpendiculars  from  any  point  P  upon  L,   M,  and   N 
respectively,  then 

^       /sinMN  +  ;/;sinNL  +  //sinOT-o 
where  MN  denotes  the  angle  between  M  and  N,  etc. 


K 
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236^  Ex.  I.  Let  four  rays  be  disposed  in  the  order  OA, 
P  OB,  OC,  OP,  and  let  OP  be  perpendicular' 
to  OA. 

Denote  :.AOC  by  A,  and  _AOH  by  B. 
Then  234°  becomes 

r.inBcosA4-sin(A-B)sinJ-sinAcosB=o, 
^.    .,    ,     ^        ..°'''      sin(A-B)=sinAcosB-cosAsinB. 
Sm^larly  by  writing  the  rays  in  the  same  order  and  making 
-BOP  a  n,  and  denoting  _AOB  by  A  and  ^BOC  by  B  we 
obtam  sin(A+B)=sinAcosB  +  cosAsinB. 

Also,  by  writing  the  rays  in  the  order  OA,  OP,  OB   OC 
and  denoting  _AOP  by  A  and  _BOC  by  B,  we  obtain    '        ' 
(i)  when  i.AOB=~], 

cos  (A  -  B)=  cos  A  cos  B  +  sin  A  sin  B  ; 
(2)  when  £jV0C  =  ~|, 

cos  (A  +  B)  =  cos  A  cos  B  -  sin  A  sin  B  ; 
which  are  the  addition  theorems  for  the  sine  and  cosine. 

E^x.  2.  ABC  is  a  triangle  and  P  is  any  point.     Let  PX, 

^^^»  P2  be  perpendiculars  upon  BC, 
A  CA,  AB,  and  be  denoted  by  P„,  pj,  p^. 
'    respectively. 

Draw  AQ  ||  to  BC  to  meet  PX  in  O 
Then  (235°) 

X        B       c      D        PQsinA4-PYsinB  +  PZsinC=o 
Butif  AU  is±to  BC,AD=/^sinC  =  QX. 

(PX  -  />  sin  C)  sin  A  +  PY  sin  B  +  PZ  sin  C  =  0, 

-( P.t  sin  A)  =  <^  sin  A  sin  C. 
^(P,^sinA)  =  ^-sinBsinA 
=  rt;sinCsinB, 

^XI'«sinA)=;''[rt^^sin2Asin2Bsin2c}. 
Hence  the  function  of  the  perpendicular 
PaSinA  +  PjsinB  +  P.sinC 
IS  constant  for  all  positions  of  P.     This   constancy  is  an 
important  element  in  the  theory  of /nVmcar  co-or^uia^t's. 


or 

Similarly, 
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)A, 

ar 

I 

we 
C, 


3 


189 


237".  A,  B,  C  being  a  range  of  three,  and  P  any  point  not 
on  the  axis, 

AB.CP-+BC.AP-'  +  CA.BP- 

=  -AB.BC.CA. 
Proo/.~Let  PO  be  ±  to  AC.     Then 
AO  =  AC  +  CO,    BQ  =  BC  +  CQ, 
and  the  expression  becomes 

(AB  +  BC  +  CA)(PON-CO-')+BC.CA(BC-AC) 

=  BC.  CA(BC  +  CA)  =  BC .  CA .  BA 
=  -AB.BC.CA. 

Exercises. 

I.  A  number  of  stretched  threads  have  their  lower  ends  fixed 
to  points  lying  in  line  on  a  table,  and  their  other  ends 
brought  together  at  a  point  above  the  table.  What  is 
the  character  of  the  system  of  shadows  on  the  tabic 
when  (a)  a  point  of  light  is  placed  at  the  same  height 
above  the  table  as  the  point  of  concurrence  of  the 
threads  ?  (b)  when  placed  at  a  greater  or  less  height  1 

2.  If  a  line  rotates  uniformly  about  a  point  while  the  point 
moves  uniformly  along  the  line,  the  point  traces  and 
the  line  envelopes  a  circle. 

3-  If  a  radius  vector  rotates  uniformly  and  at  the  same  time 

lengthens  uniformly,  obtain  an  idea  of  the  curve  traced 
by  the  distal  end-point. 

4-  Divide  an  angle  into  two  parts  whose  sines  shall  be  in  a 

given  ratio.     (Use  231;,  Cor.  3.) 

5-  From  a  given  angle  cut  off  a  part  whose  sine  shall  be  to 

that  of  the  whole  angle  in  a  given  ratio. 
6.  Divide  a  given  angle  into  two  parts  such  that  the  product 
of  their  sines  may  be  a  given  quantity.     Under  what 
condition  is  the  solution  impossible  ? 
Write  the  following  in  their  simplest  form  :— 


7. 


sin(7r-^),  sin(^  +  /?), 


sin 


/, 


(^-l)K 


C0S(2.  +  ^),  COs{2.-(^-J)},cos{^-(J  +  ,)), 


0 
'-  If 

it-*' 


»  il 
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S.  Make  a  table  of  the  variation  of  the  tangent  of  an  angle 

m  magnitude  and  sign. 
9-  OM  and  ON  are  two  Hnes  making  the^MON  =  «,  and 

PM  and  PN  are  perpendiculars  upon  OM  and'  ON 

respectively.     Then  OP  sin«  =  MN. 

10.  A  transversal  makes  angles  A',  B',  C  with  the  sides  BC 

CA,  A  B  of  a  triangle.     Then 

sin  A  sin  A'  +  sin  B  sin  B'  +  sin  C  sin  C'=o. 

1 1.  OA,  OB,  OC,  OP  being  four  rays  of  any  length  whatever 

AAOB.ACOP+ABOC.AAOP+ACOA.ABOP=o.' 

12.  If  r  be  the  radius  of  the  incircle  of  a  triangle,  and  r,  be 

that  of  the  excircle  to  side  n,  and  if  p^  be  the  altitude 
to  the  side  (r,  etc., 

^    (sinA  +  sinB  +  sinC) 


sin  A 


and 


"  ^?A^  -  sin  A  +  sin  B  +  sin  C), 
''i     ^'2     fs    Pi    p,    p^    r 


(Use  235°.) 

13.  The  base  AC  of  a  triangle  is  trisected  at  M  and  N,  then 
BN^'=i(3BC-  +  6BA^-2AC^). 


SECTION   II. 

CENTRE  OF  MEAN  POSITION. 

238°.  A,  B,  C,  D  are  any  points  in  line,  and  perpendiculars 
^      "  AA'j  BB',  etc.,  are  drawn  to  any  fixed 

line  L.     Then  there  is,  on  the  line, 
evidently  some  point.  O,  for  which 

_______^__^^         AA'+BB'  +  CC'+DD'  =  40N  ; 

"a^     bH^j    c'        d'     ■-  ''ind  ON  is  less  th;m  AA'  and  o-reater 
than  DD'. 

The  point  O  is  called  the  centre  of  mean  position ,  or  simply 
the  mean  centre,  of  the  system  of  points  A,  B,  C,  D. 


CENTR?:   OF   MEAN    TOSITION, 

Again,  if  we  take  multiples  of  the  perpendicul 
t>  .  V>V>\  etc.,  there  is  some  point  O,  on  the 
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ars,  as  rt.AA', 

,  .  ,  -  ,  -  axis  of  the  points, 

for  which 

Here  again  ON  hes  between  A  A'  and  DD'. 

O  is  then  called  the  mean  centre  of  the  system  of  points  for 
the  system  of  multiples. 

/>/-  For  a  range  of  points  with  a  system  of  multiples  we 
define  the  mean  centre  by  the  equation 

2:(.?.AO)=o, 
where  2(^ .  AG)  is  a  contraction  for 

^?.A0  +  /;.B0  +  6.  CO  +  ..., 
and  the   signs   and  magnitudes  of  the  segments  are  both 
considered. 

The  notion  of  the  mean  centre  or  centre  of  mean  position 
has  been  introduced  into  Geometry  from  Statics,  since  a 
system  of  material  points  having  their  weights  denoted  by  a 
h,  c\  ...,  and  placed  at  A,  B,  C,  ...,  would  "balance"  about 
the  mean  centre  O,  if  free  to  rotate  about  O  under  *>v^  action 
of  gravity.  -cuire  ofuit 

The  mean  centre  has  th^-"   —^  Perpendiculars  from  the 
"centre  of  grav^'    " -- "    <-  +  ^/3+^7=o, 

^  passes  through  the  centre  of  an  excircle,  that 

.  for  example,     aa  =  d^  +  cy. 
239°.   77/ 

any  range 

Exercises. 

Proof  j''^^  ^°  moves  that  the  sum  of  fixed  multiples  of  the 
^•pendiculars  upon  it  from  any  number  of  points  is 
.   ^ant,  the  line  envelopes  a  circle  whose  radius  is 
^^2(^.AL)^ 

But,  if  O  is  tl.  ^(^) 

.n  centre  of  the  vertices  of  a  triangle,  for  equal 
pies,  is  the  centroid. 

.an  centre  of  the  verticcb    "  .my  regular  polygon,  for 
Ex.  The  1  multiples,  is  the  centre  of  its  circumcircle. 

N 


I 
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when  the  multiples  are  proportional  to  the  opposite  sides  is 
the  foot  of  the  bisector  of  the  vertical  angle. 


240^  LetA,  B,  C,  ...  be  a  system  of 


points  situated  any- 

^,  ...,  AM,  im,  CM, 

1  I^  C,  ...  upon  two  lines  L 


where  in  the  plane,  and  let  AL,  I 
...,  denote  perpendiculars 
and  M. 

Then  we  define  the  mean  centre  of  the  system  of  points  for 
a  system  of  multiples  as  the  point  of  intersection  of  L  and  M 

when  2:(''.AL)  =  o, 

and  l(a.AM)  =  o. 

If  N  be  any  other  line  through  this 
centre,  i:(^.AN)=o. 

For,   let   A   be   one    of   the    points 
Then,  since  L,  M,  X  is  a  pencil  of  three 
and  A  any  point,  (2-11;°) 

AL .  sin  MON  +  AM .  sin  NOL+ AN  .  sin  LOM  =0 

BL.sinMON  +  BM,sinNOL  +  BN.sinLOM=o,' 


also 


wj^'  .^. 


lijst  by  a,  the  second  by  />,  etc.,  and  adding, 

"^^sinNOL+v(,;.AN)sinLOM=S.' 
'I,  by  dff^nition, 

SECTION   II. 

CENTRE  OF  MEAN  POSITION  ''''^''"'  "^ 

•  itever, 

3^°.  A,  B,  C,  D  are  any  points  in  line,  and  perp 

AA',  BB',  etc.,  are  drawn  t  hen 

line  L.     Then  there  is..  ML, 

evidently  some  point.  G.  ML, 

AA'  +  BB'  +  CC'+L  •     •     . 

"a^     eHJ    c'        D^      ■-  and  ON  is  less  than  A 
than  DD'. 

The  point  O  is  called  thecai/r^'  of  mean  posih 
the  me(w  cenin\  of  the  system  of  points  A,  B,  C. 
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242°.   Theorem.- -The  mean   centre   of  the  vertices  of  a 
triangle  with   multiples    proportional   to 
the  opposite  sides  is  the  centre  of  the  V 

incircle.  ^® 

Proof.— IlcX^q  L  along  one  of  the  sides, 
as  BC,  and  \Q\.p  be  the  ±  from  A.     Then  A 

'L{a.AV)  =  a.p 
^^^  2(.'?).OL  =  (rt  +  ^  +  f).OL, 


•••  (239°) 


0L  = ^— =^=r; 


(153°,  Ex.  I) 


i.e.,  the  mean  centre  is  at  the  distance  r  from  each  side,  and 
is  the  centre  of  the  incircle. 

Cor.  f.  If  one  of  the  muUiples,  as  a,  be  taken  negative. 


0L  = 


■ap 


-A__ 


r'; 


^,at '»         (153°,  Ex.  2) 

-a  +  o  +  c     s-a  vjj>  / 

I.e.,  the  mean  centre  is  beyond  L,  and  is  at  the  distance  r'  from 
each  side,  or  it  is  the  centre  of  the  excircle  to  the  side  a. 

Cor.  2.  If  any  line  be  drawn  through  the  centre  of  the  in- 
circle of  a  triangle,  and  a,  p,  y  be  the  perpendiculars  from  the 
vertices  upon  it,  aa  +  dp  +  cy=o, 

and  if  the  line  passes  through  the  centre  of  an  excircle,  that 
on  the  side  a  for  example,    aa  =  b^-\-cy. 

Exercises. 

I.  If  a  line  so  moves  that  the  sum  of  fixed  multiples  of  the 
perpendiculars  upon  it  from  any  number  of  points  is 
constant,  the  line  envelopes  a  circle  whose  radius  is 

2(^) 
The  mean  centre  of  the  vertices  of  a  triangle,  for  equal 

multiples,  is  the  centroid. 
The  mean  centre  of  the  vertices  of  any  regular  polygon,  for 
equal  multiples,  is  the  centre  of  its  circumcircle. 

N 
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and 


243°.  neorem.-li  O  be  the  mean  centre  of  a  system  of 
Tthe  Xr""  '''™'"P'"-"-y-d^Pen/ent  point 

2(«.  AP=)  =  -(«.  A0=)  + v(^).  0P=. 

Pron/.-Ut  O  be  the  mean  centre,  P  the 
independent  point,  and  A  any  point  of  the 
A  system      Let  L  pass  through  O  and  be  per- 
pendicular to  OP,  and  let  AA'  be  perpen- 
dicular  to  OP.     Then 

Ap2=.AO'-'+OP2-20P.OA', 
^•AF''  =  a.A0''  +  a.0P^-20P  a  OA' 
Similarly    '^.  BF=^.  BO^-f-^.  0P-20P.^. 'oB'; 

But  S::o3:3::^5l-^"'-«^ 

Cor.  In  any  regular  polygon  of  «  sides  ith  tlie  sum  of  the 

ZnZ°"  '"^  J°'"\°f  ^"y  P«i>"  with  the 'vertices  is  greater 
than  the  square  on  the  join  of  the  point  with  the  mean  centre 
of  the  polygon  by  the  square  on  the  circumradius. 
f  or  makmg  the  multiples  all  unity, 

2(Ap2)=«r'+«Op2, 

,^2(AP=)  =  OP2  +  ;-=. 

Ex.  Let  a,i,che  the  sides  of  a  triangle  and  „  «      ,1, 
Jou,s  of  the  vertices  with  the  centroid.    Tht'  ("'{'e'^.  V' 

S(AP-^)=2(A0=)  +  30P=. 
1st     Let  P  be  at  A,        p+,:^^,^„,      , 

whence  «H^=  +  .==3(„=+^+y).'^     '"^^^' 

E...  If  AECDEFGH  be  the  vertices  of  a  regular  octa<.nn 
taken  m  order,  AC=  +  AD=+AE'+AF=  +  AG==fP. 
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244°.  Let  O  be  the  centre  of  the  incircle  of  the  AABC  and 
let  P  coincide  with  A,  B,  and  C  in  succession. 

1st.  bc'-\-  ct^==  z(a .  AG-)  +  2(.0AO2, 

2nd.      .7^2         +ca-  =  Z(a.AO-)  +  Z{a)BO\ 

3rd.      al>-  +  da''         =  2(rt .  A0-)  +  2(rt)C02. 

Now,  multiply  the  ist  by  a,  the  2nd  by  l>,  the  3rd  by  c,  and 

add,  and  we  obtain,  after  dividing  by  (a  +  fi  +  c), 

^{a.  AO^)  =  adc. 

Cor.  I.  For  any  triangle,  with  O  as  the  centre  of  the  incircle 
the  relation       ^a.A?'')  =  s(a.A0')+7:{a)0F^ 
becomes  ^a.A?'-)=adc+2s.0P% 

and,  if  O  be  the  centre  of  an  excircle  on  side  a,  for  example, 

2(r? .  Ap2)  =  _  adc+2(s  -  rt)0P2, 
where  a  denotes  that  a  alone  is  negative. 

Cor.  2.  Let  P  be  taken  at  the  circumcentre,  and  let  D  be 
the  distance  between  the  circumcentre  and  the  centre  of  the 
mcircle.     Then  AP  =  BP  =  CP  =  R. 

2sR^=al>c  +  2sD\ 
<i^c=4AR,  -     (204",  Cor.) 

(153%  Ex.  I) 


But 
and 


.=A 


D2=R2-2Rr. 


Cor.  3.  If  Di  be  the  distance  between  the  circumcentre  and 
the  centre  of  an  excircle  to  the  side  a,  we  obtain  in  a  similar 
manner  D,'=R^+2Rr,. 

Similarly  B./=R^+2Rr„ 

T)^'==R'+2Rr,. 

245°.  Ex.  To  find  the  product  OA.  OB.  OC,  where  O  is 
the  centre  of  the  incircle. 
Let  P  coincide  with  A.     Then  (244°) 
be"- ■\- B^c=  abc -\- 2s  .AO\ 


■•i 

¥ 

I 
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Similarly  VjO-'^^AIzD    and   C02=^^(£-f) 

A02.  no=.  co2=^?!^!£M£:i£X'f  -  /0('y  -  c) 

and  OA.OB.OC  =  4Rr2. 

246".  If  2(rt .  AP2)  becomes  constant,  /f',  we  have 

and  2(.^.  AO^)  being  independent  of  the  position  of  P,  and 
therefore  constant  for  variations  of  P,  OP  is  also  constant, 
and  P  describes  a  circle  whose  radius  is 

R2=^S(^-A0-) 

.-.  If  a  point  so  moves  that  the  sum  of  the  squares  of  its 
joms  with  any  number  of  fixed  points,  each  multiplied  by  a 
given   quantity,   is  constant,   the    point  describes   a  circle 

mtltipleT'''  ''  '^'  ""'""  """'"'  °'  '^'  '^'''"^  ^^^  ^^^  g'-^" 

Exercises. 

I.  If  O',  O",  O'"  be  the  centres  of  the  escribed  circles 

AO'.BO".CO'"=4Rj2^ 
2-  AO'.BO'.CO'=4Rri2. 

3.  s,OL=:(s~a)0'L+(s-  ^)0"L  +  (i  -  c)0"'L, 
where  L  is  any  line  whatever. 

4.  If  P  be  any  point, 

^.OP=(^-^)0'p2+(^-<5)0"P  +  (^-^)0'"P-.^^^ 

0.  It  1:)  IS  the  distance  between  the  circumcentre  and  the 
centroid,  D'=  i(g^2  _  ^2  _  ^2  _  ^2^ 
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SECTION   III. 

OF  COLLINEARITY  AND  CONCURRENCE. 

247°.  Def.  I.— Three  or  more  points  in  line  are  collinear, 
and  three  or  more  lines  meeting  in  a  point  are  concurrent. 

Dcf.  2.— A  tetragram  or  general  quadrangle  is  the  figure 
formed  by  four  lines  no  three  of 
which  are  concurrent,  and  no  two 
of  which  are  parallel. 

Thus  L,  M,  N,  K  form  a  tetra- 
gram. A,  B,  C,  D,  E,  F  are  its  six 
vertices.  AC,  13  D  are  its  inter?ial 
diagonals,  and  EF  is  its  external  diagonal. 

248°.  The  following  are  promiscuous  examples  of  collinear- 
ity  and  concurrence. 

Ex.  I.  AC  is  a  OZJ,  and  P  is  any  point.     Through  P,  GH 
is  drawn  ||  to  BC,  and  EF  || 
toAB. 

The  diagonals  EG,  HF, 
and  DB  of  the  three  ZZZ7s 
AP,  PC,  and  AC  are  concur- 
rent. 

EG  and  HF  meet  in  some   D  H  c         L 

point  O  ;  join  BO  and  complete  the  ZZUOKDL,  and  make 
the  extensions  as  in  the  figure. 

We  are  to  prove  that  D,  B,  O  are  collinear. 

Proof.— dj KG ^EZJGM,  and  Z=Z7FL  =  £Z:^FN,  (145°) 
£=7  KG  =  ZZZ7  G  F  +  ^=7  B  M, 
and  £=7FL=/:il7GF  +  £Z=7NB. 

Hence  ZZI7KB  =  £ii7BL, 

B  is  on  the  line  DO,  (145°,  Cor.  2) 

and  D,  B,  O  are  collinear. 
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rcc  diagonals  of  a  tclra- 
gram  arc  collincar, 

AIJCDKFis  thetet- 
ragram,  P,  Q,  r  the 
middle  points  of  the 
diagonals. 

Complete  the  paral- 
leiogram  AKIX;,  and 
tliroiigh  li  and  C  draw 
lines  II  to  AG  and  AE 
respectively,  and  let 
them  meet  in  T. 

IH  passes  through  F.    Therefore  innl-,"'  ''""'    P"    '' 

specuUIr  "  '  P  o' K '^  '"'T  ''^^^'  «"•  -^'  ^'"- 
^.^v-uvciy.     .  .        1,(2,  R  are  collinear. 

Ex.  3.  T/u'on.n.^The  circumcentre,  the  centrold,  and  the 

orthocentre  of  a  triangle  are  col- 
Imear. 


Proo/.-Let  YD  and  ZD   be 

the  right  bisectors  of  AC  and  AP> 

^ :^ ^_^^   J°»\^Y,  CZ,  and  through   E," 

H,n»,  iM-  .  "^^   intersection  of  these  ioinc: 

diaw  DL  to  meet  the  altitude  BH  in  O  ^       ' 

D  Y  iflUc!'  Jm  l:^""^^^'^^'-^  '-^"d  E  is  the  centroid.     Since 
^^  IS  II  to  BH,  the  tnangles  YDE  and  BOE  are  similar 

BE  =  2EY,  ^ss%  Cor.) 

,  OE  =  2DE, 

and  as  D  and  E  are  fixed  points,  O  is  a  fixed  point. 
•  ■  the  remam.ng  altitudes  pass  through  O. 

249°.  r/,.^;m.-Three  concurrent  lines  perpendicular  to 
thesides  ofa  trandeaf  Y  v  7  a;  -j    .1       •,  t''="""-"'ar  to 
RY27rv2     A ;..  '  ^  ^'""'"^^  ^^^  ^'^es  so  that 
BX^+CY2+AZ^=.CX-+AY^'+BZ-; 
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and,  conversely,  if  three  lines  perpendicii 
triangle  divide  the  sides  in  this  manner, 
the  lines  are  concurrent. 

Proof,— U\  OX,  OY,  0/  be  the  lines.  r 

Then        IiX'-'-CX='=IJO'^-CO-,(i72',i)    2 
Similarly  C Y-  - AY*J=  C0-» - AO-, 
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A  Y 

BX«  +  CY-"+AZ'^-CX^-AY--BZ-'  =  o. 


Conversely,  let  X,  Y,  Z  divide  the  sides  of  the  triangle  in 
the  nnnner  stated,  and  let  OX,  OY,  perpendiculars  to  BC 
and  CA,  oieet  at  O.    Then  OZ  is  ±  to  AB. 

Proof.— If  possible  let  OZ'  be  _L  to  Ali,  Then,  by  the 
theorem,  BX=^  +  CY-  +  AZ'=^  -  CX-  -  AY-  -  BZ'-=o, 

and  by  hyp.       BX-'  +  CY'-  +  AZ--CX-- AY-- I3Z-=o,' 

AZ'2-AZ^=BZ'2-BZ2. 
But  these  differences  have  opposite  signs  and  cannot  be  equal 
unless  each  is  zero.    .-.        Z'  coincides  with  Z. 


I. 


Exercises. 

When  three  circles  intersect  two  and  two,  the  common 
chords  are  concurrent. 

Let  S,  Si,  S^  be  the  circles,  and  A,  B,  C  their  centres. 

Then  (113°)  the  chords  arc  perpendicular  to  the  sides 
of  the  AABC  at  X,  Y,  and  Z.  And  if  r,  r^,  r.,  be  the 
radii  of  the  circles, 

BX2-CX2=r,2-r/,etc.,etc., 
and  the  criterion  is  satisfied. 

.'.     the  chords  are  concurrent. 
The  perpendiculars  to  the  sides  of  a  triangle  at  the  points 

of  contact  of  the  escribed  circles  are  concurrent. 
When  three  circles  touch  two  and  two  the  three  common 

tangents  are  concurrent. 
If  perpendiculars  from  the  vertices  of  one  triangle  on  the 

sides  of  another  be  concurrent,  then  the  perpendiculars 
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6.  Two  perpendiculars  at  points  of  contact  rf^!'.-    , 

concurrent  with  a  perpendicuh  rnT  f      "  "^ 

the  incircle.  P^'P«"d.cular  at  a  point  of  contact  of 

.He  sMesinto'^^tt  thict  C:^-- r^^^^^  '"^^  ^'^'''^ 
(a)  BX^Y.AZ_ 

CX.AYJBZ""^' 

(^)        sinJ^AX^sinCB Y .  sin  ACZ 

sin  CAX .  sin  AB YT^hHIcZ "  '' 


Proof  of  {a).~  On  the  axis  of  X  Y  7  H,-.,    .u 

B  °'  ^'  ^'  ^  ^'^w  the  perpendicu- 


lars AP,  BQ,  CR. 

On  account  of  similar  As 
^=BQ     CY^cR    AZ     \v 
CX     CR'    AY-AP'    BZ  =  BQ' 
BX.CY.AZ 


Proof  of{b\ 


Similarly, 


ex. AY. BZ 
BX^  ABAX^  BA  sin  BAX 
CX    ACAX    CAsiFcAX' 

sinBAX^CA    BX 

sin  CAX    BA'CX' 

s4nCBY^AB    CY    sin  ACZ     BC 
smABY     -^•-^' ^^is'^ 


=  1. 


CB"AY'    sinBCZ^AC 
smBAX^^inCBY.sinACZ     BX   CY  A7 
sm  CAX.  sin  ABYT^n-BCZ" '        ' 


AZ 
BZ' 


cx^ayTbz  ~ '  V-^.«'. 


ine  preceding  functions  vvbiVh  nv-n      •     • 

s       icixns  Which  arc  criteria  of  colhnearitv 
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will  be  denoted  by  the  symbols 

VCX>^^"^(si,TCAXr'^'P^'''^^^y- 
It  is  readily  seen  that  three  points  on  the  sides  of  a  triangle 
can  be  collinear  only  when  an  even  number  of  sides  or  angles 
(2  or  o)  are  divided  internally,  and  from  230°  it  is  evident  that 
the  sign  of  the  product  is  +  in  these  two  cases. 

Hence,  in  applying  these  criteria,  the  signs  may  be  dis- 
regarded, as  the  Hnal  sign  of  the  product  is  determined  by 
the  number  of  sides  or  angles  divided  internally. 

The  converses  of  these  criteria  are  readily  proved,  and  the 
proofs  are  left  as  an  exercise  to  the  reader. 

Ex.  If  perpendiculars  be  drawn  to  the  sides  of  a  triangle 
from  any  point  in  its  circumcircle,  the  feet  of  the  perpendicu- 
lars are  collinear. 

X,  Y,  Z  are  the  feet  of  the  perpendicu- 
lars. If  X  falls  between  B  and  C,  Z.OBC 
is  <  a  ~|,  and  therefore  ^OAC  is  >  a  ~], 
and  Y  divides  AC  externally  ; 

.'.  it  is  a  case  of  collinearity. 

Now,  BX  =  Ol3cosOBC, 

''^nd  AY=OAcosOAC. 

But,  neglecting  sign,  cos  OBC  =  cos  OAC, 

BX     OB 
AY 

CY    OC     AZ_OA 
OC 


and  similarly, 


BZ 


OA' 

OC 
OB' 


cx 


VCX/     ''  ^"^  '^'  ^'  ^  ^^'^  collinear. 


/Ay:_The  line  of  collinearity  of  X,  Y,  Z   is   known  as 
bmison's  Ime  for  the  point  O." 


!.<■ 
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251°.  T/ieonv/i.~When  three  lines  through  the  vertices  of  a 
triangle  are  concurrent,  they  divide  the  angles  into  parts 
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which  fulfil  the  relation 

(n)       sin  BAX^sinc^B  Y .  sin  ACZ 

relaU':^  cl.v,de  the  opposite  sides  into  parts  which  r.m  the 

(^)                                BX.CY.AZ__ 
7-  a  CX.AY  BZ '• 

^  ^t-,  OQ,  OR  be  perpendiculars  on  the  sides. 


Then 


'sinBAX\ 


/smBAX\ 
\sinCAXV==~-'» 


sinBAX^OR 
sin  CAX     OQ' 

sin_CBY_OP 

sinABY~"OR' 

sinACZ^OQ 

sin  BCZ    OP' 


A  QY 

.".  multiplying, 

c^vidS:;i;  "^"'"-^  ^™'"  '"^  "=-  -gles   being 

penltrTuit  "/r  '  '"'  '  '^'  '^^  -"  ^F  be  pe^- 
Then,  from  similar  As  BEX  and  CFX, 
BX^  BE^AB  sin  BAX 
CX     CF    ACliSCAX' 
Similarly,  ^^"^fii^^Y    A2_CAsinACZ 

.  .  m„U,ply,„g,    (5X^=_,_^_.^_^^^^ 

The  negative  sio-n  v«c,,u    /•  ^^.^.rt'. 

internnlV  "" '"""^    '■°'"  "'"  'hree  sides  being  divided 

Jt  is  readily  seen  thnf  ti.,-o<.  (230°) 

vertices  of  a  .'ianlle  Is   d,    /°"""™"'  ""^^  ""-""eh  the 

-d  of  sides  inter^    ■;:;•/;'':  tTe  "r      T'"""  "'  "■'"^'^^ 

P'-ocIuct  is  accordingly'^egative  ""^  ''°'"  "^  "'^ 

Hence,  in  applying  the  critpi-la  ,!,«    • 
be  neglected.  ™'  "'^  ''S"«  of  the  ratios  may 
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The  remarkable  relation  existing  between  the  criteria  for 
colhneanty  of  points  and  concurrence  of  lines  will  r  ce  v^n 
explanation  under  the  subject  of  Reciprocal  Polars 


252° 


Exercises. 

r.  Equilateral  triangles  ABC,    BCA',  CAB'   are    de- 
scribed upon  the  sides  AB,  BC,  CA  of  any  triangle. 

Then  the  joins  AA',  BB',  CC  are  concurrent. 

Proo/.—S'mce       AC'=AB,  AB'=AC 


and 

•    • 

But 
Similarly, 


z.CAC'=4BAB', 
ACAC=AB'AB,  and  ^AC'C  =  MBB' 
i!llACZ=!i!lACC'_AC'_AB 
sinABY    sin  AC'C     AC~AC"  ^^^^°^ 

sinBAX^BC     sin  CBY     CA 

CB' 


2. 


4. 


sinBCZ     BA'   sinCAX^ 
/sinBAX\     _ 
VsinCAX/        '' 
_^and  hence  the  joins  AA',  BB',  CC  are  concurrent. 
The  joins  of  the  vertices  of  a  A  with  the  points  of  con- 

tact  ot  the  incircle  are  concurrent. 
The  joins  of  the  vertices  of  a  A  with  the  points  of 

contact  of  an  escribed  0  are  concurrent. 
ABC  is  a  A,  right-angled  at  B,  CD  is  =  and  ±  to  CB 
and  AE  is  =  and  ±  to  AB.  Then  EC  and  AD  inter- 
sect on  the  altitude  from  B. 
5-  The  internal  bisectors  of  two  angles  of  a  A  and  the 
external  bisector  of  the  third  angle  intersect  the 
opposite  sides  collineariy. 

6.  The  external  bisectors  of  the  angles  of  a  A  intersect  the 

opposite  sides  collineariy. 

7.  The  tangents  to  the  circumcircle  of  a  A,  at  the  vertices 

of  the  A,  intersect  the  opposite  sides  collineariy. 

T  Tl  ^'  ^"^"'""^  '^  '^^  ^^'-^'^^^  °f  ^  A,  the  lines 
hrough  the  point  perpendicular  to  those  joins  intersect 
the  opposite  sides  of  the  A  collineariy. 
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SYNTHETIC  GEOMETRY. 


lo. 


II. 


?nu  '"""  °'  ••*  ^  '■"  ''"^  P°i"''  =0  'hat  three 

of  them  connect  with  the  opposite  vertices  concurrently 

fvit^h^''  "'^••«'"■->'':■"S  three  connect  concurrently 
With  the  opposite  vertices 

''  scrib^r  T"'  if  ''"•  '  ''''  "'^"  ^^^  As  are  all  de- 
scribed  internally  upon  the  sides  of  the  given  A  ' 

and  A  3  C ,  and  O  is  any  point  on  L,  A'O,  B'O,  and 
C  O  intersect  the  sides  BC,  CA,  and  AB  col  inea  ly. 


-53  .  7y/.vm;^-Tvvo  triangles  which  have  their  vertices 
connecting  concurrently  have  their  corresponding  sides  nter 
secting  colhnearly.     (Desargue's  Theorem.) 

?z  ABC,  A'B'C  are  two  As 
having  their  vertices  connect- 
ing concurrently  at  O,  and 
their  corresponding  sides  in- 
tersecting in  X,  Y,  Z.  To 
prove  that  X,  Y,  Z  are  col- 
linear. 

■iy      '^f^f-^-'^o    the   sides    of 
I Y  AA'B'C  draw  perpendiculars 
i     AP,  AP',  BQ,  BQ',  CR,  CR'. 
I     Then,  from  similar  As, 

CX     CR' 
CY^CR' 
AY     AP' 
AZ^AF 
BZ     BQ' 


/BX\     AP'.BO'.CR' 

Vex/  '  ^ 


But 


AP.  BQ.  CR- 
AP'^  si  nu\A'B' 
AP     sinAA'C" 
with  similar  expressions  for  the  other  ratios. 


OF  COLLINEAKITY  AND  CONCURRENCE.       20$ 

Also,  since  AA',  BB',  CC  are  concurrent  at  O,  they  divide 
the  angles  A'  B',  C  so  that 

sin  AA'B\  sin  BB'C.  sin  CC'A'_ 
sin  AA'C.  sin  BB'A'.  sin  CC'B'~  ^' 

^Cx)"" ''  ^"^^  '^'  ^'  ^  ^^'^  collinear. 

The  converse  of  this  theorem  is  readily  proved,  and  will  be 
left  as  an  exercise  to  the  reader. 

Ex.  A',  B',  C  are  points  upon  the  sides  BC,  CA,  AB  re- 
spectively of  the  AABC,  and  AA',  BB',  CC  are  concurrent 
in  O.     Then 

1.  AB  and  A'B',  BC  and  B'C,  CA  and  CA'  meet  in  three 
points  Z,  X,  Y,  which  are  collinear. 

2.  The  lines  AX,  BY,  CZ  form  a  triangle  with  vertices  A", 
B  ,  C",  such  that  AA",  BB",  CC"  are  concurrent  in  O.       • 


OF  RECTILINEAR  FIGURES  IN  PERSPECTIVE. 

254°.  Z'^Z-AB  and  A'B'  are  two  segments  and  AA'  and 
BB'  meet  in  O. 

A  n 

Then  the  segments  AB  and  A'B'  are  said  to 
be  in  perspectwe  at  O,  which  is  called  their 
cetttre  of  perspective. 

The  term  perspective  is  introduced  from 
Optics,  because  an  eye  placed  at  O  would  see 
A'  coinciding  with  A  and  B'  with  B,  and  the 
segment  A'B'  coinciding  with  AB. 

By  an  extension  of  this  idea  O'  is  also  a 
centre  of  perspective  of  AB  and  B'A'.     O  is 
then  the  external  centre  of  perspective  and  O'  is  the  internal 
centre. 

Def.—Two  rectilinear  figures  of  the  same  number  of  sides 
are  in  perspective  when  every  two  corresponding  sides  have 
the  same  centre  of  perspective. 
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SICCTION   IV. 
OF   INVERSION  AND  INVICKSF.  FIGURKS. 

ciXh^^;;''r  '"'"^^ "'  "^"''^"'  -i^""  -  ^'-'^t-iinc  of  a 

respect  to  the  circle.  ''"'^'  '"'"'''"'  '^"'"^'^  ^'t'' 

Thus  1>  and  O  are  inverse  points  if 

R  being  the  radius.  I         c~p~7b      2r 

The  0S  is  the  cm/^'  ofim>crsion  ^ ^ 

"«•  the  inverting  0,  and  C  is  the  centre  of  inversion. 

Cor.  From  the  definition  :— 
>.  An  in,lonni,c  nun.bcr  .,f  ,„i,s  of  inverse  poin.s  mny  lie  on 

2.  An  i,uleln,i,e  nun.ber  .,f  rir,lc,,  may  have  the  san.e  two 

pomts  as  mvcrse  points. 

3.  1'"'''  points  of  a  pair  „f  inverse  points  lie  „po„  the  snn.e 

side  of  the  centre  of  inversion 
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ciurc  of  inversion  i> 


so  that  (I 


H'  inverse  of 


any  point  at  inliniiy, 


aie    l)oth   nci;ativc.     lUit    K^   k„:„  ..     ,  "  '"^'vi.L.n 

Hence,  in  onlcr  th^it  the  riirl^  „r  ■ 
oaoh  pair  or  points  „,„,'T^  of   "vers.on  „,ay  be  real, 
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I'A'I'.UCISKS, 


r.  Civcn  .1  G)  and  a  point  nil! 


2.  (;i 

3.  ( 


vcn 


'""<  it  I')  find  the  in 


a  W.ind  a  point  wiiliin  it  lo  ijiul  f| 


vcisc  point. 


ic  inverse  point. 


■I-    l"-)lln'0isl„I,;,vc.-,^iv,Mir.„Iius. 

."vcrsc  pnmls  ,vi,l,   vcspo,  t   l„   another  0   ,1   1  „        „ 

An<I   conversely,  a  0whicIw-.Usano,,KM-^;.;^^^^^^^^^^^ 
detcnnnies  a  pair  of  inverse  nninf.  '"tH<'K'>nalIy 

Inltcr.  '  '"'  '"^y  ^"^'"I'^'-Iine  (,f  the 

I.    V  and  ()  arc  inverse  to  0S. 
''"lien        CI'.  CO. .('I'-! 

CT  is  tangent  t(  0S'. 
A     ,  ,  ('7^.'.  Cor.  3) 

^"d   .-.   S    cuts  S  orthogonally 
since  the  radius  of  S  is  perpcn- 

diadar  to  the  radins  of  S' at  its  end-,W 

2.  Conversely,  let  S'  c  ,,1   S  orthooc,naliv.      Then   lCTC 
•s^.  n.  and   therc.,re  CT  i^t^^^^^^ 

■^"fl  P  and  O  are  inverse  points  to  0S, 

Cor.  ,.  A  0  through  a  pair  of  points  inverse  to  one  another 
^vuh  respect  to  two  0s  cuts  both  orthogonally. 

Cor.  2.  A  0  which  cnts  two  0s  orthogonally  deterndncs 
on  then-  common  centre-line  a  pair  of  points  whicl  are  i 
to  one  another  with  respect  to  "both  0s. 

Cor.  3.  If  the  0S  cuts  the  0s  S'  and  S"  orthogonally  the 
..ngcMUs  frou.  the  centre  of  S  to  the  0s  S'nnd  S'' re  nuh!^ 
o  anu  tncreforc  equal. 
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LMv^n'n.^  ®, ''■■'""*''  '"  ^""■"'  ""  "«^  '■•"'"■••>'  ••""■^  of  two 
K  ven  0s,  a,ul  ,utl,„K  o„c  <,f  ,1,™,  ..rthogcnalK.,  cuts  the 
(itlicr  ortlio);c  iially  also.  ''  " 


;;vo  n.e.,  PO.US  ,K.vo  a  constant  „u.;;:;;;;;,;ie;;:r^.,;: 

tuo  fixed  points  as  inverse  points.  "^ 

Cor.  2.   When  ])  comes  to  A  and  H  wc  obtain 

()!)    OA    Qir 
"cnce  DA  and   1)15  are  the  bisectors  of  the  ^PDQ    .nd 
tl>e  se.,n.ents  VU  and  P.O  subtend  ec,ual  angles  ar  )      ' 

Hence  the  locus  of  a  point  at  whicli  two  adjacent  Ve^^ments 
c^       0   s  H,e  subtend  cc.ua,  angles  is  i  circl^^^C 

ei    o  h  r"  ""'-^"'"'^  '''  ''''  ^^^'"^"^^  and  having 

then  other  end-pouits  as  inverse  points. 
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il'DI  =^ll|)()',  and  i.lil)l'==.^|ii)() 
i.l'l)r'=.-a)l)()'.  ~' 

-T  the  soKme,,,,  VI"  ami  y,V  sub.cn.l  ,..|„al  angles  a,  I> 
n,.e   he  Iocs  of  a  ,.oi„.  a,  «„i„,  ,J,,  „„ni|ja    ,  'sck- 

"-  <-'»'ii"iiils  as  pairs  of  nivcrsc  poinls. 

Cor.  4.  Since        Al> :  A(i=PIi  ,•  iso  ,,. 

•••  1'  ■■>"<1  y  <livi<le  ,l,e  .lianreler  Ali  in  (he  v.n.e  ,J  '^ 
.c™%  nn<,  e.erna„y.  an<,  „  an.,  A  .livtX  s  cm;; 
in  the  same  manner  internally  and  externally  ^ 

Hence,  «l,c„  t,vo  scKmenls  of  the  same  line  are  snrh  ih-,t 
.^  end-po,n,s  of  one  divide  the  other  harmonicallj,         i'^ 

se.  nem^"''"""' '"  '!'"""'-"'  '"=*  ""=  ^'"'-Points  o  the  „  1 
scj^mcnt  as  inverse  points.  ^^mtr 


(  , , 


'i 


EXKKCISES. 

'•  "tiih"''''''  "■■'''  ■';''"  "^'"•'K''  •■•  P""-  "f  ''"vcrse  point, 
w,th  respect  to  a  fixed  circle,  the  co.n.non  chord  of  te 
c  rcles  passes  Ihrouj;!,  a  fixed  ,,oint. 

'■      V  tT, -veir'"  r  '","'  "'"^  "'™"«''  '^fiivcn  point  an<l 

f^iit  a  ^ivcn  cMclc  ortliogonally 

3.  To  draw  a  circle  lo  cut  two  given  circles  ortho^^onally 

4.  On  the  conjmon  centre-line  of  two  circles  to  fnul  a  pair  of 

points  wh.ch  are  inverse  to  both  circles. 
I^et  C,  C  be  the  centres  of  the  circles  S  and  S'    T-.ko 

1    nnd  I     with  respect  to  both  circles.  (.r.^  Ex    O 

Ihc  circle  throucrh  p    t>'  nn,i  d"      .      v-:)/ ,  ^x.  i; 

centre  lino  re  •    If         •  '  '^"^'  ^''^  common 

c    Tn  1         u  '"  ^^^  '^^J^'^'^f'  Points  O  and  ()' 

5-  To  describe  a  circle  tn  pi^o  thr-n-i.       •    "        -     ' 

.wo  given  circles  orth':s;nIn;: '    "  """'  ""'"'  '""  "" 
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'  |^""ccs  fro,,,  two  fixed „s  is  ^,ivcn. 

7.    io  (,„c|  a  point  „,„,„  .,  j,ive„  |i„c  fr„„,  ,vl,i,i,  ,l,e  ,„.„  „f 

noh!r^  -"^-""e  fipirc  is  the  inverse  of  anotl.er  when  cverv 
po,nt  on  one  (,,M„e  has  its  inverse  .,,,on  the  other  fi^ine 

ccnt.c  of  .aversion  ,s  no,  on  the  nj,n„e  to  l,e  inverted. 

s 


Let  O  be  the  centre  of  inversion  and  S  be  the  drrln  f.  k 
nvertcd  •  nnM  ]nt  A'  n'  n>  1     .1.    .  circle  to  be 

nvmea     and  let  A,  B,  C  be  the  inverses  of  A,  B,  C  resoec 
tively.     1  o  prove  that  the  ^B'C'A'=:~J.  ^ 

AOA'C'« AOCA,  and  AOH'C^ AOCD  ^^^    ^ 
.-.  (i)  .OCA'=^OAC,  and  (.)  .OC'B'= 2^)1,0 

And  ^B'C'A-.OC'A' -  OCB-.OAC  -  'oBc 

=-AC]i=n. 

since  ACB  is  in  a  semicircle 
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ta.!^"nts:  "'"'  '""'  ""  "  '"  '"^'"^^^^'°"  "^  ^-"--  direct 

Cor.  2.  •.•OI)'.On  =  OT.Or.-^^^'    l'I^  =  Ka  OD'^ 

where  R  is  the  radius  of  the  circle  oHnJcLn;^ 

;  .  the  centre  of  a  circle  and  the  centre  of  its  inverse  are  not 

inverse   j)()Mits,  unless  OD-dt    /.         i        ";^'''C  nie  not 

inversion  is  at  00.  '  '''"  ""'"^^  ^''^   ^^'^^'^  ^''" 

Cor.  3.  When  the  circle  to  be  inverted  cuts  the  circle  of 
~n,  us  inverse  cuts  the  circle  ^ 

(256",  Cor.  5) 

261".   77i,or,m.    A  circle  which  passes  through  the  centre 
of  inversion  inverts  into  a  line. 

Let  O  be  the  centre  of  inversion 
and ^S  the  circle  to  be  inverted,  and 
let  V  and  V  be  inverses  of  Q  and  ()'. 
Proof.-  Since 

OP.  00 -(M".  ()()'  =  R2 
.-.  OP:OP'  =  OQ';OQ,  ' 
and  the  trian^dcs  OPP'  and    OO'O  ^j 

are  similar,  and  z.OPP'  =  _0()'()ln    sinro  OOY^   •     • 
semicircle.     And  as  this  is  tr^  howj;^  OP'  b^d?.:,  'l;:> 
;s  a  line  X  to  OP,  the  common  centre-line  of  the  ^ de  L 
inversion  and  the  circle  to  be  inverted.  \  ^/ 

Cor.    I     Since    inversion    is    a    reciprocal    process     th^ 
inverse  of  a  line  is  a  circle  through  the  centre  rf  in 
and  so  situated  that  the  line  is    \    to  th^  "  """ 

line  of  the  two  circles.  '^'  '"'""^""  ^^"^'•^- 

Cor.  2.   Let  I  be  the  circle  of  inversion,  and  let  FT  ind  T>T' 
be  tangents  to  circles  I  and  S  respectively      ThL 

PT^=OP^-OT^=OP^-OP%(^  =  Sp.P;r=PT'^ 
PT=PT',  ■<'     ^  "■   ^ 

.'.  when  a  circle  inverts  into  1  lino  „-;ti.  - 

c.>c,e.  ..e  line  .  ..e  .dical  Xr  r^l'  STd^sr^S 
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and'cuN  ,h!  ''.  "'■■'^'^P''^^*'  "'■•""gh  the  centre  of  inversion 
chord  "'  '"™"'°"'  ''^  '"^-^'^^  i^  ">«-  common 

Cor.  4.  A  centre-line  is  its  own  inverse, 
its  te^e^r  Hn:i.:t  ""^^  ^^  ^"^^^^^°"  ^^  ^  ^^-^^-'^^ 

262°.  A  circle  which  cuts  the  circle  of  inversion  orthogon- 
—  ally  inverts  into  itself. 

Since  circle  S  cuts  circle  I  orthogon- 
ally OT  is  a  tangent  to  S,  and  hence 

OP.OO  =  OT2, 
.-.  P  inverts  into  Q^and  0  into  P,  and 
the  arc  TQV  inverts  into  TPV  and  vice 

q.e.d. 

Cor.  Since  I  cuts  S  orthogonally,  it  is  evident  that  I  inverts 
into  Itself  with  respect  to  S.  '"vens 

263°.  A  circle,  its  inverse,  and  the  circle  of  inversion  have 

tl--       a  common  radical  axis. 

Let  I  be  the  circle  of  inver- 
sion, and  let  the  circle  S'  be 
Q--^_^^     ,  ,  I   ,-  the  inverse  of  S. 

The  tangents  TT' and  VV 
meet  at  O  (260°,  Cor.  i),  and 

the  middle  poini  of  TT'  il  on  \7  T  l""^""'^  P'^'"'"'     ^' 
ifyjiiii  ui   11   is  on  the  radical  ax  s  of  S  nnri  c 

and  the  crcle  with  centre  at  D  and  radius  DT  cms  S  and  S= 

or    o^onaliy.     But  this  circle  also  cuts  circle  I  o^irnaij 

(258  )•     .  .  D  IS  on  the  radical  axes  of  I,  S  and  S' 

radtl'ats  o/Srd^;^  '''""'  "'^'^  -^-'  ^V,  is  on  the 
.tif;:.^r^"  ''.,!-"'•  ^'^'  »--  ^  ^•"-n  radical 


-7    ~,    w...^ 

axis  passing  through  D  and  D'. 


q.e.d. 
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/J.v;/^r^..-This  is  proved  more  simply  In-  supposing  one 

must  cut  the  circle  of  inversion  in  the  same  noints  and  the 
common  chord  is  the  common  radical  axis  ' 

Jof  r::;;;"  "^^^  ^^---ersection  fbllows  fVom  the 


cirl's^s'IoT^•~?'  ""'''  ''  intersection  of  two  lines  or 
ciicles  is  not  changed  in  magnitude  by  inversion. 

A-et  O  be  the  centre  of  in- 
version, and  let  P  be  the  point 
of  intersection  of  two  circles  S 
and    S',   and    Q    its    inverse. 


and 
Similarly 


Take  R  and  T  points  near  P,  o 
and  let  U  and  V  be  their  in- 
verses.    Then 

OU.OR  =  OQ.OP  =  OV.OT  =  R2 
AOQU^AORP, 

^OQU=^ORP  =  ^RPX-^ROP 
^OQV=^TPX-z.TOP, 

lUQV=lRPT~lROT. 
But  at  the  limit  when  R  and  T  come  tn  P  fi.«         i    ,. 
the  chords  RP  .,nri  PT  K  ,  '^^  """^^^  between 

M  c°  n  /  o"^  ^     ^^'°"'^'  '^^  ^"^'^  between  the  circles 

(ii5,Def  I.  io9°,Def.i).    And,  since  ^ROT  then  vanishes 
we  have  ultimately        z.UQV=^RPT  vanishes, 

Therefore  S  and  S',  and  their  inverses  Z  and  Z\  intersect  .t 
the  same  angle.  "' 

Cor.  I.  If  two  circles  or  a  line  and  a  circle  .o„ri, 
another  their  inverses  also  touch  one  another!  " 

Cor.  2  If  a  circle  inverts  into  a  line,  its  centre-lines  invert 
into  circles  havmg  that  line  as  a  common  diameter  F^r 
smce  the  circle  cuts  its  centre-lines  orthogonally,  their  in-' 
lino  "  Z  or.li.^^„ally.     but  tne  centre-line  is  the  only 

line  cutting  a  circle  orthogonally.  ^ 


hV'i 


ii. 
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SYNTHETIC  GKOMETRV. 
EXERCISFS. 


'•''!';:  iLv:rer"''°^^"™''''^-™".'ewi.h.. aspect  .0 

'  "Th„2:„:!  ^^'^-""■"^^°"  °^  ^ «'-"  ci..c,e  ,.,3 ,  „,. 

4.  A  d,Ce  cues  two  ci.Ces  ort./og™.      ''^l^rir"- 
.nto  two  chclcs  and  the,,-  co°n„  onccm  •"  ine      ''''"" 

5.  Three  crcles  cut  each  other  ortho^ona^v       f,'      k    • 

-^..oh„es.the,rh,tersect,o„'ir[Hel':::o^\: 

-05°.    The  two  following  ovTinnI«o  ^        • 

^*viii^  cxciuipJes  are  important 

C.C,:-  .^hfcir:::  it  ::;;,::::arr;  ^^"'■-"--  -"  -^ 

which  connect  concurrently  onClZr,  :,■  ^  ''"""^ 

S   and   S'  are  the 
two  given  circles  and 
'^    a    circle    cutting 
D  them  orthogonally, 
^'ivert    S    and    S' 
and     their    common 
centreline    with    re- 

vvhich  cuts  S  and  S' orthogonally  nnH  h'^^^'     ^°     ""     '^"''^^^ 
point  O  on  Z      S  and  S^T.      V  ''  '^'  "^"^'"^  ^^  some 

centre-line  into  a  chct  th  o"!;  T  ''^"^^^^^^^'  '^^  ^^^-r 
tonally,  /.,  il  ,i"lez  ''  ""  ""'"^  '  ^"^  S' -^ho- 

BB^;^r^'r-:r,::t;^:^^^^^^ 


f 
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T,  and  by  the  ex- 
circle  to  the  side 
^  at  T'.  Take 
CH  =  CAand  CI) 

=  CB,  and  join  DH 
and  HA. 

From  the  sym- 
metry of  the  fig- 
ure it  is  evident 
that    HI)   touches 

of  AB^d  Ac'  '  T,"  'r  .^"  ^  ••'"'  ""  ""=  ">«  '"'"'"<=  PO""s 
or  Ali  and  AC,  and  let  EF  cut  HA  in  G 

From  135°,  Ex.  i,  AT  =  BT'  =  /-^ 

fr'"      X  ET  =  ET'  =  |(.,-'/.). 

But,  smce  EF  bisects  HA,  EG  =  lBU  =  l(a~/;) 

•*•  .  ET  =  ET'  =  EG, 

and  the  cn-cle  with  E  as  centre  and  E(;  as  radius  cuts  I  and 

S  orUaogonally,  and,  with  respect  to  this  circle,  the     r de"  I 

and  S  mvert  into  themselves. 

Now,    PF;HC  =  DF:DC  =  BC-CF:BC, 

^^  2a 


EP  =  EF-PF  =  ^-<^  + 


2a^ 


EP.EF  =  («-^  +  ^'^;.)^  =  ^(„_,).^j,(., 

/.P  inverts  into  F,  and  the  iinc  HD  into  the  circle  through 
t  and  F,  and  by  symmetry,  through  the  middle  point  of  liC 
liiU  this  IS  the  n,ne-points  circle  (116°,  Ex.  6).    And  since 

ihemselves       '      '  '  '"™""  "'  '  ""'  ""'  --  '  ->"  « 

And    similarly,   the  nine-points  circle    touches    the  two 
remaining  excircles.  ™° 


I 
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SECTION  V. 

I 

OF    POLE  AND    POLAR, 
respect  to  the  crcle  of  mversion,  and  the  point  is  the  M^ot 

cen't"if^nii:h?i:;^::r'-'"^^^- 
BuSnoe[ht7ott\:h^,S:ir::ah^ 

to  00  along  any  centre-line  M,l  1  !      ""'™  "^y  S° 

are  polars  of  the  centre     And    '        "'•'  "^'"""^^  "'^'•^f™™ 

there  ,•«;  hnf  .«    r  ^f'^/'^^  at  infinity,  thus  assuming  that 

mere  is  but  one  hne  at  infinity. 

at  S,';  ^i.-'^,''"  ^^^'  °^  ""'^  P"'"'  °"  ">«  <=!'•>:'<=  is  'he  tangent 

Cor.  3.  The  pole  of  any  line  lies  on  that  centre-line  of  .h. 
polar  crcle  which  is  perpendicular  to  the  former!ine 

Cor.  4.  The  pole  of  a  centre-line  of  the  polar  circle  lies 
tZ         "'  ""'"-""^   ""^'^   '^    Pe'-Pen^dicular   to   the 

Cor.  5.  The  angle  between   the  DoInr<;  nf  f,.,« 
e^  to  the  angle  subtended  hy  t^^'^ts'Tt  t^e'Tda: 


OF  POLE  AND   POLAR. 


219 


(266°,  Def.) 


OP    and    OQ    are   centre-lines    of   the    polar    circle    I 
and  PE,  ±  to  00,  is  the  polar  of  Q. 
To  prove  that  QD,  J.  to  OP,  is  the 
polar  of  P. 

Proo/.~The  As  ODQ  and  OEP 
are  similar. 

0E:0P  =  0r3:00, 
and.-.         OE.OO  =  OP.OdI 
But  E  and  Q  are  inverse  points  with 
respect  to  circle  I, 

P  and  D  are  inverse  points, 
^"^  •'•  DQ  is  the  polar  of  P.  ^,^^^ 

/?C/:-Points  so  related  in  position  that  each  lies  upon  the 
polar  of  the  other  are  ^o;iju^a/c'  points,  and  lines  so  related 
that^each  passes  through  the  pole  of  the  other  are  rouju^ate 

Thus  P  and  Q  are  conjugate  points  and  L  and  M  are  con- 
jugate  lines. 

Cor.  I.  If  Q  and,  accordingly,  its  polar  PV  remain  fixed 
while  P  moves  along  PE,  L,  which  is  the  polar  of  P,  will 
rotate  about  Q,  becoming  tangent  to  the  circle  when  P  comes 
to  U  or  V,  and  cutting  the  circle  when  P  passes  without. 

Similarly,  if  Q  moves  along  L,  M  will  rotate  about  the 
point  P. 

Cor.  2.  As  L  will  touch  the  circle  at  U  and  V,  UV  is  the 
chord  of  contact  for  the  point  Q. 

.-.  for  any  point  without  a  circle  its  chord  of  contact  is  its 
polar. 

Cor.  3  For  every  position  of  P  on  the  line  M,  its  polar 
passes  through  O.  ^ 

.-.  coUinear  points  have  their  polars  concurrent,  and  con- 
current hnes  have  their  poles  collinear,  the  point  of  concur- 
rence being  the  pole  of  the  line  of  collinearity 
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Exercises. 

(n)  when  P  goes  to  oo  along  IVI  ; 
(/^)  when  P  goes  to  co  along  OD  ; 
(c)  when  P  moves  along  U  V,  whLt  is  the  locus  of  D  > 
From  any  pomt  on  a  circle  any  number  of  chords  are 

the  point  '  '^'"*  ^'^""  '"  ^''  "''  '^^  ^'-^"^^^"^  ^t 

On  a  tangent  to  a  circle  any  number  of  points  are  taken 
show  that  all  their  polars  with  respect  to  the  circl    pa  s 
through  the  point  of  contact.  ^ 


268\  rW;;..-The  point  of  intersection  of  the  polars  of 
two  pomts  ,s  the  pole  of  the  join  of  the  points. 

^  n^t""^  1^?.  P""^^''  ""^  ^  ^"^  «^  C  P^ss  through  A. 

Then  A  hes  on  the  polar  of  B,  and  therefore  B 

hes   on   the  polar  of  A   (267^      For  similar 

B  •  .  c  reasons  C  lies  on  the  polar  of  A. 

.-.  the  polar  of  A  passes  through  B  and  C  and  is  their  join. 

Cor.  Ut  two  polygons  ABCD...  and  a^c...  be  so  situated 
^  that  a  IS  the  pole  of  AB,  ^  of  BC  c 

of  CD,  etc. 

Then,  since  the  polars  of  a  and  d 
meet  at  B,  B  is  the  pole  of  a^ ; 
smiilarly  C  is  the  pole  of /;^,  etc 

the  venices  of  one  a  JU'^ontsST.!::™:' 
etch  ca!I  '•  '"'  P°'"  ""-^'^  "^'"S  '"«   'ame  in 
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Def.  I.- -Polygons  related  as  in  the  preceding  corollary  are 
polar  reciprocals  to  one  another. 

Def.  2.— When  two  polar  reciprocal  As  become  coincident, 
the  resulting  A  is  self-reciprocal  or  self-conjugaie,  each  vertex 
being  the  pole  of  the  opposite  side. 

Def,  3.— The  centre  of  the  0  with  respect  to  which  a  A  is 
self-reciprocal  is  the  polar  centre  of  the  A,  and  the  0  itself 
is  the  polar  circle  of  the  A 

269°.  The  orthocentre  of  a  triangle  is  its  polar  centre. 

Let  ABC  be  a  self-conjugate  A 
Then  A  is  the  pole  of  BC,  and  B  of  '^^  ^  ^ 

AC,  and  C  of  AB. 

Let  AX,  _L  to  BC,  and  BY,  _L  to 
AC,  meet  in  O.  Then  O  is  the  ortho- 
<^entre.  (88°,  Def.) 

Now,  as  AX  is  ±  to  BC,  and  as  A 
is  the  pole  of  BC,  the  polar  centre 
lies  on  AX.     For  similar  reasons  it 

^'^^  ^^^Y-  (266°,  Cor.  3) 

.*.  O  IS  the  polar  centre  of  the  AABC.  q,e.d. 

Cor.  I.  With  respect  to  the  polar  0  of  the  A,  the  0  on 
AO  as  diameter  inverts  into  a  line  J_  to  AG  (261°).  And  as 
A  and  X  are  inverse  points,  this  line  passes  through  X  ; 
therefore  BC  is  the  inverse  of  the  0  on  OA  as  diameter. 

Similarly,  AC  is  the  inverse  of  the  0  on  OB  as  diameter 
and  AB  of  the  0  on  OC  as  diameter.  ' 

Cor.  2.  As  the  0  on  AO  inverts  into  BC,  the  point  D  is 
inverse  to  itself,  and  is  on  the  polar  0  of  the  A        (256°,  5) 

.'.  OD  is  the  polar  radius  of  the  A 

Cor.  3.  If  O  falls  within  the  A,  it  is  evident  that  the  0  on 
OA  as  diameter  will  not  cut  CB.  In  this  case  the  polar 
centre  is  real  while  the  polar  radius  is  imaginary.  (257°,  Cor.) 

Hence  a  A  which  has  a  real  polar  circle  must  be  obtuse- 
angled. 
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Cor.  4.  The  0  on  BC  as  diameter  passes  through  Y  since 
Y  is  a  ~I- 
But  B  and  Y  are  inverse  points  to  the  polar  0. 
.-.  the  polar  0  cuts  orthogonally  the  0  on  BC  as  diameter. 

Similarly  for  the  circles  on  CA  and  AB.  ^ 

.-.  the  polar  0  of  a  A  cuts  orthogonally  the  circles  having 
the  three  sides  as  diameters. 

Cor.  5.  The^AOZ  =  ^B,z.BOZ=^,andz.OAC=4C-|). 
And  CX  =  OCsinAOZ  =  OCsinB,also  =-^cosC 

where  d  is  the  diameter  of  the  circumcircle  (228°)  to  the 
triangles  AOC  or  BOC  or  AOB  or  ABC,  these  being  all 
equal.  /,,/'o  t       x 

o-    •,    ,  ("^,  Ex.  4) 

Similarly        OA  =  ^cos  A,  OB=rt^cos  B. 

But  OX  =  OCcosB=-./cosBcosC, 

K''=OX.  OA=-^2cosAcosBcosC. 
In  order  that  the  right-hand  member  may  be  +,  one  of  the 
angles  must  be  obtuse. 

Cor.  6.  R2=OC.OZ  =  OC(OC  +  CZ)  =  OC2  +  OC.CZ, 
and  0C= -rt' cos  C,  and  CZ  =  ^  sin  B  =  ^',  (.38°) 

R2  =  ^2(i_sin2c)_^^cosC  "^ 

If  O  is  within  the  triangle,  rt?2<  ^(^2  +  ^2+^2)  ^^^d  R  is 
HTinginary. 


Il    : 


Exercises. 

I.  If  two  triangles  be  polar  reciprocals,  the  inverse  of  a  side 
of  one  passes  through  a  vertex  of  the  other. 

A  right-angled  triangle  has  its  right-angled  vertex  at  the 
centre  of  a  polar  circle.     What  is  its  polar  reciprocal  ? 

In  Fig.  of  269°,  if  the  polar  circle  cuts  CY  produced  in  C 
prove  that  CY  =  YC'.  ' 


2. 
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4.  If  P  be  any  point,  ABC  a  triangle,  and  A'B'C  its  polar 
reciprocal  ^  Ith  respect  to  a  polar  centre  O,  the  per- 
pendiculars  from  O  on  the  joins  PA,  PB  and  PC 
intersect  the  sides  of  A'B'C  collinearly. 

270°.  Theorem.-\i  two  circles  intersect  orthogonally,  the 
end-pomts  of  any  diameter  of  either  are  conjugate  points 
with  respect  to  the  other. 

Let  the  circles  S  and  S' in- 
tersect orthogonally,  and  let 
PQ  be  a  diameter  of  circle  S'. 
Then  P'  is  inverse  to  P,  and 
P'Q  is  ±  to  CP. 

•  •.  P'Q  is  the  polar  of  P  with 
respect  to  circle  S. 

.*.  Q  lies  on  the  polar  of  P,  and  hence  P  lies  on  the  polar 
of  O,  and  P  and  Q  are  conjugate  points  (267°  and   Def). 

Cor.  I.  PQ2=CP2+CQ2-2CP.CP'  (172C2) 

=  CP2+CO=^-2R2 

=  CP2-R2'4.CQ2_R2  =  T2^T'2^ 

where  T  and  T  are  tangents  from  P  and  Q  to  the  circle  S. 

.-.  the  square  on  the  join  of  two  conjugate  points  is  equal 
to  the  sum  of  the  squares  on  the  tangents  from  these  points 
to  the  polar  circle. 

Cor.  2.  If  a  circle  be  orthogonal  to  any  number  of  other 
circles,  the  end-points  of  any  diameter  of  the  t^rst  are  conju- 
gate  points  with  respect  to  all  the  others.  And  when  two 
points  are  conjugate  to  a  number  of  circles  the  polars  of  either 
point  with  respect  to  all  the  circles  pass  through  the  other 
point. 

271'.  Theorem.-^h^  distances  of  any  two  points  from  a 
polar  centre  are  proportional  to  the  distances  of  each  point 
from  the  polar  of  the  other  with  respect  to  that  centre. 

(Salmon) 
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NN'  is  the  polar  of  P  and  MM'  is  the  polar  of  Q.     Then 

PO:QO  =  PM:ON. 

Profl/.~LQi  O///  be  ||  to   MM' 
and  O// bell  to  NN'.     Then 
OP'.  OP  =  OQ'.OQ 
OP^OQ'^Mw 
OQ     OP'     N//* 
Put  the  triangles  OPw  and  OQ// 
are  similar, 

OQ     On      Nn 

^Pw+  Mw_PM 

(>+N;/~ON*    ^•''•'^• 
Cor.  I.  A,  B  are  any  two  points  and  L  and  M  their  polars 
and.P  the  ponit  of  contact  of  any  tangent  N.  ' 

AX  and  BY  are  ±  upon  N,  and  PH  and  PK  are  ±  upon  L 
and  M  respectively.     Then 

|;^=!^and^X^AO 
PK      R  PH      R' 

BY.AX_AO.BO     , 

PK7ph K^ "   ^  '  ^  constant, 

AX.BY  =  >('.PH.PK. 
If  A  and  B  are  on  the  circle,  L  and  M  become  tangents 
havmg  A  and  B  as  points  of  contact,  and  AO--BO  =  R 

AX.BY  =  PH.PK.  (See  211°,  Ex.  I) 

Exercises. 


;ir 


r.  If  P  and  Q  be  the  end-points  of  any  diameter  of  the  poh 
circle  of  the  AABC,  the  chords  of  contact  of  the  point 
P  with  respect  to  the  circles  on  AB,  BC,  and  CA  as 
diameters  all  pass  through  O. 

2.  Two  polar  reciprocal  triangles'  have  their  corresponding 
vertices  joined.  Of  what  points  are  these  joins  the 
polars } 
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3.  A,  \\,  C  are  the  vertices  of  a  triangle  and  L,  M,  N  the 

corresponding  sides  of  its  reciprocal  polar.     If  T  be  a 
tangent  at  any  point  P,  and  AT  is  J_  to  T,  etc., 
AT.BT.  CT _ AO .  BO .  C0_ 
PL .  P M  .  I'N  R3  ^  constant. 

If  A,  \^^  C  are  on  the  circle, 

AT.BT.CT  =  PL.PM.PN. 

4.  In  Ex.  3,  if  A',  B',  C  be  the  vertices  of  the  polar  reciprocal, 

A'T .  B'T.  C'T^ A^OJJ'O .  CO 
AT.BT.CT  R-J 

The  right-hand  expression  is  independent  of  the  position 
ofT. 

5.  If  ABC,  A'B'C  be  polar  reciprocal  triangles  whose  sides 

are  respectively  L,  M,  N  and  L',  M',  N',  and  if  AM'  is 
the  ±  from  A  to  M',  etc., 

AM'.  BN'.  CL'  =  AN'.  BL'.  CM', 
and         A'M.B'N.C'L  =  A'N.B'L.C'M. 

272°.   Zy/^^r^w.— Triangles  which  are  polar  reciprocals  to 
one  another  are  in  perspective.  ^p- 

Let  ABC  and  A'B'C  be  polar  recipro- 
cals.    Let  AP,  AP'  be  perpendiculars  on  ^K^-..^^~\ — ^B 
.  A'B'  and  A'C,  BQ  and  BQ'  be  perpen- 
diculars on  E'C  and  B'A',  etc. 

Then  (271°)  ^=^,   I^Q'=I^O 

^  '    ^  BQ     BO'    CR     CO'        ' 
AP'.  BQ'.  CR'_ 
AP.BQ.CR     ^' 
But     AP'  =  AA'sinAA'F,   AP  =  AA'sin  AA'P', 

AP'^sinAA'P' 
AP     sin  AA'P' 
and  similarly  for  the  other  ratios.     Hence  AA',  BB',  CC 
divide  the  angles  at  A,  B,  and  C,  so  as  to  fulfil  the  criterion 
of  251°. 

.'.  A  A',  BB',  and  CC  are  concurrent,  ai 


in  perspective. 


igl( 


are 


P 


(254°,  Cor.  2) 


t'J  s 
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SI'CTION    VI. 

<>!■   TIIK    KAUICAI,  AXIS. 

<cmrflino-^„r'r  '^'"  'i'"^  l'^''l'<-'^"li"'la,-    i„    the    common 

cm  c-    ,c  of    wo  cnclcs,   and  <liviclin.,   ,l,c  <|i.to„,e    be- 

»ecn   ihc   centres   nUo  pan.   such  that  the  diflcrcnce  «r 

'I.e.-  «,„a,cs  ,s  c,,ual  to  the  ,ii,rc,cncc  of  the  squares  ™, he 

<o."e.n,n,ous  radii,  is  Ihc  nulical  axis  of  Ihc  t«„  circles 

se^i'  l'in.Tl',r'  T;,^"-^'':^  ""^'■■^^".  "H'ir  radical  axis  is  the 
secant  Imc  llirongh  the  points  of  intersection. 

Cor,  3.  When  two  circles  tonch,  their  radical  axis  is  the 
romn.on  tangent  at  their  point  of  contact. 

for.  3.  When  two  circles  ,,rc  nuitnally  exclusive  without 
■ontact,  their  radical  axis  lies  between  them. 

Cor  4.  \\hen  two  circles  are  equal  and  concentrie  their 

m'-  If  several  circles  pass  throush  the  same  two  points 
they  form  a  co-axal  system,  ^      " 

-..is"of  Tn°'tr°'''  •'\""  'r  ""™'''=''  ""^  P°'"'^  i^  "'«  ■■••"iical 

:::ilL:;:^:,-™s;:nr"-^'""'''^''--'-^« 
con;;:Lt^:rci:r  "^^  -^  "^^  ~ /-.>.../..., 

I^ct  a  system  of  c-.A-drdes  S   S     q 

~M>oin,sPa,;^aandifi^'b;r:i;Sc::;: 

Then  the  centres  of  all  the  circle,  of  the  r^-svsfom  r 
L   and    hnv^^    tvt'at   r      .l  •  '•/'•-s\stcm  lie 

1-   and   ha^e    MAI   for   then-    common    radical    axis. 


on 


or 
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Ilenrc  from  any  point  C  in    M'M  the  tangents  to  ill  rho 
cnclcs  are  equal  to  one  another.  ^  '"    ^'^.^ 


Let  CT  be  one  of  these  tangents.     The  cirrlp  7  -  M,  r 
centre  Tnrl  m^  ^„      j-  <>^"i3.      i  iic  cncie  /.  v»itn  C  as 

sirs  s^r  Metres  ';;%^-''-^^^'-'^--«>-. 

with  cen.es  l,i„,  on  M'M  suet  ft 'eL^' one    r.h^sS: 
c..^  orthogonally  every  one  of  ,1k  ../.-circles.  ' 

bmce  the  centre  of  any  circle  of  this  new  system  is  oblaineH 
by  drawng  a  tangent  fron,  any  one  of  the  circTs  as  S    of 
the  ..A-speces,  ,o  meet  M.M',  it  follows  that  .o  drdc  of  thts 
new  systetn  can  have  its  centre  lying  between  P  and  Q     A 
r  approaches  P  the  dependent  circle  Z  contract    nmn'it  be 
comes  the  po  nt-circlo  P  «,h«..  -r  ^  °^" 

Hence  P  Zn         r  '°"'''  '°  coincidence  with  P. 

Mcnce  1    and  O  are  hm.tmg  forms   of  the  circles  havin- 

c  lied  I     v'"  f .  '^  '^"  '"^'"^   ^>'^^^"^    ^^^   consequently 
called  /w^^r^;^.r^,,,,^  ,,>,;,,^  contracted  to  /./.-circles 

From  the  way  in  which  //.-circles  are  obtained  we'see  that 
from  any  pomt  on  L'L  tangents  to  circles  of  the  /./-system 

T:  tT^^'  "^r^  ^^'^^  L'L  is  the  radical  axis     f  th" 
/./.-circles.     Thus  the  two  systems  of  circles 


i^ 


'  .F^^ 


P 


have  their  radi- 


*:i 
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Cell  axes  perpendicular,  and  every  circle  of  one  system  cuts 
every  circle  of  the  other  system  orthogonally. 

Hence  P  and  Q  are  inverse  points  with  respect  to  every 
circle  of  the  /./.-system,  and  with  respect  to  any  circle  of 
either  system  all  the  circles  of  the  other  system  invert  into 
themselves. 

If  P  and  Q  approach  L,  the  <r./.-circles  separate  and  the 
/./>.-c[rdes  approach,  and  when  P  and  Q  coincide  at  L  the 
circles  of  both  species  pass  through  a  common  point,  and  the 
two  radical  axes  become  the  common  tangents  to  the  respec- 
tive systems. 

If  this  change  is  continued  in  the  same  direction,  P  and  Q 
become  imaginary,  and  two  new  limiting  points  appear  on 
the  line  L'L,  so  that  the  former  /^.-circles  become  r./>. -circles, 
and  the  former  ^./.-circles  become  /./.-circles. 

Thus,  in  the  systems  under  consideration,  two  limiting 
points  are  always  real  and  two  imaginary,  except  when  they 
all  become  real  by  becoming  coincident  at  L. 

Cor.  I.  As  the  r./.-circles  and  the  /^.-circles  cut  each  other 
orthogonally,  the  end-points  of  a  diameter  of  any  circle  of  one 
species  are  conjugate  points  with  respect  to  every  circle  of 
the  other  species.  But  a  circle  of  either  species  may  be  found 
to  pass  through  any  given  point  (259°,  Ex.  5).  .-.  the  polars 
of  a  given  point  with  respect  to  all  the  circles  of  either  species 
are  concurrent. 

Cor.  2.  Conversely,  if  the  polars  of  a  variable  point  P  with 
respect  to  three  circles  are  concurrent,  the  locus  of  the  point 
IS  a  circle  which  cuts  them  all  orthogonally. 

For  let  Q  be  the  point  of  concurrence.  Then  P  and  O  are 
conjugate  points  with  respect  to  each  of  the  circles.  H^nce 
the  circle  on  PQ  as  diameter  cuts  each  of  the  circles  ortho- 
gonally. ^^^^.^ 

Cor.  3.  If  a  system  of  circles  is  cut  orthogonally  by  two 
circles,  the  system  is  co-axal. 
For  the  centres  of  the  cutting  circles  must  be  on  the  radical 
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axis  of  all  of  the  other  circles  taken  in  pairs  ;  therefore  they 
have  a  common  radical  axis. 

Cor.  4.  If  two  circles  cut  two  other  circles  orthogonally,  the 
common  centre-line  of  either  pair  is  the  radical  axis  of  the 
other  pair. 

Cor.  5.  Two /^.-circles  being  given,  a  circle  of  any  required 
magnitude  can  be  found  co-axal  with  them.     But  if  the  circles 
be  of  the  ^./.-species  no  circle  can  be  co-axal  with  them  whose 
.diameter  is  less  than  the  distance  between  the  points. 

Exercises. 

1.  Given  two  circles  of  the  /^.-species  to  find  a  circle  with  a 

given  radius  to  be  co-axal  with  them. 

2.  Given  two  circles  of  either  species  to  find  a  circle  to  pass 

through  a  given  point  and  be  co-axal  with  them. 

3.  To  find  a  point  upon  a  given  line  or  circle  such  that  tan- 

gents from  it  to  a  given  circle  may  be  equal  to  its 
distance  from  a  given  point. 

4.  To  find  a  point  whose  distances  from  two  fixed  points  may 

be  equal  to  tangents  from  it  to  two  fixed  circles. 

275°.  Theorem.~T\,^  difference  of  the  squares  on  the  tan- 
gents from  any  point  to  two  circles  is  equal  to  twice  the 
rectangle  on  the  distance  between  the  centres  of  the  circles 
and  the  distance  of  the  point  from  their  radical  axis. 

Let  P  be  the  point,  S  and 
S'  the  circles, 
radical  axis, 
to  AB. 
PX2-  PT'^ 


wher 
and  S' 


=  PA2-PB2 


e  r,  r  are 


But,  273°,  Def. 


^^ 


Uh 
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=AB(AQ-QB)-AIi(AI-IB) 
This  relation  is  fundanTenfafin'SrZy'f '.he  radica/axt 

4:nuare;Uat/:hf;p7;'::;r;,  ^"r-  -'  '"^ 

tangents  are  not  equal  '  ™  *''"  '^^"^^  ^^'^  ">e 

two  2c  J''  "'"''  '""  ''^^"^  ^"  ~'""-  'Agents  to  the 

Cor.  3.  If  p  lies  on  the  circle  S',  PT'=o  and 

PT''= 2AB.pl,       ' 

— ;r ,: :  rie!  TZTr '-'  r -'  °"  °-  ^^^^'^  - 

radical  axis  of  the  ctdes.  '"''  "'  '"^  ?<""'  f™'"  *« 

anaroi  "w'th  ;t*  ""'pVi^AC tL^"  ""^'"^  "'^°"^''  " 
Now,  if  P  could  .an,^.„e  leav.  th.  circle  we  would  have 

where  PT"  is  the  tangent  from  P  ,0  'the  circle  S" 
••  PT2=P-P-PT"2 

which  IS  impossible  unless  PT"=o 

on":rantV;rln^  "''"'  ^^  "^^^  ^^-  ^^e  square 

radicaUxisorthis^^^::::^;;:;^:;^ 'feline  is  the 

"""  '•  '^T'^^'iT'^'T'  ''\T  '  ''  ^  --^-^-     Then 


PT2^ 


2AB. PL 


1) 


As  PTJ  varies  as  PL,  P  lies  on  a  circle  co-axal  with  S  and  S' 
circles  are  in  a  constant  ratio  is  a  circle  co-axa!  with  the  tuo 


II    i 
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4. 


Exercises. 
In  Cor.  5  what  is  the  position  of  the  locus  for /&=o  y&=xT 

>^=>  I, /['negative.?  '         ' 

What  is  the  locus  of  a  point  whose  distances  from  two 

fixed  points  are  in  a  constant  ratio  ? 
P  and  Q  are  inverse  points  to  the  circle  I,  and  a  line 

through  P  cuts  circle  I  in  A  and  B.     PQ  is  the  internal 

or  external  bisector  of  the  lAQII,  according  as  P  is 

within  or  without  the  circle. 
P,  Q  are  the  limiting  points  of  the  /^-circles  S  and  S',  and 

a  tangent  to  S'  at  T  cuts  S      a  r 

in  A  and  B.  -*==-^b 

Then,  considering  P  as  a 
point-circle,  tangents  from 
any  point  on  S  to  P  and  S' 
are  in  a  constant  ratio. 

.-.  AP:AT  =  BP:BT,  and   PT  is  the  external  bi- 
sector of  ^APB.     If  S'  were  enclosed  by  S,  BT  would 
be  an  internal  bisector. 
5.  The  points  of  contact  of  a  common  tangent  to  two  /./.- 
circles  subtend  a  right  angle  at  either  limiting  point.    * 

276°.  T/ieorem.~The  radical  axes  of  three  circles  taken  in 
pairs  are  concurrent. 

Let  Si,  S^,  S3  denote  the  circles,  and  let  L  be  the  radical 
axis  of  Si  and  S^,  M  of  S,  and  S3,  and  N  of  S3  and  S^. 

L  and  M  meet  at  some  point  O,  from  which  OTi  =  OT., 
and  OT2=OT3,  where  OT^  is  the  tangent  from  O  to  S^,  etc.,"' 
0Ti  =  0T3,  andOison  N, 
.'.     L,  M,  and  N  are  concurrent  at  O. 

De/.—The  point  of  concurrence  of  the  three  radical  axes  of 
three  circles  taken  in  pairs  is  called  the  ra^ica/  centre  of  the 
circles. 

n^r^l'.  !r  ^^  ^"  ^'  ''"'.^  """?  ^^  ^  ^^''"^  ''"'^^^  ^'  t^^e  common 
^u  2  and  S2,  Z  intersect  on  the  radical 


t  • 


\r^ 


and  S, 


cis  of  S, 
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Hence  to  find  the  radical  tvI<=  «f  * 

-S.  draw  any  two  cwJz",lZT,T  ""'"  '' '""' 
The  chords  S,   Z  and  S    ?  '  ^  ""*  Siven  circles. 

-  .he  Chords  s:t^ndi!'z: -:::irj:- f  ^-'  -'^ 
coSi^-cLtr:;t:r::r'--Ssi^'v^- 

_  l^ee  249  ,  Ex.  I.) 

»-or.  3.  If  a  cn-cle  touches  two  othf»r«  fi.^  * 
points  of  contact  .eet  upon  the^tr^^^S™"  ''^ 

is  ^tVeir'raditf;,™;:  f-^'--. -*ogonaIly,  its  centre 
the  radical  centre  to  Tny  o„"e  of  "hi""  '^  ''^  '='"^^"'  ^-" 

ber'^^of  c^irder^'Tht  IV^'Tr  ™-^^^''  ^^  ""- 
hence  they  have  n'o  define  , a  calcentr  ar'"'"""-^' """ 
.He^~,  radical  a.s  of  the^C rrjsTS 

anXthT:^:,  ti:;:et:irntc-s  ir  :r  z 

no  tangent  can  be  drawn  from  thp  r^^      1  ^         ^^'  ^""^ 

of  the  circles      Tn  tht.  u  ^'^'''^^  ''^"^^^  ^o  any  one 

-.n4ti-e::;r::tr:::s^^^^^^^^ 

tices  of  a'^Arthr'''"'  '"'''  """  "^^  "^^^^  f™"  'he  ver- 

A  n  J  ^  ^^^^^^  ^hese  lines  as 
R  z           B  diameters. 

ABC  is  a  A  and  O  its  ortho- 
centre,  and  AP,  BQ,  CR  are  lines 
trom  the  vertices  to  the  opposite 
sides. 

^BXA  =  --|, 

passes  through  x;  and  OX  .'o\  tell  to  ttr    "    '"""^^^ 
tangent  from  O  to  the  circle  on  Ap'  '''  "^"'"  "^  ^^^ 
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Similarly  O Y .  OB  is  the  square  of  the  tangent  from  O  to 
the  circle  on  BQ  as  diameter,  and  similarly  for  OZ.OC 
But  as  O  IS  the  polar  centre  of  AABC,  (26Q<'^ 

OX.OA  =  OY.OB  =  OZ.OC 
.-.the  tangents  from  O  to  the  three  circles  on  AP,  BQ,  and 
CR  are  equal,  and  O  is  their  radical  centre.  ^.^.,/. 

Cor.  I.  Let  P,  Q,  R  be  collinear. 

Then  the  polar  centre  of  AABC  is  the  radical  centre  of 
circles  on  AP,  BQ,  and  CR  as  diameters. 

Agam,  in  the  AAQR  AP,  QB,  and  RC  are  lines  from  the 
vertices  to  the  opposite  sides. 

.-.the  polar  centre  of  AAQR  is  the  radical  centre  of  circles 
on  AP,  BQ,  and  CR  as  diameters. 

Similarly  the  polar  centres  of  the  As  BPR  and  CPO  are 
radical  centres  to  the  same  three  circles. 

But  these  As  have  not  a  common  polar  centre,  as  is  readily 
seen.  Hence  the  same  three  circles  have  tour  different 
radical  centres.  And  this  is  possible  only  when  the  circles 
are  co-axal.  /  ..^o  ^ 

.   fi,      •    1  .  (276°,  Cor.  5) 

.  .  the  circles  on  AP,  BQ,  and  CR  are  co-axal. 

.-.  if  any  three  collinear  points  upon  the  sides  of  a  A  be 
joined  with  the  opposite  vertices,  the  circles  on  these  joins  as 
diameters  are  co-axal. 

Cor  2.  Since  ARPC  is  a  quadrangle  or  tetragram  (247°, 
Def.  2),  and  AP,  BQ,  CR  are  its  three  diagonals, 

.-.  the  circles  on  the  three  diagonals  of  any  quadrangle  are 
co-axal.  ° 

Cor.  3.  The  middle  points  of  AP,  BQ,  and  CR  are  col- 
hnear.  But  ARPC  is  a  quadrangle  of  which  AP  and  CR  are 
niternal  diagonals,  and  BQ  the  external  diagonal. 

.-.the  middle  points  of  the  diagonals  of  a  complete  quad- 
rangle, or  tetragram,  are  collinear.  (See  248°,  Ex.  2) 

Con  4.  The  four  polar  centres  of  the  four  triangles  deter- 
mined by  the  sides  of  a  tetragram  taken  in  threes  are  collinear 
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and  lie  upon  the  common  radical  axis  of  the  three  circles 
having  the  diagonals  of  the  tetragram  as  diameters. 

278°.   77/mr/,/._In  general  a  system  of  co-axal  circles 
inverts  into  a  co-axal  system  of  the  same  species. 

(i.)  Let  the  circles  be  of  the  r./.-species 
The  common  points  become  two  points'  by  inversion,  and 
he  mverses  of  all  the  circles  pass  through  them.     Therefore 
the  inverted  system  is  one  of  ^./.-circles. 

Cor.  I.  The  axis  of  the  system  (LL'  of  Fig.  to  274^)  inverts 
into  a  circle  through  the  centre  of  inversion  (261°,  Cor.  i),  and 
as  all  the  inverted  circles  cut  this  orthogonally,  the  axis  of 
the  system  and  the  two  common  points  invert  into  a  circle 
through  the  centre  and  a  pair  of  inverse  points  to  it. 

,  (258°,  Conv.) 

Cor.  2.  If  one  of  the  common  points  be  taken  as  the  centre 
of  inversion,  its  inverse  is  at  00 . 

The  axis  of  the  system  then  inverts  into  a  circle  through 
the  centre  of  inversion,  and  having  the  inverse  of  the  other 
common  point  as  its  centre,  and  all  the  circles  of  the  system 
invert  into  centre-lines  to  this  circle.  • 

(2.)  Let  the  circles  be  of  the  /^.-species 

Let  the  circles  S  and  S'  pass  through  ihe  limiting  points 
and  be  thus  ^./.-circles.  ^ 

Generally  S  and  S'  invert  into  circles  which  cut  the  in- 
verses of  all  the  other  circles  orthogonally.  (26,°) 

.;.  the  intersections  of  the  inverses  of  S  and  S'  are  limiting 
points,  and  the  inverted  system  is  of  the  /./.-species. 

Cor.  3.  The  axis  of  the  system  (MM'  of  Fig.  to  274°)  be- 
comes a  circle  through  the  centre  and  passing  through  the 
imitmg  points  of  the  inverted  system,  thus  becoming  one  of 
the  f./.-circles  of  the  system. 

Cor.  4.  If  one  of  the  limiting  points  be  made  the  centre  of 
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inversion,  the  circles  S  and  S'  become  centre-lines,  and  the 
/./.-circles  become  concentric  circles. 

Hence  concentric  circles  are  co-axal,  their  radical  axis 
bemgatoo. 


Exercises. 

1.  What  does  the  radical  axis  of  (i,  278)  become.? 

2.  What  does  the  radical  axis  of  (2,  278')  become.? 

3.  How  would  you  invert  a  system  of  concentric  circles  into 

a  common  system  of  /^.-circles  ? 

4.  How  would  you  invert  a  pencil  of  rays  into  a  system  of 

^./.-circles. 
5-  The  circles  of  277°  are  common  point  circles. 

279°.  rheorem.—kny  two    circles    can  be  inverted  into 
equal  circles. 

Let  S,  S'  be  the  circles 
having  radii  r  and  r',  and 
let  C,  C  be  the  equal 
circles  into  which  S  and 
S'  are  to  be  inverted ;  and 
let  the  common  radius  be  p. 
Then  PP  =  /'=OP.OQ 
OQ    r        0(22    • 

Similarly,      P^OP^OQ' 
^'     r'       OQ'2    • 

But,  since  P  and  Q  and  also  P'  and  Q'  are  Tnverse  points 
OP.OQ  =  OP'.OQ', 

OQ2     r 

QQ,,=^  =  a  constant, 

and  (275°,  Cor.  5)  O  lies  on  a  circle  co-axal  with  S  and  S' 
And  vyith  any  point  on  this  circle  as  a  centre  of  inversion  S 
and  S  mvert  into  equal  circles. 

Cor.  I.  Any  three  non-co-axal  circles  can  be  inverted  into 
equal  circles. 
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o^nL      II  T^""!  ""?  '''  ^''  ^''  ^'^"^  ^''  ^  ^^""^^  ^he  locus 
of  O  for  which  S  and  S'  invert  into  equal  circles,  and  Z'  the 

locus  of  O  for  wh.ch  S  and  S"  invert  into  equal  circles.  Then 
^  and  Z  are  circles  of  which  Z  is  co-axal  with  S  and  S',  and 
2  IS  co-axal  with  S  and  S".  And,  as  S,  S',  and  S";ire  not 
co-axal,  Z  and  Z'  intersect  in  two  points,  with  either  of  which 
as  centre  of  inversion  the  three  given  circles  can  be  inverted 
into  equal  circles. 

Cor  2.  If  S,  S',  and  S"  be  /^-circles,  Z  and  Z'  being 
co-axal  with  them  cannot  intersect,  and  no  centre  exists  with 
which  the  three  given  circles  can  be  inverted  into  equal  circles. 

But  If  S,  S'  and  S"  be  ./.-circles,  Z  and  Z'  intersect  in  the 
common  points,  and  the  given  circles  invert  into  centre-lines 
of  the  circle  of  inversion,  and  having  each  an  infinite  radius 
these  circles  may  be  considered  as  being  equal.  (278^  Cor.  2) 

Cor.  3.  In:  general  a  circle  can  readily  be  found  to  touch 
three  equal  circles.  Hence  by  inverting  a  system  of  three 
circles  into  equal  circles,  drawing  a  circle  to  touch  the  three 

gllen  drde"""'"'  "'  '"'""  ^""^^  "'^^^  ^^^^^  ^^- 

280°.  Let  the  circles  S  and  S;,  with  centres  A  and  B  and 

radii  r  and  r,  be  cut 
by  the  circle  Z  with 
centre  at  O  and  radius 
OP  =  R.  Let  NLbe 
the  radical  axis  of  S 
and  S'. 

Since  AP  is  J.  to 
the  tangent  at  P  to 
the  circle  S,  and  OP 
is  _L  to  the   tangent 

the  ^P0  =  ^  is  .he  ande  o-  i---r  ^'/  '^  '^  "''''''  ^' 
-3  -ic  cin^ie  Ox  hucrbection  of  the  circles  S 
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and  Z  (115°,  Def.  i).     Similarly  BQO  =  0  is  the  angle  of 
intersection  of  the  circles  S'  and  Z.     Now 

PP'  =  2rcos^  =  R-OP', 
and  QQ'  =  2/cos0  =  R-OQ', 

OF-OQ'  =  2(r'cos0-rcos^). 
But  R.0P'-R.0Q'  =  0'P-0T'2    (where   OT  is  the 

tangent  from  O  to  S,  etc.)  =2AB .  OL,  (275") 

AB 


R  = 


OL. 


r'cos^-rcos^ 
Cor.  I.  When  6  and  0  are  constant,  R  varies  as  OL. 
.'.  a  variable   circle  which  cuts  two   circles   at   constant 

angles  has  its  radius  varying  as  the  distance  of  its  centre  from 

the  radical  axis  of  the  circles. 

Cor.  2.  Under  the  conditions  of  Cor.  i  ON  varies  as  OL, 


and  .' 


OL  . 


ON 


IS  constant. 


.*.  a  variable  circle  which  cuts  two  circles  at  a  constant 
angle  cuts  their  radical  axis  at  a  constant  angle. 

Cor.  3.  When  OL  =  o,  ^cos0  =  rcos^, 
^^^  r :  /  =  cos  0  :  cos  6. 

.-.a  circle  with  its  centre  on  the  radical  axis  of  two  other 
circles  cuts  them  at  angles  whose  cosines  are  inversely  as  the 
radii  of  the  circles. 

Cor.  4.  If  circle  Z  touches  S  and  S',  d  and  0  are  both  zero 
or  both  equal  to  tt,  or  one  is  zero  and  the  other  is  t. 

.-.  when  Z  touches  S  and  S',  R-^^^^  .  OL,  where  the 
variation  in  sign  gives  the  four  possible  varieties  of  contact. 
Cor.  5.  When  ^  =  0=|.  Z  cuts  S  and  S'  orthogonally,  and 

OL=o,  and  the  centre  of  the  cutting  circle  is  on  the  radical 
axis  of  the  two. 
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SECTION   VII. 

CENTRE    AND    AXES    OF    SIMILITUDE    OR 

PERSPECTIVE. 

given  in  Art.  254  .     We  here  propose  to  extend  these  reh- 
tions  to  the  polygon  and  the  circle. 


281 

B 


Let  O,  any  point,  be  connected  ^vith  the  vertices  A, 

">  C,  ...  of  a  polygon,  and  on 
OA,  OB,  OC,  ...  let  points  a,  d, 
^,  ...  be  taken  so  that 

OA  ;  Or?  =  OB  :  0^=0C  :  O^... 
and 

OA:0^'=OB:0^'=OC:0^'... 
Then,  since  OAB  is  a  A  and  a/, 
is  so  drawn  as  to  divide  the  sides 
proportionally  in  the  ?ame  order, 
•••  al?  is  II  to  AB.       (202°,  Conv.) 
Similarly, 
^^islltoBC,      rrt'toCD,  etc., 
^V'islltoBC,    ^V  to  CD,  etc.,' 
AOAB  ^AOad^^Oa'd', 
A0BC^A0^6'^A0^V',  . 
.-.the  polygons  ABC...,  abc...,  and  a'l^'c'.,.  are  all  similar 
and  have  their  homologous  sides  parallel. 

/^./.-The  polygons  ABCD...  and  abed...  are  said  to  be 
similarly  placed,  and  O  is  their  .^/.r;/^/ centre  of  similitude  • 
whde  the  polygons  ABCD...  and  a'l/c'd'...  are  oppositely 
placed,  and  O  is  their  hifenial  centre  of  similitude 

Hence,  when  the  lines  joining  any  point  to  the  vertices  of 
a  polygon  are  all  divided  in  the  same  manner  and  in  the 
same  order,  the  points  of  division  are  the  vertices  of  a  second 


similarly, 
and 
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polygon  similar  to  the  original,  and    so    placed  that  the 
homologous  .,des  of  the  two  polygons  are  parallel. 


thT'l:  ^^'^*'"  "™  ''""^''  P°'>S°"^  ««  ^o  Pl'-'ced  as  to  have 
he,r  homologous  sides  parallel,  they  are  in  perspective  and 

Let  ABCD..,  akvf...  be  the  polygons 
Since  they  are  similar,  AB  :  al,=  hC  :  /..=  CD  : .,/      (.07=^ 
and  by  hypothesis  AB  is  ||  to  a^,  BC  to  /,,,  etc.  '^  ^' 

Let  Aa  and  Bd  meet  at  some  point  O. 
Then  OAB  is  a  A  and  a/;  is  !|  to  AB. 
PB^AB_BC__  , 

/.^C.  passes  through  O,  and  similarly  D./ passes  through  O, 

By  writing  a'd'c'...  for  adc...  the  theorem  is  proved  for  the 
polygon  .'^VV'.  which  is  oppositely  placed  to  ABCD.. 

fir-Zr'J^  ^\^f   ^^^'  "''''  '"'   "^'  ^^==^^^'  '-^"^^   hence 
^^-iiC,  etc.,  and  the  polygons  are  congruent. 

Cor.  2.  The  joins  of  any  two  corresponding  vertices  as  A, 
^;^,c;  a,  c  are  evidently  homologous  lines  in  the  polygons 
and  are  parallel.  ^    ^^ 

Similarly  any  line  through  the  centre  O,  as  XxOx'  is 
homologous  for  the  polygons  and  divides  them  similarly. 

283°.  Let  the  polygon  ABCD...  have  its  sides  indefinitely 
fZw,  «^?  """^''  '"^  diminished  in  length.  Its  limiting 
torn    (148  )  ,s  some  curve  upon  which  its  vertices  lie     A 

also  of  T"r"  '^'  ^'""'"^  '"■"  °^  ^'^  P°^>«^""^  -^-••-  «s 
also  of  «  ^  .,/...,  smce  every  corresponding  pair  of  limiting  or 
vanishing  elements  are  similnn 

Hence  if  two  points  en  a  variable  radius  vector  have  the 
ratio  of  their  distances  from  the  pole  constant,  the  loci  of  the 
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points  are  similar  curves  in  perspective,  and  having  the  pole 
as  a  centre  of  perspective  or  similitude. 

Cor.  I.  In  the  limiting  form  of  the  polygons,  the  line  DC 
becomes  a  tangent  at  13,  and  the  line  be  becomes  a  tangent  at 
A     And  similarly  for  the  line  be'. 

.'.  the  tangents  at  homologous  points  on  any  two  curves  in 
perspective  are  parallel. 

284°.  Since  a^rrf...  and  a'b'c'd',..  are  both  in  perspective  with 
ABCD...  and  similar  to  it,  we  see  that  two  similar  polygons 
may  be  placed  in  two  different  relative  positions  so  as  to  be 
in  perspective,  that  is,  they  may  be  similarly  placed  or  oppo- 
sitely placed. 

In  a  regular  polygon  of  an  even  number  of  sides  no  dis- 
tinction can  be  made  between  these  two  positions  ;  or,  two 
similar  regular  polygons  are  both  similarly  and  oppositely 
placed  at  the  same  time  when  so  placed  as  to  be  in  per- 
spective. 

Hence  two  regular  polygons  of  an  even  number  of  sides 
and  of  the  same  species,  when  so  placed  as  to  have  their  sides 
respectively  parallel,  have  two  centres  of  perspective,  one  due 
to  the  polygons  being  similarly  placed,  the  external  centre  ; 
and  the  other  due  to  the  polygons  ^eing  oppositely  placed' 
the  internal  centre. 

Cor.  Since  the  limiting  form  of  a  regular  polygon  is  a  circle 
(148^),  two  circles  are  always  similarly  and  oppositely  placed 
at  the  same  time,  and  accordingly  have  always  two  centres  of 
perspective  or  similitude. 

285°.  Let  S  and  S'  be  two  circles  with  centres  C,  C  and 
radii  ;-,  r'  respectively,  and  let  O  and  O'  be  their  centres  of 
perspective  or  similitude. 

Let  a  secant  line  through  O  cut  S  in  X  and  Y,and  S'  in  X' 
and  Y'. 
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Then  O  is  the  centre  of  similitude  due  to  considering  the 


circles  S  and  S'  as  being 
similarly  placed. 

Hence  X  and  X',  as  also 
Y  and  Y',  are  homologous 
points,  and  (283°,  Cor.  1) 
the  tangents  at  X  and  X' 
are  parallel.  So  also  the 
tangents  at  Y  and  Y'  are 
parallel. 

Again  O'  is  the  centre 
of  similitude  due  to  con- 
sidering the  circles  as 
being  oppositely  placed, 
and  for  this  centre  Z  and  Y'  as  also  U  and  U'  are  homologous 
pomts  ;  and  tangents  at  Y'  and  Z  are  parallel,  and  so  also 
are  tangents  at  U  and  U'. 

Hence  YZ  is  a  diameter  of  the  circle  S  and  is  parallel  to 
Y'Z'  a  diameter  of  the  circle  S'. 

Hence  to  find  the  centres  of  similitude  of  two  given 
circles  :— Draw  parallel  diameters,  .one  to  each  circle,  and 
connect  their  end-points  directly  and  transversely.  The 
direct  connector  cuts  the  common  centre-line  in  the  external 
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centre  of  similitude,  and  the  transverse  connector  cuts  it  in 
the  internal  centre  of  similitude. 


!    i 
i 


286°.  Since  OX  :  OX'  =  OY  :  OY',  if  X  and  Y  become  coin- 
cident, X'  and  Y'  become  coincident  also. 

.-.  a  line  through  O  tangent  to  one  of  the  circles  ir,  tangent 
to  the  other  also,  or  O  is  the  point  where  a  commor\  tangent 
cuts  tlie  common  centre-line.     A  similar  remark  applies  to  O'. 

When  the  circles  exclude  one  another  the  centres  of 
similitude  are  the  intersections  of  common  tangents  of  the 
same  name,  direct  and  transverse. 

When  one  circle  lies  within  the  other  (2nd  Fig.)  the  com- 
mon tangents  are  imaginary,  although  O  md  O'  their  points 
of  intersection  are  real. 

287°.  Since  AOCY^AOC'Y',      .-.    OC:OC'=r:r', 
and  since         AO'CZ  « AO'C'Y',     .-.  O'C  :  0'C'=r  :  r'. 

.'.  the  centres  of  similitude  of  two  circles  are  the  points 
which  divide,  externally  and  internally,  the  join  of  the  centres 
of  the  circles  into  parts  which  are  .is  the  conteiminous  rndii. 

The  preceding  relations  give 

0C=  /'     .CC.  and  0'C=    /'     .  CC. 


r-r         '  r'  +  r' 

:  r  according  as  CC  is  <  r'  -r, 

r'  +  r. 


r  according  as  CC  is 


OC  is 
and       O'C  is 
Hence 

1.  O  lies  within  the  circle  S  when  the  distance  between  the 
centres  is  less  than  the  difference  of  the  radii,  and  O'  lies 
within  the  circle  S  when  the  difference  between  the  centres  is 
less  than  the  sum  of  the  radii. 

2.  When  the  circles  exclude  each  other  without  contact  both 
centres  of  similitude  lie  without  both  circles. 

3.  When  the  circles  touch  externally,  the  point  of  contact 
is  the  internal  centre  of  similitude. 

4.  When  one  circle  touches  the  other  internally,  the  point 
of  contact  is  the  external  centre  of  similitude. 
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5.  When  the  circles  are  concentric,  the  centres  of  similitude 
coincide  with  the  common  centre  of  the  circles,  unless  the 
circles  are  also  equal,  when  one  centre  of  similitude  becomes 
any  point  whatever. 

6.  If  one  of  the  circles  becomes  a  point,  both  centres  of 
similitude  coincide  with  the  point. 

288°.  D^'f.—The  circle  having  the  centres  of  similitude  of 
two  given  circles  as  end-points  of  a  diameter  is  called  the 
arc/e  of  simWhide  of  the  given  circles. 

The  contraction  0  ofs.  will  be  used  for  circle  of  similitude. 

Cor.  I.  Let  S,  S'  be  two  circles  and  Z  their  0  of  ^ 

Since  O  and  0'  are 
two  points  from  which 
tangents  to  circles  S  and 
S'  are   in    the    constant  /  j, 


ratio  of  r  to  r\  the  circle  o 

Z  is  co-axal  with  S  and 

S'  (275",  Cor.  5).     Hence 

any  two  circles  and  their  0  of  s.  are  co-axal. 

Cor.  2.  From  any  point  P  on  circle  Z, 
PT  :TC  =  PT':T'C', 
and.-.  z.TPC=^T'PC'. 

Hence,  at  any  point  on  the  0  of  s.  of  two  circles,  the  two 
circles  subtend  equal  angles. 


Cor. 


whence 


OC  =  CC' 
00'=CC', 


r 

r'  -  r 
2rr' 


,  and  0'C  =  CC'. 


r'  +  r 


(287°) 


••   I.  The  0  of  s.  is  a  line,  the  radical  axis,  when  the  given 
circles  are  equal  {r-=r'). 

2.  The  ©  ofs.  becomes  a  point  when  one  of  the  two  given 

circles  becomes  n  point  (r  or  r'^o). 

3.  The  0  ofs.  is  a  point  when  the  given  circles  are  con- 

centric (CC'=o). 
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289°.  Def.—Wxih  reference  to  the  centre  O  (Fig.  of  285°), 
X  and  y,  as  also  X'  and  Y,  are  called  antihoniologous  points. 
Similarly  with  respect  to  the  centre  O',  U'  and  Z,  as  also  U 
and  Y',  are  antihomologous  points. 

Let  tangents  at  X  and  Y'  meet  at  L.  Then,  since  CX  is  || 
to  C'X',  ^CXY  =  ^C'X'Y'  =  aC'Y'X'.  But  ^LXY  is  comp.  of 
^CXY  and  ^LY'X'  is  comp.  of  z.C'Y'X'. 

ALXY'  is  isosceles,  and  LX  =  LY'. 
L  is  on  the  radical  axis  of  S  and  S'. 

Similarly  it  may  be  proved  that  pairs  of  tangents  at  Y  and 
X',  at  U  and  Y',  and  at  U'  and  Z,  meet  on  the  radical  axis  of 
S  and  S',  and  the  tangent  at  U  passes  through  L. 

.'.  tangents  at  a  pair  of  antihomologous  points  meet  on  the 
radical  axis. 

Cor.  I.  The  join  of  the  points  of  contact  of  two  equal 
tangents  to  two  circles  passes  through  a  centre  of  similitude 
of  the  two  circles. 

Cor.  2.  When  a  circle  cuts  two  circles  orthogonally,  the 
joins  of  the  points  of  intersection  taken  in  pairs  of  one  from 
each  circle  pass  through  the  centres  of  similitude  of  the  two 
circles. 

290°.  Since  OX:OX'  =  r:r', 

OX.OY':OX'.  OY'  =  r:/. 
But  OX'.  OY'  =  the  square  of  the  tangent  from  O  to  the  circle 
S'  and  is  therefore  constant. 

OX .  O Y' = -, .  or 2  =  a  constant. 
r 

.*.  X  and  Y'  are  inverse  points  with  respect  to  a  circle 
whose  centre  is  at  O  and  whose  radius  is  OT'    /'',. 

Def. — This  circle  is  called  the  circle  of  antisimilitude^  and 
will  be  contracted  to  0  of  ans. 

Evidently  the  circles  S  and  S'  are  inverse  to  one  another 
with  respect  to  their  0  of  ans. 
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For  the  centre  0'  the  product  OU  .  OY'  is  negative, and  the 
Q)o/ans.  corresponding  to  this  centre  is  imaginary. 

Cor.  I.  Denoting  the  distance  CC  by  d,  and  the  difiference 
between  the  radii  {r'  -  r)  by  5,  we  have 

where  R  =  the  radius  of  the  0  of  am.     Hence 

1.  When  either  circle  becomes  a  point  their  0  0/  ans. 

becomes  a  point. 

2.  When  the  circles  S  and  S'  are  equal,  the  0  0/  ans.  be- 

comes  the  radical  axis  of  the  two  circles. 

3.  When  one  circle  touches  the  other  internally  the  0  0/ 

ans.  becomes  a  point-circle.    (^=5.) 

4.  When  one  circle  includes  the  other  without  contact  the 

0  o/ans.  is  imaginary.     {d<8.) 

Cor.  2.  Two  circles  and  tlieir  circle  of  antisimilitude  are 
co-axal.  ^2g^o) 

Cor.  3.  If  two  circles  be  inverted  with  respect  to  their 
circle  of  antisimilitude,  they  exchange  places,  and  their  radi- 
cal axis  being  a  line  circle  co-axal  with  the  two  circles 
becomes  a  circle  through  O  co-axal  with  the  two. 

The  only  circle  satisfying  this  condition  is  the  circle  of 
similitude  of  the  two  circles.  Therefore  the  radical  axis 
inverts  into  the  circle  of  similitude,  and  the  circle  of  simili- 
tude  into  the  radical  axis. 

Hence  every  line  through  O  cuts  the  radical  axis  and  the 
circle  of  similitude  of  two  circles  at  the  same  angle. 


.'  *... 


1!^ 
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291°.  Z>^— When  a  circle  touches  two  others  so  as  to 
exclude  both  or  to  include  both,  it  is  said  to  touch  them 
similarly,  or  to  have  contacts  of  like  kind  with  the  two. 
When  it  includes  the  one  and  excludes  the  other,  it  is  said  to 
touch  them  dissiinilarly,  or  to  have  contacts  of  unlike  kinds 
with  the  two. 
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292°.  Theorem. — When  a  circle  touches  two  other  circles, 
its  chord  of  contact  passes  through  their  external  centre  of 
similitude  when  the  contacts  are  of  like  kind,  and  through 
their  internal  centre  of  similitude  when  the  contacts  are  of 
unlike  kinds. 


Proof.— htt  circle  Z  touch  circles  S  and  S'  at  Y  and  X'. 
Then  CYD  and  C'X'D  are  linc3.  (113°,  Cor.  i) 

Let  XYX'Y'  be  the  secant  through  Y  and  X'.    Then 

z.CXY  =  z.CYX=z.DYX'  =  ^DX'Y  =  ^CX'Y'. 
.*.  CX  and  C'X'  are  parallel,  and  X'X  passes  through  the 
external  centre  of  similitude  O.  (285°) 

Similarly,  if  Z'  includes  both  S  and  S',  it  may  be  proved 
that  its  chord  of  contact  passes  through  O. 

Again,  let  the  circle  W,  with  centre  E,  touch  S'  at  Y'  and 
S  at  U  so  as  to  include  S'  and  exclude  S,  and  let  UY'  be  the 
chord  of  contact.     Then 

^CVU  =  _CUV  =  z.EUY'  =  ^EY'U, 
.*.  EY'  and  CV  are  parallel  and  VY'  connects  them  trans- 
versely ;  .'.  VY'  passes  through  O'.  q.e.d. 

Cor.  I.  Every  circle  which  touches  S  and  S'  similarly  is 
cut  orthogonally  by  the  external  circle  of  antisimilitude  of  S 
and  S'. 
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Cor.  2.  If  two  circles  touch  S  and  S'  externally  their  points 
of  contact  are  concyclic.  *  (jj^o^  ^.x.  2) 

But  the  points  of  contact  of  either  circle  with  S  and  S'  are 
antihomologous  points  to  the  centre  O. 

.;.  if  a  circle  cuts  two  others  in  a  pair  of  antihomologous 
ponits  It  cuts  them  in  a  second  pair  of  antihomologous  points. 

Cor.  3.  If  two  circles  touch  two  other  circles  similarly,  the 
radical  axis  of  either  pair  passes  through  a  centre  of  simili- 
tude  of  the  other  pair. 

For,  if  Z  and  Z'  be  two  circles  touching  S  and  S'  externally, 
the  external  cn-cle  of  antisimilitude  of  S  and  S'  cuts  Z  and  Z' 
orthogonally  (Cor.  i)  and  therefore  has  its  centre  on  the 
radical  axis  of  Z  and  Z'. 

Cor.  4.  If  any  number  of  circles  touch  S  and  S'  similarly 
they  are  all  cut  orthogonally  by  the  external  circle  of  anti- 
similitude  of  S  and  S;  and  all  their  chords  of  contact  and  all 
their  chords  of  intersection  with  one  another  are  concurrent 
at  the  external  centre  of  antisimilitude  of  S  and  S'. 


k 


293°.  7Vic'on'm.~U  the  circle  Z  touches  the  circles  S  and 
S ,  the  chord  of  contact  of  Z  and  the  radical  axis  of  S  and  S' 
are  conjugate  lines  with  respect  to  the  circle  Z. 

Proo/.-Let  Z  touch  S  and  S'  in  Y  and  X'  respectively 
The  tangents  at  Y  and  X'  meet  at  a  point  P  on  the  radical 
axis  of  S  and  S'.  .gov 

But  P  is  the  pole  of  the  chord  of  contact  YX'. 

.-.  the  radical  axis  passes  through  the  pole  of  the  chord  of 
contact,  and  reciprocally  the  chord  of  contact  passes  through 
the  pole  of  the  radical  axis  (267°,  Def.)  and  the  lines  are 
conjugate. 
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294°.  Let  Sj,  S2,  S;j  denote  three  circles  liavin<j^  their  centres 
A,  IJ,  C  and  radii  r,,  i\^  r.^,  and  let  X,  X',  Y,  V,  Z,  Z'  be  their 
six  centres  of  similitude. 

Now    X,   Y,   Z   arc 

three    points    on    the 

sides   of  the  AA1>C, 

BX     ;-., 


and 


ri 


'-.n 


(; 


cx 

CY 

Ay 

AZ 

BZ    ra\ 

CX/      ' 
and  X,  Y,  Z  are  col- 
linear. 

Similarly  it  is  proved  that  the  triads  of  points  XY'Z',  YZ'X', 
ZX'Y'  are  collinear. 

/A/— These  lines  of  collinearity  of  the  centres  of  similitude 
of  the  three  circles  taken  in  pairs  are  the  n.vcs  of  similitude 
of  the  circles.  The  line  XYZ  is  the  external  axiS;  as  being 
external  to  all  the  circles,  and  the  other  three,  passing  be- 
tween the  circles,  are  internal  axes. 

Cor.  I.  If  an  axis  of  similitude  touches  any  one  of  the 
circles  it  touches  all  three  of  them.  (286°) 

Cor.  2.  If  an  axis  of  similitude  cuts  any  one  of  the  circles 
it  cuts  all  three  at  the  same  angle,  and  the  intercepted  chords 
are  proportional  to  the  corresponding  radii. 

Cor.  3.  Since  XYX'Y'  is  a  quadrangle  whereof  XX',  YY', 
and  ZZ'  are  the  three  diagonals,  the  circles  on  XX',  YY',  and 
ZZ'  as  diameters  are  co-axal.  ('^77°,  Cor.  2) 

.".  the  circles  of  similitude  of  three  circles  taken  in  pairs 
are  co-axal. 
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Cor.  4.  Since  the  three  circles  of  similitude  are  of  the  c.p.- 
species,  two  points  may  be  found  from  which  any  three  circles 
subtend  equal  angles.  These  are  the  common  points  to  the 
three  circles  of  similitude.  (288°,  Cor.  2) 

Cor.  5.  The  groups  of  circles  on  the  following  triads  of 
segments  as  diameters  are  severally  co-axal, 
AX,  BY,  CZ  ;  AX,  YZ',  Y'Z  ;  BY,  Z'X,  ZX';  CZ,  XY',  X'Y. 

295°.  Any  two  circles  Z  and  Z',  which  touch  three  circles 
Sj,  S2,  S3  similarly,  cut  their  circles  of  antisimilitude  ortho- 
gonally (292",  Cor.  i),  and  therefore  have  their  centres  at  the 
radical  centre  of  the  three  circles  of  antisimilitude. 

(276°,  Cor.  4) 

But  Z  and  Z'  have  not  necessarily  the  same  centre. 
.*.  the  three  circles  of  antisimilitude  of  the  circles  S^,  S^,  and 
S3  are  co-axal,  and  their  common  radical  axis  passes  through 
the  centres  of  Z  and  Z'. 

296°.  Theorem. — If  two  circles  touch  three  circles  similarly, 
the  radical  axis  of  the  two  is  an  axis  of  similitude  of  the 
three  ;  and  the  radical  centre  of  the  three  is  a  centre  of 
similitude  of  the  two. 

Proof.— i:he  circles  S  and  S' 
touch  the  three  circles  A,  B, 
and  C  similarly. 

I.  Since  S  and  S'  touch  A 
and  B  similarly,  the  radical  axis 
of  S  and  S'  passes  through  a 
centre  of  similitude  of  A  and  B. 

(292°,  Cor.  3) 

Also,  the   radical   axis   of   S 
and  S'  passes  through  a  centre  of  similitude  of  B  and  C,  and 
through  a  centre  of  similitude  of  C  and  A. 

.'.  the  radical  axis  of  S  and  S'  is  an  axis  of  similitude  of 
the  three  circles  A,  B,  and  C. 
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2.  Again,  since  A  and  B  touch  S  and  S',  the  radical  axis  of 
A  and  13  passes  through  a  centre  of  similitude  of  S  and  S'. 

For  similar  reasons,  and  because  A,  B,  and  C  touch  S  and 
S'  similarly,  the  radical  axes  of  B  and  C,  and  of  C  and  A, 
pass  through  the  same  centre  of  similitude  of  S  and  S'.     But 
these  three  radical  axes  meet  at  the  radical  centre  of  A,  B 
and  C.  ' 

.-.  the  radical  centre  of  A,  B,  and  C  is  a  centre  of  simili- 
tude of  S  and  S'.  , 

^.t'.a. 

297°.  Problem.—To  construct  a  circle  which  shall  touch 
three  given  circles. 

In  the  figure  of  296°,  let  A,  B,  and  C  be  the  three  given 
circles,  and  let  S  and  S'  be  two  circles  which  are  solutions 
of  the  problem. 

Let  L  denote  one  of  the  axes  of  similitude  of  A,  B,  and  C, 
and  let  O  be  their  radical  centre.  These  are  given  when  the 
circles  A,  B,  and  C  are  given. 

Now  L  is  the  radical  axis  of  S  and  S'  (296°,  i),  and  O  is 
one  of  their  centres  of  similitude. 

But  as  A  touches  S  and  S'  the  chord  of  contact  of  A  passes 
through  the  pole  of  L  with  respect  to  A  (293°).  Similarly  the 
chords  of  contact  of  B  and  C  pass  through  the  poles  of  L 
with  respect  to  B  and  C  respectively.  And  these  chords  are 
concurrent  at  O.  ("202°^ 

Hence  the  following  construction  :— 

Find  O  the  radical  centre  and  L  an  axis  of  similitude  of  A, 
B,  and  C.  Take  the  poles  of  L  with  respect  to  each  of  these 
circles,  and  let  them  be  the  points  A  g,  r  respectively. 

Then  op,  Og,  Or  are  the  chords  of  contact  for  the  three 
given  circles,  and  three  points  being  thus  found  for  each  of 
two  touching  circles,  S  and  S',  these  circles  are  determined. 

(This  elegant  solution  of  a  famous  problem  is  due  to  M. 
(jcrgonne.) 

Cor.  As  each  axis  of  similitude  gives  different  poles  with 
respect  io  A,  B,  and  C,  while  there  is  but  one  radical  centre 
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O,  in  general  each  axis  of  similitude  determines  two  touching 
circles ;  and  as  there  are  four  axes  of  similitude  there  are 
eight  circles,  in  pairs  of  twos,  which  touch  three  given  circles. 
Putting  /  and  c  for  internal  and  external  contact  with  the 
touching  circle,  we  may  classify  the  eight  circles  as  follows  : 

(See  294°) 


Axes  OF  Similituui£. 
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PART  V. 


ON  HARMONIC  AND  ANHARMONIC  kATlOS— 
HOMOGRAPHY.  INVOLUTION,  ETC. 


SECTION    I. 

GENERAL    CONSIDERATIONS    IN     REGARD    TO 
HARMONIC  AND  ANHARMONIC  DIVISION. 

298°.  Let  C  be  a  point  dividing  a  segment  AB.  The  posi- 
tion of  C  in  relation  to  A  and  B  is  determined  by  the  ratio 
I  I         I  .    AC  :  BC.     For,  if  we  know  this  ratio,  we 

^  ^       ^  know  completely  the  position  of  C  with 

respect  to  A  and  B.  If  this  ratio  is  negative,  C  lies  between 
A  and  B  ;  if  positive,  C  does  not  lie  between  A  and  B.  If 
AC:BC=-i,  C  is  the  internal  bisector  of  AB  ;  and  if 
AC  :  BC=  +  I,  C  is  the  external  bisector  of  AB,  /.c,  a  point 
at  00  in  the  direction  AB  or  BA. 

Let  D  be  a  second  point  dividing  AB.  The  position  of  D 
is  known  when  the  ratio  AD  :  BD  is  known. 

De/.—U  we  denote,  the  ratio  AC  :  BC  by  ;;/,  and  the  ratio 
AD  :  BD  by  ;/,  the  two  ratios  m  : ;/  and  n  :  m,  which  are 
reciprocals  of  one  another,  are  called  the  two  anharmonic 
ratios  of  the  division  of  the  segment  AB  by  the  points  C  and 
D,  or  the  harmonoids  of  the  range  A,  B,  C,  D. 

252 
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Either  of  the  two  anharmonic  ratios  expresses  a  relation 
between  the  parts  into  which  the  segment  AB  is  divided  by 
the  points  C  and  D. 

Evidently  the  two  anharmonic  ratios  have  the  same  sign, 
and  when  one  of  them  is  zero  the  other  is  infinite,  and  vice 
versa. 

These  ratios  may  be  written  : — 


I. 


2. 


^•^    or  ^^-^P   nr    AC.BD 

liC  -BD        BC.AD  ^^  ADTbC' 

^P  •  AC  ^^  AD  .  BC  ^^  AD  .  BC 
BD'BC        BD.AC°' AC.BU' 


The  last  form  is  to  be  preferred,  other  things  being  convenient, 
on  account  of  its  symmetry  with  respect  to  A  and  B,  the 
end-points  of  the  divided  segment. 


i  \4 


'■*.,. 


!   '  V 


299°.  The  following  results  readily  follow. 

'•  ^"^  ad".  BC  ^^  +•  '^^'"  Fc  '''"^  IE  ^^""^  ^^^  ''-"^' 
and  therefore  C  and  D  both  divide  AB  internally  or  both 
externally.  ^2^go^ 

In  this  case  the  order  of  the  points  must  be  some  one  of 
the  following  set,  where  AB  is  the  segment  divided,  and  the 
letters  C  and  D  are  considered  as  being  interchangeable  : 
CDAB,     ACDB,     CABD,    ABCD. 
_    T^,  AC.BD,  ^,        AC        ,  AD, 

^'  ^^^  AD  .  BC  ^^  "•     ^^^''  ^  ''^"^  Si;  ^^'  '  °PP«s5te 

signs,  and  one  point  divides  AB  internally  and  the  other 
externally. 

Tb'^  order  of  the  points  is  then  one  of  the  set  CADB,  ACBD. 

3.  When  either  of  the  tvvu  anharmonic  ratios  is  ±1,  these 
ratios  are  equal. 

AC.BD      .  .      ^,       AC     AD 


4.  Let 


AD 


r)V- 


.=  +  !.     Then 


r^  =  .  --.  an 


BC     BD 


d  C 


and  D  are 


both  internal  or  both  external. 
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AC-HC    AD-HD        ATi     AB 
-  ,  or         - 


,    T    .  AC.BI) 
5-^^^^AD.BC=-'- 


Then 


BC  Jil)     '^'  HC    Miy 

and  C  and  D  coincide. 

Hence,  when  C  and  I)  are  distinct  points,  the  anharmonic 
ratio  of  the  parts  into  which  C  and  I)  divide  Ali  cannot  be 
positive  unity. 

AC^AD 

lic      my 

And  since  C  and  D  are  now  one  external  and  one  internal 
(2),  they  divide  the  segment  AH  in  the  same  ratio  internally 
and  externally,  disregarding  sign.  Such  division  of  a  line 
segment  is  called  harmonic.  (208°,  Cor.  i) 

Harmonic  division  and  harmonic  ratio  have  been  long  em- 
ployed, and  from  being  only  a  special  case  of  the  more 
general  ratio,  this  latter  was  named  "anharmonic"  by 
Chaslcs,  "who  was  the  first  to  perceive  its  utility  and  to 
apply  it  extensively  in  Geometry." 

300°.  /;<?/:--When  we  consider  AB  and  CD  as  being  two 
segments  of  the  same  line  we  say  that  CD  divides  AB,  and 
that  AB  divides  CD. 

Now  the  anharmonic  ratios  in  which  CD  divides  AB  are 
AC.BD        ,  AD.BC 
AD.BC  AC.BD' 

And  the  anharmonic  ratios  in  which  AB  divides  CD  are 
CA.DB  CB.DA 

CB.DA  CA.T31V 

But  the  anharmonic  ratios  of  these  sets  are  equal  each  to 
each  in  both  sign  and  magnitude. 

.'.  the  iDiharmoiiic  ratios  in  which  CD  divides  AB  arc  the 
same  as  those  in  which  AB  divides  CD. 

Or,  any  txuo  segments  of  a  common  ii?ic  di^nde  each  other 
equianharmonically. 


301°.  Four  points  A,  \\,  C,  D  taken  on  a  line  determine  six 
segments  AB,  AC,  AD,  BC,  BD,  and  CD. 
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^  These  may  be  arranged  in  three  groups  of  two  each,  so  that 
m  each  group  one  segment  may  be  considered  as  dividing 
the  others,  viz.,     AH,  CD  ;  HC,  AD  ;  CA,  liU. 

Each  group  gives  two  anharmonic  ratios,  reciprocals  of  one 
another ;  and  thus  the  anharmonic  ratios  determined  by  a 
range  of  four  points,  taken  in  all  their  possible  relations  are 
SIX  m  number,  of  which  three  are  reciprocals  of  the  o'ther 
three. 

These  six  ratios  are  not  independent,  for,  besides  the 
reciprocal  relations  mentioned,  they  are  connected  by  three 
relations  which  enable  us  to  find  all  of  them  when  any  one  is 
given. 

Denote  ^^  •  ^^'^  by  P   ^''^  •  ^^^  bv  O    ^^^  •  AD  ,     ,, 
AD .  HC  ""^     '  HD .  CA  ^^  ^-  CTTTAH  ^'^'  ^^' 
Then  P,  Q,  R  are  the  anharmonic  ratios  of  the  groups 
AHCD,  HCAD,  and  CAHD,  each  taken  in  the  same  order. 
Hut  in  any  range  of  four  (233°)  we  have 

AH.CD  +  HC.AD  +  CA.HD=o. 
And  dividing  this  expression  by  each  of  its  terms  in  succes- 

sion,  we  obtain  0  +  ^  ==  R  -f-  i  =  p  +  ^  =r  i 

"     P  0  R 

From  the  symmetry  of  these  relations  we  infer  that  any 

general  properties  belonging  to  one  couple  of  anharmonic 

ratios,   consisting  of  any   ratio  and   its   reciprocal,   belon- 

equally  to  all.  "^ 

Hence  the  properties  of  only  one  ratio  need  be  studied 
The  symbolic  expression  {AHCD}  denotes  any  one  of  the 
anharmonic  ratios,  and  may  be  made  to  give  all  of  them  by 
reading  the  constituent  letters  in  all  possible  orders. 

Except  in  the  case  of  harmonic  ratio,  or  in  other  special 
cases,  we  shall  read  the  symbol  in  the  one  order  of  alternat- 
ing the  letters  in  the  numerator  and  grouping  the  extremes 
and  means  in  the  denominator.     Thus 

AC.HD 


s  1:1 


{AHCD}  denotes 


AD .  HC' 


It  is  scarcely  necessary  to  say  that  whatever  order  mav  be 
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adopted  in  reading  the  symbol,  the  same  order  must  be  em- 
ployed for  each  when  comparing  two  symbols. 

302°.  Theorem. — Any  two  constituents  of  the  anharmonic 
symbol  may  be  interchanged  if  the  remaining  two  are  inter- 
changed also,  without  affecting  the  value  of  the  symbol. 

Proof.-        {ABCD}  =  AC.BD  :AD.BC. 
Interchange  any  two  as  A  and  C,  and  also  interchange  the 
remaining  two  B  and  D.     Then 

{CDAB} =  CA . DB : CB . DA 
=  AC.BD  :AD.BC. 
Similarly  it  is  proved  that 

{ABCD}  =  {BADC}  =  {CDAB}  =  {DCBA}.  q.e.d. 


303°.  If  interchanging  the  first  two  letters,  or  the  last  two, 
without  interchanging  the  remaining  letters,  does  not  alter 
the  value  of  the  ratio,  it  is  harmonic. 

For,  let  {ABCD}  =  {ABDC}. 

^,  AC.BD_AD.BC 

AD.BC    AC.BD' 
or,  multiplying  across  and  taking  square  roots, 

AC.  BD=±  AD.BC. 
But  the  positive  value  must  be  rejected  (299°,  4),  and  the 
negative  value  gives  the  condition  of  harmonic  division. 


304°.  Let  ABCD  be  any  range  of  four  and  O  any  point  not 

o  on  its  axis. 

The  anharmonic  ratio  of  the  pencil 

O.ABCD  corresponding  to  any  given 

ratio  of  the  range  is  the  same  function 

of  the  sinos  of  the  angles  as  the  given 

ratio  is  of  the  corresponding  segments. 

^,        sin  AOC.  sin  BOD  ,    ^     AC.BD 

i'l^is      .  .  corresponds  to    y^^-^^^\ 

smAOD.sinBOC  AD.BC 

or,  symbolically,  0{ABCD}  corresponds  to  {ABCD}. 


em- 
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To  prove  that  the  corresponding  anharmonic  ratios  of  the 
range  and  pencil  are  equal. 

AC_AA0C_0A.QCjinAOC     OA   sinAOC 
BC    ABOC     OB.OCsTnBOC~OB*^ii7BOC" 
Similarly,  ^  =  ^^    sjnEOD 

AD     OA'sinAOD' 
ACJ3D  _  sin  AOC .  sin  BOD 

AD.BC     sinAOD.sinBOC* 
Hence,  symbolically 

{ABCD}=0{ABCD}  ; 

and,  with  necessary  formal  variations,  the  anharmonic  ratio 

of  a  range  may  be  changed  for  that  of  the  corresponding 

pencil,  and  7/ice  versa,  whenever  required  to  be  done. 

Cor.  I.  Two  angles  with   a  common  vertex   divide  each 
other  equianharmonically.  (300°) 

Cor.  2.  If  the  anharmonic  ratio  of  a  pencil  is  +  i,  two  rays 
coincide,  and  if  -  i,  the  pencil  is  harmonic.  (299°,  4,  5) 

^  Cor.  3.  A  given  range  determines  an  equianharmonic  pen- 
cil at  every  vertex,  and  a  given  pencil  determines  an  equian- 
harmonic range  on  every  transversal. 

Cor.  4.  Since  the  sine  of  an  angle  is  the  same  as  the  sine 
of  its  supplement  (214°,  i),  any  ray  may  be  rotated  through  a 
straight  angle  or  reversed  in  direction  withoutaffectingthe  ratio. 

Corollaries  2,  3,  and  4  are  of  special  importance. 

305.  Theorem.— \i  three  pairs  of  corresponding  rays  of  two 
equianharmonic  pencils  intersect  collinearly,  the  fourth  pair 
intersect  upon  the  line  of  collinearity. 

Pj'oof.—L&t 

0{ABCD}=0'{ABCD'}, 
and  let  the  pairs  of  corresponding  rays 
OA  and  O'A,  OB  and  O'B,  OC  and  O'C 
intersect  in  the  three  collinear  points  A, 
B,  and  C.  Let  tne  fourth  corresponding 
rays  meet  the  axis  of  ABC  in  D  and  D'  6'       o" 

respectively.     Then  {ABCDj  =  ^ABCD'},   (304°) 
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AC.BD'         ,   BD     BD' 
= ,,  and  v^.=-.  ^,» 


AC^B^ 

Ab.BC     AD'.BC  """  AD     AD' 
which  is  possible  only  when  D  and  D'  coincide. 

.'.  the  fourth  intersection  is  upon  the  axis  of  A,  B,  and  C, 
and  the  four  intersections  are  collinear.  q.e.d. 

Cor.  If  two  of  the  corresponding  rays  as  OC  and  0"C 
become  one  line,  these  rays  may  be  considered  as  intersecting 
at  all  points  on  this  line,  and  however  A  and  B  are  situated 
.hree  corresponding  pairs  of  rays  necessarily  intersect  col- 
linearly. 

.*.  when  two  equianharmonic  pencils  have  a  pair  of  cor- 
responding rays  in  common,  the  remaining  rays  intersect 
colli  nearly. 

306°.  Theorem. — If  two  equianharmonic  ranges  have  three 
pairs  of  corresponding  points  in  perspective,  the  fourth 
points  are  in  the  same  perspective. 

Proof. — 

{ABCD}-{A'IVC'D'}, 
and  A  and  A',  B  and  B',  and  C  and  C 
are  in  perspective  at  O      Now 

0{ABCD}-  0{A'B'C'D'}, 
and  we  have  two  equianharmonic  pen- 
cils of  which  three  pairs  of  correspond-  A" 
ing  rays  meet  collinearly  at  A,  B,  and  C.     Therefore  OD' 
and  OD  meet  at  D,  or  D  and  D'  are  in  perspective  at  O. 

Cor.  If  tv/o  of  the  corresponding  points,  as  C  and  C",  be- 
come coincident,  these  two  points  are  in  perspective  at 
every  centre,  and  hence  three  corresponding  pairs  of  points 
are  necessarily  in  perspective. 

.'.  when  two  equianharmonic  ranges  have  a  pair  of  cor- 
responding points  coincident,  the  remaining  pairs  of  cor- 
responding points  are  in  perspective. 
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HARMONIC   RATIO. 

307^  Harmonic  ratio  being  a  special  case  of  anharmonic 
ratio  (299°,  5),  the  properties  and  relations  of  the  latter 
belong  also  to  the  former. 

The  harmonic  properties  of  a  divided  segment  may  ac- 
cordingly be  classified  as  follows  :— 

I.  The  dividing  points  alternate  with  the  end  points  of  the 
divided  segment. 

For  this  reason  harmonic  division  is  symbolized  by  writing 
the  letters  in  order  of  position,  as,  {APBO},  where  A  and  B 
are  the  end  points  of  the  segment  and  P  and  Q  the  dividing 
pomts  (301°).  A— P— B-O. 

2.  The  dividing  points  P  and  O  divide  the  segment  extern- 
ally and  internally  in  the  same  ratio,  neglecting  sign.  (299°,  5) 

3.  If  one  segment  divides  another  harmonically,  the  second 
also  divides  the  first  harmonically.  (300°) 

4.  A  harmonic  range  determines  a  harmonic  pencil  at  every 
vertex,  and  a  harmonic  pencil  determines  a  harm.oaic  range 
on  every  transversal.  (304-^  Cor.  3) 

5.  If  one  or  more  rays  of  a  harmonic  pencil  be  reversed  in 
direction  the  pencil  remains  harmonic.  (304^,  Cor.  4) 

6.  Two  harmonic  pencils  wh'ch  have  three  pairs  of  corre- 
sponding rays  intersecting  collinearly  have  all  their  corre- 
sponding rays  intersecting  collinearly.  (305°) 

7.  Two  harmonic  ranges  which  have  three  pairs  of  corre- 
sponding points  in  perspective  have  all  their  corresponding 
pomts  in  perspective.  (306°) 

8.  If  two  ha/monic  pencils  have  a  corresponding  ray  from 
each  m  common,  all  their  correspondi'^g  rays  intersect  col- 

^'"^^'^'^y-  (305°,  Cor  ) 

9.  If  two  harmonic  ranges  have  a  corresponding  point 
from  each  in  common,  all  their  corrcsponcing  points  are  in 
perspecrive.  (3^50^  ^^^ j 
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308".  Let  APBO  be  a  harmonic  range.    Then 

AP:PB  =  AQ:BO, 
AP  :AO  =  AB-AP:AQ-AB. 


B 


Taking   AP,  AB,   AG   as   three  magnitudes,  we   have  the 
statement  : — 

The  first  is  to  the  third  as  the  difference  between  the  first 
and  second  is  to  the  difference  between  the  second  and  the 
third.  And  this  is  the  definition  of  three  quantities  in 
Harmonic  Proportion  as  given  in  Arithmetic  and  Algebra. 


Exercises. 


I. 


When  three  line  segments  are  in  harmonic  proportion  the 
rectangle  on  the  mean  and  the  sum  of  the  extremes  is 
equal  to  twice  the  rectangle  on  the  extremes. 

2.  The    expanded    symbol    {APBO}=-i    gives   AP  :  AO 

=  -  BP  :  BQ.     Why  the  negative  sign  ? 

3.  Prove  from  the  nature  of  harmonic  division  that  when  P 

bisects  AB,  O  is  at  00 , 

4.  Prove  that  if  OP  bisects  ^AOB  internally  00  bisects  it 

externally  ;  0{APBQ}  is  equal  to  -  i. 

5.  Trace  the  changes  in  the  value  of  the  ratio  AC  :  BC  as  C 

moves  from  -  00  ,  o  +  00 . 


309".  In  the  harmonic  range  APBQ,  P  and  ()  are  called 
conjugate  points,  and  so  also  are  A  and  B. 

Similarly  in  the  Iiarmonic  pencil  O.APBO,  OP  and  OQ 
are  conjugate  rays,  and  so  also  are  OA  and  OB. 

Ex.  I.  Given  three  points  of  a  harmonic  range  to  find  the 
fourth. 

Let  A,  P,  B  be  the  three  given  points. 

By  (259°,  Ex,  7)  find  any  point  O  at  which  the  segments 
AP  and  PB  subtend  equal  angles.  Draw  00  the  external 
bisector  of  the  Z.AOB.     Q  is  the  fourth  point. 

For  OP  and  CO  are  inter  .d  external  bisectors  of  the 

.^_AOB.  ^  (208^  Cor.  i) 
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Ex.  2.  Given  three  rays  to  find  a  fourth  so  as  to  make  the 
pencil  harmonic. 

Let  OA,  OP,  OB  be  the  three  rays. 
On  OA  take  any  two  equal  distances 
OD  and  DE. 

Draw  DF  ||  to  OB,  and  draw  OQ  |i  to  / 
EF.     OQ  is  the  fourth  ray  required. 

For  since  OD==DE,  EF  =  FG.  And  OQ  meets  EF  at  00. 
Then  EFG=c  are  harmonic  and  hence  O  .  APBQ  ure 
harmonic. 

Cor.  In  the  symbolic  expression  for  a  harmonic  ratio  a  pair 
of  conjugates  can  be  interchanged  without  destroying  the 
harmonicism. 

{^  PBQ}  =  {BPAO}.^{BQAP}  =  {AQBP}, 
for  {APBQ}  gives  AP .  BQ  :  AO  .  BP:=  -  i, 

and         {BPAOl  gives  BP  .  AQ  :  BO  .  AP, 
and  being  the  reciprocal  of  the^ormer  its  value  is  -  r  also. 
And  similarly  for  the  remaining  symbols. 

HARMONIC  PROPERTIES  OF  THE  TETRAGRAM 
OR   COMPLETE    QUADRANGLE. 

310°.  Let  ABCD  be  a  quadrangle,  of  which  AC,  BD,  and 


EF  are  the  three  diagonals 

Also  let  the  line  EO  cut  two  sides 
in  G  and  H,  and  the  line  FO  cut 
the  other  two  sides  in  K  and  L. 
Then 

I.  AEUisaAwhereof  AC,  EH, 
and  DB  are  concurrent  lines  from 
the  vertices  to  the  opposite  sides. 
.-.   AB.EC.DH=-AH.DC.EB. 

(251",  ^'^ 
Also,  AED  is  a  A  and  FCB  is  a   1/ 
transversal,  J-— 


(247°,  Def.  2) 


AB.EC.DF^AF.DC.EB, 
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and  dividing  the  former  equality  by  the  latter, 

DH^AH 
"DF         AF' 
and  AHDF  is  a  harmonic  range. 

2.  Again,  {AHDF}  =  E{AHDF}  =  E{LOKF}  =  E{BGCF}. 

(307^  4) 
LOKF  and  BGCF  are  harmonic  ranges. 

3.  0{AHDF}  =  0{CEDK}  =  F{CEDK}  =  F{GEHO} 

=  F{BEAL},  (307°,  4,  5) 

but       (CEDK}  =  {DKCE},  etc.  (309°,  Cor.) 

DKCE,  HOGE,  ALBE  are  harmonic  ranges. 

4.  If  AC  be  produced  to  meet  EF  in  I,  AOCI  is  a  harmonic 
range. 

.*.  all  the  lines  upon  which  four  points  of  the  figure  lie  are 
divided  harmonically  by  the  points. 

And  the  points  E,  F,  and  O  at  which  four  lines  concur  are 
vertices  of  harmonic  pencils. 

Exercises. 

1.  A  line  ||  to  the  base  of  a  A  has  its  points  of  intersection 

with   the   sides   connected  transversely  with  the  end 
points  of  tne  base.     The  join  of  the  ve^ex  with  the 
point  of  intersection  of  these  connectors  is  a  median, 
and  is  divided  harmonically. 
(Let  F  go  to  00  in  the  last  figure.) 

2.  ABC  is  a  A  and  BD  is  an  altitude.     Through  any  point 

O  on  BD,  CO  and  OA  meet  the  sides  in  F  and  E 
respectively.  Show  that  DE  and  DF  make  equal 
angles  with  AC. 

3.  The  centres  of  two  circles  and  their  centres  of  similitude 

form  a  harmonic  range. 

4.  In  the  Fig.  cf  310°  the  joins  DI,  IB,  BH,  and  LD  are  all 

divided  harmonically. 
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311°.  Let  APBQ  be  a  harmonic  range  and  let  C  be  the 
middle  point  of  AB.    Then 

AP^_BP^PB 
AQ        BQ     BQ- 
ThatTsCB-^CP^CB^CP 
CB  +  CQ     CO-CB' 
or  CB  +  CP_CQ  +  CB 

CB-CP     CQ-CB' 

whence  ^  =  £Q 

CP     CB' 

.-.  CP  .  CQ  =  CB-,  or  P  and  Q  are  inverse  points  to  the  circle 
having  C  as  centre  and  CB  as  radius. 

.-.  I.  T/ie  diameter  of  a  circle  is  divided  hartnonicaUy  by 
any  pair  of  inverse  points. 

And  a  circle  having  a  pair  of  conjugates  of  a  harmonic 
rafige  as  end-points  of  a  diameter  has  the  other  pair  of 
conjugates  as  inverse  points. 

Again,  let  EF  be  any  secant  through  P  meeting  the  polar 
of  P  in  V.  ^ 

A  circle  on  PV  as  diameter  passes  through  Q  and  P,  and 
therefore  cuts  S  orthogonally.  (2  c8°) 

Hence  also  the  circle  S  cuts  the  circle  on  PV  orthogonally, 
and  E  and  F  are  inverse  points  to  the  circle  on  PV. 

.*.  EPFV  is  a  harmonic  range. 

.'.  2.  A  line  is  cut  harmonically  by  a  point,  a  circle,  and 
the  polar  of  the  point  with  respect  to  the  circle. 

Ex.  P,  Q  are  inverse  points,  and  from  Q  a  line  is  drawn 
cutting  the  circle  in  A  and  B.  The  join  PB  cuts  the  circle  in 
A'.     Then  AA'  is  J_  to  PQ. 


312°.  Let  P  be  any  point  and  L  its  polar  with  respect  to 
the  circle  Z.  And  let  PCD  and  PBA  'je  any  two  secants. 
Then 

I.  PCED  and  PBFA  are  harmonic  ranges  having  P  a  cor- 
responding point  in  each.  Therefore  AD,  FE,  and  BC  are 
concurrent.     And  BC  and  AD  meet  on  the  polar  of  P.   (309",  9) 


I  (i 
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2.  Again,  since        {PCED}  =  {PUEC},  (309°,  Cor.) 

.'.  PDEC  and  PBFA  are  harmonic  ranges  having  P  a  cor- 
responding point  in  each.  Therefore  DB,  EF,  and  CA  are 
concurrent,  and  AC  and  DB  meet  on  the  polar  of  ^. 


.'.  If  from  any  point  two  secants  be  draiun  to  a  circle^  the 
connectors  of  their  points  of  i7ite7'sectio7i  %vith  the  circle  meet 
upon  the  polar  of  the  first  point. 

3.  Since  O  is  on  the  polar  of  P,  P  is  on  the  polar  of  O. 
But  since  Q  is  a  point  from  which  secants  are  drawn  satis- 
fying the  conditions  of  2,  Q  is  on  the  polar  of  O. 

.-.  PO  is  the  polar  of  O. 

Now  ABCD  is  a  concyclic  quadrangle  whereof  AC  and 
BD  are  internal  diagonals  and  PQ  the  external  diagonal. 

.'.  In  any  concyclic  quadrangle  the  external  diagonal  is  the 
polar  of  the  poi7it  of  intersection  of  the  internal  diagonals^ 
with  respect  to  the  circumcircle. 

4.  Since  O  is  on  the  polar  of  P  and  also  on  that  of  O, 
therefore  PO  is  the  polar  of  O,  and  POQ  is  a  triangle  self- 
conjugate  with  respect  to  the  circle. 

5.  Let  tangents  at  the  points  A,  B.  C,  D  form  the  circum- 
scribed quadrangle  USVT. 
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Then  S  is  the  pole  of  AB,  and  T  of  DC. 
.'.  ST  is  the  polar  of  P,  and  S  and  T  are  points  on  the 
line  QO. 

Similarly  U  and  V  are  points  on  the  line  PO. 

But  XY  is  the  external  diagonal  of  USVT,  and  its  pole  is 

0.  the  point  of  intersection  of  DB  and  AC. 
.*.  X  and  Y  are  points  on  the  line  PQ. 

Hence,  If  tangents  be  drawn  at  the  vertices  of  a  coney clic 
quadrangle  so  as  to  form  a  circumscribed  quadrangle,  the  in- 
ternal diagonals  of  the  two  quadrangles  are  conctirrent,  and 
their  external  diagonals  are  segments  of  a  commo7i  line ;  and 
the  point  of  concurrence  and  the  line  are  pole  and  polar  with 
respect  to  the  circle. 

EXKRCISES. 

1.  UOVP  and  SOTQ  arc  harmonic  ranges. 

2.  If  DB  meets  the  line  PQ  in  R,  lOR  is  a  self-conjugate 

triangle  with  respect  to  the  circle. 

3.  To  find  a  circle  which  shall  cut  the   sides   of   a  given 

triangle  harmonically. 

4.  QXPY  is  a  harmonic  range. 

313°.  Let  S  be  a  circle  and  A'P'B'Q'  a  harmonic  range. 

Taking    any    point   O   on   the  p 

circle  and  through  it  projecting 
rectilinearly  the  points  A'P'B'Q' 
we   obtain    the    system    APBQ, 

which  is  called  a  harmonic  sys-  Q^'^^:zz ^— ^-— Y ^a 

tern  of  points  on  the  circle. 

Now,  taking  O'  any  other  point 
on  the  circle,  O'.  APBQ  is  also  V    \  \  /   /     7^' 

harmonic.     For 

z.AOP=_AO'P, 
Z-POB  =  ^PO'B,  etc. 
.".  Def — Four  points  on  a  circle 

form  a  harmonic  system  when  their     A'  p'    B'        o' 

joins  with  any  fifth  point  on  the  circle  form  a  harmonic  pencil. 
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Cor.  I.  Since    sinz.AOP  =  -^J',  sinLPOB  =  ^^  etc.,  h^S") 

a  d         ^  ^       ^ 

•'•  (304°),  neglecting  sign,  AP .  BQ  =  AQ  .  PB, 

.-.  When  fojir  points  form  a  harmonic  system  on  a  circle,  the 

rectangles  on  the  opposite  sides  of  the  normal  qtuidrangle 

ivhich  they  determine  are  eqnal. 

Cor.  2.  If  O  comes  to  A,  the  ray  OA  becomes  a  tangent 
at  A. 

.*.  When  four  points  forin  a  harmonic  system  on  a  circle, 
the  tangent  at  any  one  of  them  and  the  chords  from  the  point 
of  contact  to  the  others  form  a  harmonic  pencil. 

314°.  Let  the  axis  of  the  harmonic  rnnge  APBQ  be  a  tan- 
gent to  the  circle  S. 

Through  A,  P,  B,  and 
Q  draw  the  tangents  A^, 
B<5,  P/,  and  O^. 

These  four  tangents 
form  a  harmonic  system 
of  tangents  to  the  circle  S.. 
Let  L  be  any  other  tan- 
gent cutting  the  four  tan- 
gents of  the  system  in  A' 
P',  B',  and  q{ 

T^hen,  considering  Art;,  P/,  B/5,  etc.,  as  fixed  tangents,  and 
A'P'B'Q'  as  any  other  tangent. 

MOP=^0'P',^POB=^P'OB',  etc.,  (116°,  Ex.  i) 
.-.  the  pencils  O.APBQ  and  O. A'P'B'Q'  are  both  har- 
monic, and  A'P'B'Q'  is  a  harmonic  range. 

.-.  When  four  tangents  form  a  harmonic  system  to  a  circle, 
they  intersect  any  other  tangent  in  points  which  form  a  har- 
monic range. 

Cor.  I.  If  the  variable  tangent  coincides  with  one  of  the 
fixed  tangents,  the  point  of  contact  of  the  latter  becomes  one 
of  the  points  of  the  range. 
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.'.  When  four  taiif^enis  form  a  harmonic  system  to  a  circle, 
each  tafigetit  is  divided  harmonically  by  its  point  of  contact 
and  its  intersections  with  the  other  tangents. 


2. 


4. 


Exercises. 

I.  Tangents  are  drawn  at  A,  A'  the  end-points  of  a  diameter, 
and  two  points  P,  B  me  taken  on  the  tangent  through 
A  such  that  AB  =  2AP.  Through  P  and  B  tangents  are 
drawn  cutting  the  tnngent  at  A'  in  P'  and  B'.  Then 
2A'B'  =  A'P',  and  AA ,  PB',  and  BP'  are  concurrent. 

Four  points  form  a  harmonic  system  on  a  circle.  Then  the 
tangents  at  one  pair  of  conjugates  meet  upon  the  secant 
through  the  other  pair. 

If  four  tangents  form  a  harmonic  system  to  a  circle,  the 
point  of  intersection  of  a  pair  of  conjugate  tangents  lies 
on  the  chord  of  contact  of  the  remaining  pair. 

If  four  points  form  a  harmonic  range,  their  polars  with 
respect  to  any  circle  form  a  harmonic  pencil;  and 
conversely. 


SECTION   III. 


OF   ANHARMONIC   PROPERTIES. 

315°-  Let  A,  E,  C  and  D,  B,  F  be  two  sets  of  three  col- 
linear  points  having  their  ^ 
axes     meeting     in     some 
point  R. 

Join  the  points  alter- 
nately, as  ABCDEFA. 
Then  AB  and  DE,  BC  and 
EF,  CD  and  FA  meet  in 
P,  Q,  O.     To  show  that  these  points  are  collinear. 


IMAGE  EVALUATION 
TEST  TARGET  (MT-3) 


1.0 


I.I 


11.25 


f  '-    32.2 
^   ti&    12.0 


1.8 


14    111.6 


PI 4. !-• 
iiUlUgicipiUC 

Sciences 
Corporation 


/. 


(/a 


#' 


^ 


:i>^ 


\ 


\\ 


"% 


V 


23  WEST  MAIN  STREET 

WEBSTER,  NY.  14580 

(716)  872-4503 


'^'l-- 


^ 


268 


SYNTHETIC   GEOMETRY. 


0{ECQF}  =  C{EOQF} 
-C{RDBF} 
=  A{RDBF} 
=  A{EDPF} 
=  0{EDPF} 
=  0{ECPF}. 


(referred  to  axis  EF) 
(referred  to  axis  DR) 

(referred  to  axis  DE) 

(by  reversing  rays,  etc.) 


.'.  the  pencils  O.  ECQF  and  O.  ECPF  are  equianharmonic, 
and  having  three  rays  in  common  the  fourth  rays  must  be  in 
common,  z>.,  they  can  differ  only  by  a  straight  angle,  and 
therefore  O,  P,  Q  are  collinear. 

(Being  the  first  application  of  anharmonic  ratios  the  work 
is  very  much  expanded.) 

.'.If  six  lines  taken  in  order  intersect  alternately  in  two 
sets  of  three  collinear  points^  they  intersect  in  a  third  set  of 
three  collinear  points. 

Cor.  I.  ABC  and  DEF  are  two  triangles,  whereof  each  has 
one  vertex  lying  upon  a  side  of  the  other. 

If  AB  and  DE  are  taken  as  corresponding  sides,  A  and  F 
are  non-corresponding  vertices.  But,  if  AB  and  EF  are 
taken  as  corresponding  sides,  A  and  D  are  non-corresponding 
vertices. 

Hence  the  intersections  of  AB  and  EF,  of  ED  and  CE, 
and  of  AD  and  CF  are  collinear. 

.'.  If  two  triangles  have  each  a  vertex  lying  upon  a  side  of 
the  other,  the  remaining  sides  and  the  joins  of  the  remaining 
non-corresponding  vertices  intersect  collinearly. 

Cor.  2.  Joining  AD,  BE,  CF,  ADBE,  EBFC,  and  ADFC 
are  quadrangles,  and  P,  Q,  O  are  respectively  the  points  of 
intersection  of  their  internal  diagonals. 

.*.  if  a  quadrangle  be  divided  into  two  quadrangles,  the 
points  of  intersection  of  the  internal  diagonals  of  the  three 
quadrangles  are  collinear. 
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316°.  Let  A,  A',  B,  B',  C,  C  be  six  points  lying  two  by  two 
on  two  sets  of  three  con- 
current lines,  which  meet 
at  P  and  Q.  Then  the 
points  lie  upon  a  third  set 
of  three  concurrent  lines 
meeting  at  O. 

We  are  to  prove  that 
AO  and  AA'  are  in  line. 
A{0;rC'B}=B'{OK:'Q} 

=  B'{CPC>} 

=  Q{A'P^B} 

=A{A'jrC'B}. 
.-.  the  pencils  A.O;rC'B 
and  A.A';irC'B   are  equi- 
anharmonic,  and  have  three  corresponding  rays  in  common. 
Therefore  AO  and  AA'  are  in  line. 

Cor.  ABC  and  A'B'C  are  two  As  which  are  in  perspective 
at  both  P  and  Q,  and  we  have  shown  that  they  are  in  per- 
spective at  O  also. 

As  there  is  an  axis  of  perspective  corresponding  to 
each  centre,  the  joins  of  the  six  points,  accented  letters 
being  taken  together  and  unaccented,  together,  taken  in 
every  order  intersect  in  three  sets  of  three  collinear 
points. 


Exercises. 

1.  If  two  As  have  their  sides  intersecting  collinearly,  their 

corresponding  vertices  connect  concurrently. 

2.  The  converse  of  Ex.  i. 

3.  Three    equianharmonic    ranges    ABCD,   A'B'C'D',    and 

PQRS  have  their  axes  concurrent  at  Y,  and  AA',  BB', 
v^v- ,  j^i^  i,vjin-UiiciiL  <xi  *-v.  xiicii  me  cw^o  groups  01 
joins  AP,  BQ,  CR,  DS,  and  A'P,  B'Q,  C'R,  D'S  are 
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concurrent  at  two  points  O  and  O'  which  are  collinear 
with  X. 

4.  From  Ex.  3  show  that  if  a  variable  A  has  its  sides  passing 

through  three  fixed  points,  and  two  of  its  vertices  lying 
upon  fixed  lines,  its  third  vertex  lies  upon  a  fixed  line 
concurrent  with  the  other  two. 

5.  If  a  variable  A  has  its  vertices  lying  on  three  fixed  lines 

and  two  of  its  sides  passing  through  fixed  points,  its 
third  side  passes  through  a  fixed  point  collinear  with 
the  other  two. 


317°.  The  range  ABCD  is  transferred  to  the  circle  S  by 

rectilinear  projection  through 
any  point  O  on  the  circle. 
Then  A'B'C'D'  is  a  system  of 
points  on  the  circle  which  is 
equianharmonic  with  the  range 
ABCD. 

I.  If  O'  be  any  other  point 
on  the  circle,  the 

^A'OB'  =  z.A'0'B', 
c  D  ^B'OC'=^B'0'C',  etc., 

and  the  two  pencils  O .  A'B'C'D'  and  O'.  A'B'C'D'  are  equi- 
anharmonic. 

.'.  four  points  on  a  circle  subtend  equianharmonic  pencils 
at  all  fifth  points  on  the  circle. 


2.  Since 


sinA'OB'  =  ^'^' 
d  ' 

sinC'OD'  =  ^Jl,  etc., 


and 


(233°) 


AB .  CD  +  BC .  AD  =  AC .  BD, 

A'B'.  C'D'  +  B'C.  A'D'=A'C'.  B'D' ; 

which  is  an  extension  of  Ptolemy's  theorem  to  a  concyclic 

quadrangle.  (205°) 
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3.  If  the  range  ABCD  is  inverted  with  O  as  the  centre  of 
inversion,  the  axis  of  the  range  inverts  into  a  circle  S  through 
O,  and  A,  B,  C,  D  invert  into  A',  B',  C,  and  D'  respectively. 

Hence,  in  general,  anharmonic  relations  are  unchanged  by 
inversion,  a  range  becoming  an  equianharmonic  system  on  a 
circle,  and  under  certain  conditions  vice  versa. 

4.  In  the  inversion  of  3,  A  and  A',  B  and  B',  etc.,  are  pairs 
of  inverse  points. 

OA.OA'  =  OB.OB' 

=  OC.OC=OD.OD', 

and  the  As  OAB  and  OB'A',  OAC  and  OCA',  etc.,  are 
similar  in  pairs. 

And  if  P  be  the  _L  from  O  to  AD,  and  Pj,  P^,  P3,  and  P4  be 
the  ±s  from  O  to  A'B',  B'C,  CD',  and  D'A',  we  have 

AB_A'B'     BC     B'C 
P 


P.,"' 


P        P    * 
CD_CD'    DA     D'A' 


1p7' 


4 


But  (232°) 


AB-t-BC  +  CD  +  DA    A^B'.B'C.CD'     D'A 

AB  +  BC  +  CD  +  DA=o, 
A'B' ,  B'C ^  CD'  ,  D'A' 

■^-Po-^-p7+-pr=°- 


Pi        ^2        ^3        ^4 

And  since  the   same  principle  applies  to  a  range  of  any 
number  of  points, 

.-.  in  any  concyclic  polygon,  if  each  side  be  divided  by  the 
perpendicular  upon  it  from  any  fixed  point  on  the  circle,  the 
sum  of  the  quotients  is  zero. 

In  the  preceding  theorem,  as  there  is  no  criterion  by  which 
we  can  distinguish  any  side  as  being  negative,  some  of  the 
perpendiculars  must  be  negative. 

Of  the  perpendiculars  one  falls  externally  upon  its  side  of 
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Therefore  the 


the  polygon  and  all  the  others  fall  internally, 
theorem  may  be  stated  : — 

If  _Ls  be  drawn  from  any  point  on  a  circle  to  the  sides  of  an 
inscribed  polygon,  the  ratio  of  the  side,  upon  which  the  _L 
falls  externally,  to  its  _L  is  equal  to  the  sum  of  the  ratios  of 
the  remaining  sides  to  their  ±s. 

318°.  Theorem.— \i  two  circles  be  inverted  the  ratio  of  the 
square  on  their  common  tangent  to  the  rectangle  on  their 

diameters  is  unchanged. 
Let  S,  S'  be  the 
circles  and  AD  be  the 
common  centre  line, 
and  let  the  circles  s 
and  s'  and  the  circle 
Z  be  their  inverses 
respectively. 

Then  Z  cuts  s  and  / 
orthogonally,  and 
O{ABCD}=0{A'B'C'D'}. 
But  if  abed  be  the 
common  centre  line  of 
s  and  s\  ah.\  bB\  cC\ 
and  ilD'  are  concurrent 
at  O.  (265',  Ex.  :) 

0{abed]=^0{MB'CT>'} 

=  0{ABCD}, 

{abcd}^{^BCT>}, 

AC.JBD^ae^bd 
AB.  CD     ab.ed' 

But  AC .  BD  =the  square  on  the  common  direct  tangent  to  S 
and  S',  and  ae.  bd=ihe  square  of  the  corresponding  tangent 
to  J  and/.  (179°,  Ex.  2) 

And  AB  .  CD  and  ab.cdave  the  products  of  the  diameters 
respectively. 


or 
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And  the  theorem  is  proved. 

Cor.  I.   Writing   the   symbolic  expressions  {ABCDJ  and 
{abed]  m  another  form,  we  have 

AB.CD     ab.cd' 
And  AD .  EC  and  ad.  be  are  equal  to  the  squares  on  the 
transverse  common  tangents  respectively,, 

Cor.  2.  If  four  circles  S„  S^,  S3,  S4  touch  a  line  at  the 
ponns  A,  B,  C,  D,  and  the  system  be  inverted,  we  have  four 
circles  Ji,  ^2,  j-3,  s^,  which  touch  a  circle  Z  through  the  centre 
of  mversion. 

Novv  let  d,,  d,  ^3,  d,  be  the  diameters  of  S„  S^,  etc.,  and  let 
^1,  S  h.  h  be  the  diameters  of  Sy,  s„  etc.,  and  let  /,.,  be  the 
common  tangent  to  s,  and  s,,  t,,  be  that  to  ^3  and  s,,  ac 

Then  AB,  etc.,  are  common  tangents  to  Sj  and  S^,  etc.. 


and 
And 


AB.CD  +  BC.AD  +  CA.BD=o. 
ABa^V 


(^~33l 


CD2_/3,2 


d^d^     8^8^ 

sJd^i^d^d^    sJW^^8l 
and  similar  equalities  for  the  remaining  terms, 

^12^34  +  ^23^14  +  ^31^24  =  0. 

This  theorem,  which  is  due  to  Dr.  Casey,  is  an  extension 
of  Ptolemy's  theorem.  For,  if  the  circles  become  point- 
circles,  the  points  form  the  vertices  of  a  concyclic  quadran-le 
and  the  tangents  form  its  sides  and  diagonals.  " 

If  we  take  the  incircle  and  the  three  excircles  of  a  trianoie 
as  the  four  circles,  and  the  sides  of  the  triangle  as  tangems 
we  obtain  by  the  help  of  Ex.  i,  135°,  32.  ^2+,-2_^,2+^2_/,2 
as  the  equivalent  for  /,2^31  +  etc.;  and  as  this  expression  is 
identically  zero,  the  four  circles  given  can  all  be  touched  bv 
a  fifth  circle. 
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* 
Let  A,  15,  C,  D,  K,  F  be  six  points  on  a  circle  so  con- 
nected as  to  form  a  hexagram, 
i.e.,  such  that  each  point  is  con- 
nected with  two  others. 

Let  the  opposite  sides  AB, 
dp:  meet  in  P  ;  BC,  EF  in  Q  ; 
and  CD,  FA  in  K. 

To  prove  that  P,  Q,  and  R  are 

collinear. 

()!HDER}  =  Q{CDER} 
=  FiCDEA} 
=  B1CDEPI 
=  Q!BDEP1, 
.-.  Q Rand  QP  are  inline. 
.-.   if   a    hexagram    have    its 
vertices  concyclic,  the  points  of 
intersection  of  its  opposite  sides 
jp  in  pairs  are  collinear. 

/;,,/; _The  line  of  collinearity  is  called  the  pascal  of  the 
hexagram,  after  the  famous  Pascal  who  discovered  the 
theorem,  and  the  theorem  itself  is  known  as  Pascal's 
theorem. 

Cor.  I.  The  six  points  may  be  connected  in  5  x  4  x  3  x  2  or 
120  different  ways.  For,  starting  at  A,  we  have  five  choices 
for  our  first  connection.  It  having  been  fixed  upon,  we  have 
four  for  the  next,  and  so  on  to  the  last.  But  one-half  of  the 
hexagrams  so  described  will  be  the  other  half  described  by 
going  around  the  figure  in  an  opposite  direction.  Hence,  six 
points  on  a  circle  can  be  connected  so  as  to  form  60  different 
hexagrams.  Each  of  these  has  its  own  pascal,  and  there  are 
thus  60  pascal  lines  in  all. 

When  the  connections  are  made  in  consecutive  order  about 
the  circle  the  pascal  of  the  hexagram  so  formed  falls  without 
the  circle  ;  uut  if  any  other  order  of  connection  is  taken,  the 
pascal  may  cut  the  circle. 
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Cor  2.  In  the  hexagram  in  the  figure,  the  pascal  is  the  line 
through  P,  O,  R  cutting  the  circle  in  H  and  K.     Now 

cjkfbd;-c;kfori  e 

=  FIKCOR| 

=  F!KCEA}, 
.-.       ^     IKFBD|  =  |KCEA}, 

and  K  is  a  common  point  to  two  equi-  "inV  p/\ /r\/\q    /k 
anharmonic  systems  on  the  circle.     So 
also  is  H. 

These  points  are  important  in  the  theory  of  homographic 
systems.  ^.    k    ^ 

Cor.  3.  Let  i,  2,  3,  4,  5,  6  denote  six  points  taken  consecu- 
tively upon  a  circle.  Then  any  particular  hexagram  is  denoted 
by  wntmg  the  order  in  which  the  points  are  connected,  as  for 
example,  2461352. 

In  the  hexagram  246135  the  pairs  of  opposite  sides  are  -4 
and  13,  46  and  35,  61  and  52,  and  the  pascal  passes  through 
then-  mtersections. 

Now  taking  the  four  hexagrams 

246135,  245136,  246315,  245316, 
the  pascal  of  each  passes  through  the  intersection  of  the 
connector  of  2  and  4  with  the  connector  of  i  and  3.     Hence 
the  pascals  of  these  four  hexagrams  have  a  commr  n  point. 

It  is  readily  seen  that  inverting  the  order  of  2  and  4  gives 
hexagrams  which  are  only  those  already  written  taken  in  an 
inverted  order. 

.-.  the  pascals  exist  in  concurrent  groups  of  four,  meeting 
at  fifteen  points  which  are  intersections  of  connectors. 

Cor.  4.  In  the  hexagram  1352461  consider  the  two  triangles 
forme^by  the  side^  13^52,  46  and  35,  24,  61.  The  sides  13 
and  24,  35  and  46,  52  and  61  intersect  on  the  pascal  of 
1352461,  and  therefore  intersect  collinearly. 
_  Hence  the  vertices  of  these  triangles  connect  concurrently, 
^.e.,  the  Ime  through  the  intersection  of  3s  and  6?  and  the 
intersection  of  52  and  46,  the  line  through  the  intersection  of 
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35  and  '24  and  the  intersection  of  [3  and  46,  and  the  line 
through  the  intersections  of  24  and  61  and  the  intersection 
of  13  and  25  are  concurrent. 

But  the  fust  of  these  lines  is  the  pascal  of  the  hexagram 
1643521,  the  second  is  the  pascal  of  the  hexagram  3564213* 
and  the  third  is  the  pascal  of  the  hexagram  4256134. 

.-.  the  pascals  exist  in  concurrent  groups  of  three,  meeting 
at  20  points  distinct  from  the  1 5  pomts  already  mentioned. 

Cor.  5.  If  two  vertices  of  the  hexagram  coincide,  the  figure  be- 
comes a  pentagram,  and  the  missing  side  becomes  a  tangent. 

.-.  if  a  pentagram  be  inscribed  in  a  circle  and  a  tangent  at 
any  vertex  meet  the  opposite  side,  the  point  of  intersection 
and  the  points  where  the  sides  about  that  vertex  mee^  the 
remaining  sides  are  coUinear. 

Ex.  I.  The  tangents  at  opposite  vertices  of  a  concycHc  quad- 
rangle intersect  upon  the  external  diagonal  of  the  quadrangle. 

Ex.  2.  ABCD  is  a  concyclic  quadrangle.  AB  and  CD 
meet  at  E,  the  tangent  at  A  meets  BC  at  G,  and  the  tangent 
at  B  meets  AD  at  F.     Then  E,  F,  G  are  collinear. 

320°.  Let  six  tangents  denoted  by  the  numbers  i,  2,  3,  4,  5, 

and  6  touch  a 
circle  in  A,  B,  C, 
D,  E,  and  F. 
And  let  the 
points  of  inter- 
section of  the 
tangents  be  de- 
noted by  12,  23, 
34,  etc. 

Then  the  tan- 
gents form  a 
hexagram  about 
the  circle. 

Now,     12     is 
the  pole  of  AB,  and  45  is  the  pole  of  ED.     Therefore  the 
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line  12.45  is  the  polar  of  the  point  of  intersection  of  AB 
and  ED. 

Similarly  the  line  23.56  is  the  polar  of  the  intersection  of 
BC  and  EF,  and  the  line  34.61  is  the  polar  of  the  intersec- 
tion of  CD  and  FA. 

But  since  ABCDEF  is  a  hexagram  in  the  circle,  these 
three  intersections  are  coUinear.  (319°) 

.-.  the  lines  12 .  45,  23 .  56,  and  34. 61  are  concurrent  at  O. 

And  hence  the  hexagram  formed  by  any  six  tangents  to  a 
circle  has  its  opposite  vertices  connecting  concurrently. 

/?<?/•— The  point  of  concurrence  is  the  Brianchon  point,  and 
the  theorem  is  known  as  Brianchon' s  theorem. 

Cor.  I.  As  the  six  tangents  can  be  taken  in  any  order  to 
form  the  hexagram,  there  are  60  different  hexagrams  each 
having  its  own  Brianchon  point. 

^  Now  take,  as  example,  the  hexagram  formed  by  the  lines 
123456  taken  in  order. 

The  connectors  are  12  .  45,  23  .  56,  34.  61,  and  these  give 
the  point  O. 

But  the  hexagrams  1264^3,  123546,  and  726543  all  have 
one  connector  in  common  with  123456,  namely,  that  which 
passes  through  12  and  45.  Hence  the  Brianchon  points  of 
these  four  hexagrams  lie  upon  one  connector. 

.'.  the  60  Brianchon  points  lie  in  collinear  groups  of  four 
upon  15  connectors  of  the  points  of  intersection  of  the 
tangents. 

Cor.  2.  Consider  the  triangles  12.56.34  and  45.23.61. 
These  have  their  vertices  connecting  concurrently,  and  there- 
fore they  have  their  sides  intersecting  collinearly. 

But  the  point  of  intersection  of  the  sides  61 .  23  and  56.  34 
is  the  Brianchon  point  of  the  hexagram  formed  by  the  six 
lines  234165  taken  in  order ;  and  similar  relations  apply  to 
the  other  points  of  intersection. 

Hence  the  60  Brianchon  points  lie  in  collinear  groups  of 
three  upon  axes  which  are  not  diagonals  of  the  figure. 
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Cor.  3.   Let  two  of  the  tangents  become  coincident. 

Their  point  of  intersection  is  then  their  common  point  of 
contact,  and  the  he.xagram  becomes  a  pentagram. 

.".  in  any  pentagram  circumscribed  to  a  circle  the  join  of 
a  point  of  contact  with  the  opposite  vertex  is  concurrent  with 
the  joins  of  the  remaining  vertices  in  pairs. 

Ex.  I.  In  any  quadrangle  circumscribed  to  a  circle,  the 
diagonals  and  the  chords  of  contact  are  concurrent. 

Ex.  2.  In  any  quadrangle  circumscribed  to  a  circle,  the 
lines  joining  any  two  vertices  to  the  two  points  of  contact 
adjacent  to  a  third  vertex  intersect  on  the  join  of  the  third 
and  the  remaining  vertex. 
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SECTION   IV. 

OF  POLAR  RECIPROCALS  AND  RECIPROCATION.. 

321°.  The  relation  of  pole  and  polar  has  already  been 
explained  and  somewhat  elucidated  in  Part  IV.,  vSection  V. 

It  was  there  explained  that  when  a  figure  consists  of  any 
number  of  points,  and  their  connecting  lines,  another  figure 
of  the  same  species  may  be  obtained  by  taking  the  poles  of 
the  connectors  of  the  iirst  figure  as  points,  and  the  polars  of 
the  points  in  the  first  figure  as  connecting  lines  to  form  the 
second. 

And  as  the  first  figure  may  be  reobtained  from  the  second 
in  the  same  way  as  the  second  is  obtained  from  the  first,  the 
figures  are  said  to  be  /fo^trr  reciprocals  of  one  another,  as 
being  connected  by  a  kind  of  reciprocal  relation.  The  word 
reciprocal  in  this  connection  has  not  the  same  meaning  as  in 
184°,  Def. 

The  process  by  which  we  pass  from  a  figure  to  its  polar 
reciprocal  is  called /^/^zr  reciprocation  or  simply  reciprocatiou. 
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322".  Reciprocation  is  effected  with  respect  to  a  circle 
either  expressed  or  imphcd.  The  radius  and  centre  of  this 
reciprocatinfj  circle  are  quite  arbitrary,  and  usually  no 
account  need  be  taken  of  the  radius.  Certain  problems  in 
reciprocation,  however,  have  reference  to  the  centre  of  re- 
ciprocation, althou[,fh  the  position  of  that  centre  may  gener- 
ally be  assumed  at  pleasure. 

From  the  nature  of  reciprocation  we  obtain  at  once  the 
following  statements  :~ 

1.  A  point  reciprocates  into  a  line  and  a  line  into  a  point. 
And  hence  a  figure  consisting  of  points  and  lines  reciprocates 
into  one  consisting  of  lines  and  points. 

2.  Every  rectilinear  figure  consisting  of  more  than  a  single 
line  reciprocates  into  a  rectilinear  figure. 

3.  The  centre  of  reciprocation  reciprocates  into  the  line  at 
00,  and  a  centre-line  of  the  circle  of  reciprocation  reciprocates 
into  a  point  at  00  in  a  direction  orthogonal  to  that  of  the 
centre-line. 

4.  A  range  of  points  reciprocates  into  a  pencil  of  lines,  and 
the  axis  of  the  range  into  the  vertex  of  the  pencil.  And 
similarly,  a  pencil  of  lines  reciprocates  into  a  range  of  points, 
and  the  vertex  of  the  pencil  into  the  axis  of  the  range. 
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323°.  Let  O.LMNK  be  a  pencil  of  four,  and  C  be  the 
centre     of    reciprocation. 
Draw  the   perpendiculars   •< 
CI'  on  L,  Cm'  on   M,  Cn' 
on  N,  and  Ck'  on  K. 

The  poles  of  L,  M,  N, 
K  lie  respectively  on  these 
perpendiculars,  forming  a 
range  of  points  as  /,  w,  ;/, 
k.     Then 

I.  Evidently  the 

^LOM-L/Cw,  -MON=_wC;/,  etc. 
.'.  the  angle  between  two  lines  is  equal  to  that  subtended  at 
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the  centre  of  reciprocation  by  the  poles  of  the  lines  ;  and  the 
angle  subtended  at  the  centre  of  reciprocation  by  two  points 
is  equal  to  the  angle  between  the  polars  of  the  points. 

2.  Any  pencil  of  four  is  equianharmonic  with  its  polar 
reciprocal  range.  And  hence  anharmonic  or  harmonic  re- 
lations are  not  altered  by  reciprocation. 

I^tf.—l^o'ints  are  said  to  be  perpendicular  to  one  another 
when  their  joins  with  the  centre  of  reciprocation  are  at  right 
angles.  In  such  a  case  the  polars  of  the  points  are  perpen- 
dicular to  one  another. 

124°.  In  many  cases,  and  especially  in  rectilinear  figures, 
•  •  'sing  from  a  theorem  to  its  polar  reciprocal  is  quite  a 
i  '  lical  process,  involving  nothing  more  than  an  intel- 
ligent and  consistent  change  in  certain  words  in  the  statement 
of  the  theorem. 

In  all  such  cases  the  truth  of  either  theorem  follows  from 
that  of  its  polar  reciprocal  as  a  matter  of  necessity. 

Take  as  example  the  theorem  of  88°,  "  The  three  altitudes 
of  a  A  are  concurrent." 

To  get  its  polar  reciprocal  put  it  in  the  following  form,  where 
the  theorem  and  its  polar  reciprocal  are  given  in  alternate 
lines  : — 

The  threef  ™^ 'hrough  the  verticesl   j.  ^ic.Ur 

(pomts    on    the    sides      j         ^ »-    *- 

to  the  opposite  j"'^^"      \  are  1^°"^"^^^^^. 
(vertices)        (collinear. 

To  get  a  point  ±  to  a  vertex  we  connect  the  vertex  to  the 
centre  of  reciprocation,  and  through  this  centre  draw  a  line  X 
to  the  connector.     The  point  required  lies  somewhere  on  this 

^'"^-  (323°,  Def.) 

And  as  the  centre  may  be  any  point,  we  may  state  the 

polar  reciprocal  thus  : — 

"  The  lines  through  any  point  perpendicular  to  the  joins  of 
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that  point  with  the  vertices  of  a  triangle  intersect  the  opposite 
sides  of  the  triangle  collinearly."  (252°,  Ex.  8) 

325°.  Consider  any  two  As.  These  reciprocate  into  two 
Ais ;  vertices  giving  sides,  and  sides,  vertices. 

If  the  ori^;inal  As  are  in  perspective  their  vertices  connect 
concurrently.  But  in  reciprocation  the  vertices  become  sides 
and  the  point  of  concurrence  becomes  a  line  of  collinearity. 
Hence  the  polar  reciprocals  of  these  As  have  their  sides 
intersecting  collinearly  and  are  in  perspective. 

.'.  As  in  perspective  reciprocate  into  As  in  perspective. 

But  any  three  concurrent  lines  through  the  vertices  of  a  A 
intersect  the  opposite  sides  in  points  which  form  the  vertices 
of  a  new  A  in  perspective  with  the  former. 

Hence  all  cases  of  three  concurrent  lines  passing  through 
the  vertices  of  a  A  reciprocate  into  As  in  perspective  with 
the  original.  Such  are  the  cases  of  the  concurrence  of  the 
three  medians,  the  concurrence  of  the  three  altitudes,  of  the 
three  bisectors  of  the  angles,  etc. 

326°.  The  complete  harmonic  properties  of  the  tetragram 
may  be  expressed  in  the  two  following  theorems,  which  arc 
given  in  alternate  lines,  and  are  polar  reciprocals  to  one 
another  : — 

FourP'"^^    Idetermine  by  their/ ^"^^^^^^^'^^^l six  ^Poirits,| 
^points)  (connectors    j       | lines,    j 

""'  ^"^inTers'ectionsi  °^  ^^^^^  ^^  their {-^ersectionsK^^^^. 
•  inierseciions ;  ( connectors     j 

mine  three  newjPo^ns.  I     Thej--- jof  any  of  the 
three  "ew|P|^^"^tsj^.^j^  ^^^  ^^.^.^^^  six|P°^"ts|^^^.^^  ,^  j^,^^_ 


monic  jP^"^'l- 
( range. 


( lines    i 


fc-Hl 


Other  polar  reciprocal  theorems,  which  have  been  already 
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given,  are  Pascal's  and  IJrianchon's  tlieorcms  with  all  their 
corollaries,  the  theorems  of  Arts.  313'  and  314",  of  Arts. 
315°  and  316",  etc. 

The  circle,  when  reciprocated  with  respect  to  any  centre  of 
reciprocation  not  coincident  with  its  own  centre,  gives  rise  to 
a  curve  of  the  same  species  as  the  circle,  /w.,  a  conic  section, 
and  many  properties  belonging  to  the  circle,  and  particularly 
those  which  arc  unaltered  by  reciprocation,  become  properties 
of  the  general  curve. 

These  generalized  properties  cannot  be  readily  understood 
without  some  preliminary  knowledge  of  the  conic  sections. 


\         SECTION   V. 

HOMOGRAPHV   AND   INVOLUTION. 

327°.  Let  A,  B  and  A',  B'  be  fixed  points  on  two  lines,  and 

~* ± r r 1—    let  P  and  P'  be  variable  points, 

one  on  each  line  which  so  move 
A       B'      c         D  E  as  to  preserve  the  relation 

AP_,     A'P' 
BP      '  ■  B'P" 

where  ^  is  any  constant ;  and  let  C,  C  ;  D,  D' ;  E,  E',  etc.,. 
be  simultaneous  positions  of  P  and  P'. 

Then  the  points  A,  B,  C,  I),  E,  etc.,  and  A',  B',  C,  I)',  E',. 
etc.,  divide  homographically  the  lines  upon  which  they  lie. 

AC_,    A'C'    ,^,  AD      ,     A'D' 
BC~''-BX:'''"'^iT5^"'^-B'D" 

AC.BD_A^C'.B'I)' 
AD  .  BC     A'D' .  B'C" 


or 


{ABCD|  =  JA'P>'C'1)';. 


Similarly,       {ABCEJ  =  JA'B'C'E'I,  {BCDEJ  =  JB'C'D'E'},  etc. 
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Evidently  for  each  position  of  P,  P'  can  have  only  one 
position,  and  conversely,  and  hence  the  points  of  division  on 
the  two  axes  correspond  in  unique  pairs. 

.-.  two  lines  are  divided  homoj,naphically  by  two  sets  of 
points  when  to  each  point  on  one  corresponds  one  and  only 
one  point  on  the  other,  and  when  any  four  points  on  one  line 
and  their  four  correspondents  on  the  other  form  equianhar- 
moniq  ranges. 

Cor.  I.  If  the  systems  of  points  be  joined  to  any  vertices  O 
and  O',  the  pencils  O.ABCD...  and  0'.  A'B'C'D'...  are 
evidently  homographic,  and  cut  all  transversals  in  homo- 
graphic  ranges. 

Cor.  2.  The  results  of  Arts.  304°,  Cors.  3  and  4,  and  of 
Arts.  305°  and  306"  and  their  corollaries  are  readily  extended 
to  homographic  ranges  and  pencils. 


,'b 


I  fit 


The  following  examples  of  homographic  division  are  given. 

Ex.  I.  A  line  rotating  about  a  fixed  point  in  it  cuts  any  two 
lines  homographically. 

Ex.  2.  A  variable  point  confined  to  a  given  line  determines 
two  homographic  pencils  at  any  two  fixed  points. 

Ex.  3.  A  system  of  r._^.-circles  determines  two  homographic 
ranges  upon  any  line  cutting  the  system. 

Consider  any  two  of  the  circles,  let  P,  Q  be  the  common 
points,  and  let  the  line  L  cut  one  of  the  circles  in  A  and  A' 
and  the  other  in  B  and  B'.  Then  the  z.PBB'  =  z.PQB',  and 
_PAB'=^PQA'.     .•.^APB=^A'(2B'. 

Hence  the  segment  13A  subtends  the  same  angle  at  P  as 
the  segment  at  B'A'  does  at  O.  And  similarly  for  all  the 
segments  made  in  the  other  circles. 

Ex.  4.  A  system  of /./^.-circles  determines  two  homographic 
ranges  upon  every  line  cutting  the  system. 
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DOUBLE   POINTS  OF  HOMOGRAPHIC   SYSTEMS. 


ill 


328'.  Let  ABCD. 

A      .  B 


and  A'B'C'D'...  be  two  homographic 

_^____^ c  p  ranges  on  a  common  axis. 

°  A'      B'        c  D'  If  any  two  correspondents 

from  the  two  ranges  become  coincident  the  point  of  co- 
incidence is  a  double  point  of  the  system. 

If  A  and  A'  were  thus  coincident  we  would  have  the  rela- 
tions {ABCE}-{AB'C'E'},  etc. 

Thus  a  double  point  is  a  common  constituent  of  two  equi- 
anharmonic  ranges,  of  which  the  remaining  constituents  are 
correspondents  from  two  homographic  systems  upon  a 
common  axis. 

ABC  and  A'B'C  being  fixed,  let  D  and  D'  be  two  variable 
correspondents  of  the  doubly  homographic  system. 

Then  {ABCD}={A'B'C'D'}, 


whence 


BD .  A^D^  _  BC^A/C'  _^ 


say. 


AU.B'D'     AC.B'C     q' 
Now  taking  O,  an  arbitrary  point  on  the  axis,  let 

OD-;i-,  OD'=y,  OK=a,  OM=a\  0B  =  <5,  0B'=^'. 
ThenBD=.r-/;,  B'B'=x'-d\  AD=.r-rt,  M\^'=x'^a', 

(x-l>){x'-a')_p 
{x-a){x'-b')     q' 
which  reduces  to  the  form 

.m''  +  P;r-f-Q;ir'  +  R=0. 
When  D  and  D'  become  coincident  x'  becomes  equal  to  x 
and  we  have  a  quadratic  from  which  to  determine  ;r,  i.e.,  the 
positions  of  D  and  D'  when  uniting  to  form  a  double  point. 

Hence  every  doubly  homographic  system  has  two  double 
points  which  are  both  real  or  both  imaginary,  and  of  which 
both  may  be  finite,  or  one  or  both  may  be  at  infinity. 

Evidently  there  cannot  be  more  than  two  double  points, 
for  since  such  points  belong  to  two  systems,  three  double 
points  would  require  the  coincidence  of  three  pairs  of  corre- 
spondents, and  hence  of  all.  (306°) 
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329°.  If  D  be  one  of  the  double  points  of  a  doubly  homo- 
graphic  system,     J^^-^A-'=CB  .  CA'^  P 

Now  DB.DA'  and  DA.DB'  are  respectively  equal  to  the 
squares  on  tangents  from  D  to  any  circles  passing  through 
B,  A'  and  B',  A. 

But  the  locus  of  a  point  from  which  tangents  to  two  given 
circles  are  in  a  constant  ratio  is  a  circle  co-axal  with  both. 

(275°,  Cor.  5> 

Hence  the  followmg  construction  for  finding  the  double 
points. 

Through  A,  B'  and 
A',  B  draw  any  two 
circles  so  as  to  mtersect 
in  two  points  U  and 
V,  and  through  these 
points  of  intersection  pass  the  circle  S",  so  as  to  be  the  locus 
of  a  point  from  which  tangents  to  the  circles  S  and  S'  are  in 
the  given  ratio  y/P  :  ,/Q. 

The  circle  S"  cuts  the  axis  in  D,  D,  which  are  the  required 
double  points. 

Evidently,  instead  of  A,  B'  and  A',  B  we  may  take  any  pairs 
of  non-corresponding  points,  as  A,  C  and  A',  C;  or  B,  C  and 
B',  C.  The  given  ratio  ^F  :  ^Q  is  different,  however,  for 
each  different  grouping  of  the  points. 

Cor.  I.  When  P  =  Q,  i.e.,  when  |^  =  g!§l   the  circle   S" 

takes  its  limiting  form  of  a  line  and  cuts  the  axis  at  one  finite- 
point  or  at  none. 

In  this  case  both  double  points  may  be  at  00  or  only  one 
of  them. 

Cor.  2.  If  any  disposition  of  the  constituents  of  the  system 
causes  the  circle  S"  to  lie  whoiiy  upon  one  side  of  the 
axis,  the  double  points  for  that  ''■^position  become  imagin- 
ary. 
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330°.  Let  L  be  the  axis  of  a  doubly  homographic  system. 

,  Throuj^h  any  point  O  on  the 
circle  S  transfer  the  system, 
by  rectilinear  projection,  to 
the  circle.  Tiien  ABC..., 
^  A'B'C...  form  a  doubly 
homographic  system  on  the 
'^'  circle. 

D  Now,  by  connecting  any 
two  pairs  of  non-correspond- 

B  ents  A,  B'  and  A',  ]}  ;  ]},  C' 
and  B',  C  ;  C,  A'  and  C,  A, 
we  obtain  the  pnscal  line 
KH  which  cuts  the  circle  in 
two  points  such  that 

{KABC}  =  {KA'B'C'J. 

Hence  H  and  K  are  double  points  to  the  sys^tlm  or'the 
circle.  And  by  transferring  K  and  H  back  through  the  point 
O  to  the  axis  L,  we  obtain  the  double  points  D,  D  of  the 
doubly  homographic  range. 

Cor.  I.  When  the  pascal  falls  without  the  circle,  the  double 
points  are  imaginary. 

Cor.  2.  When  one  of  the  joins,  KO  or  HO,  is  ||  to  L,  one  of 
the  double  points  is  at  00 . 

Cor.  3.  If  the  system  upon  the  circle  with  its  double  points 
H  and  K  be  projected  rectilinearly  through  any  point  on 
the  circle  upon  any  axis  M,  it  is  evident  that  the  projected 
system  is  a  doubly  homographic  one  with  its  double  points. 

Cor.  4.  Cor.  3  suggests  a  convenient  method  of  finding  the 
<louble  points  of  a  given  axial  system. 

Instead  of  employing  a  circle  lying  without  the  axis,  employ 
the  axis  as  a  centre-line  and  pass  the  circle  through  any  pair 
of  non-correspondents. 


:  system. 
O  on  the 
!  system, 
ction,  to 
ABC..., 
doubly 
n  on  the 

ing  any 
-espond- 
> ;  B,  C 
d  C,  A, 
cal  line 
circle  in 

irc'}. 

Cor.  2) 

on  the 

le  point 

of  the 

!  double 

,  one  of 

;  points 
)int  on 
ejected 
oints. 

ing  the 

employ 
ny  pair 


r 

I 


HOMr)(;KAI>IIY   AND   INVOLUTION.  287 

Then  from  any  convenient  point  on  the  circle  transfer  the 
rema.nmg  points,  lind  the  pascal,  and  proceed  as  before. 

331".  The  following  are  examples  of  the  application  of  the 
double  pomts  of  doubly  homographic  systems  to  the  solution 
of  problems. 

K.x.  I.  (;ivcn  two  non-parallel  lines,  a  point,  and  a  third 
hue  To  place  between  the  non-parallels  a  segment  which 
sha  I  subtend  a  given  angle  at  the  given  point,  and  be  parallel 
to  the  third  line. 

Let  L  and  M  be  the  non- 
parallel  lines,  and  let  N  be 
the  third  line,  and  ()  be  the 
given  point. 

We  are  to  place  a  segment 
between  L  and  M,  so  as  to 
subtend  a  given  angle  at  O  and  be  |)  to  N. 

On  L  take  any  three  points  A,  B,  C,  and  join  OA,  OB  OC 
Draw  Aa,  B/.,  CV  all  ||  to  N,  and  draw  Oa\  O//,  O.-'  so  as  to 
make  the  angles  AO..',  liO^',  CO.'  each  equal  to  the  given 
angle. 

^  Now,  if  with  this  construction  a  coincided  with  a',  or  l>  with 
//,  or  c  with  c',  the  problem  would  be  solved. 
But,  if  we  take  a  fourth  point  D,  we  have 

0{ABCD}  ==  lABCD]  =  {abed}  =  {a'b'dd']. 
.'.  ridc'd and  a7/c'd' nve  two  homographic  systems  upon  the 
same  axis.     Hence  the  double  points  of  the  system  give  the 
solutions  required. 

Ex.  2.  Within  a  given  A  to  inscribe  a  A  whose  sides  shall 
be  parallel  to  three  given  lines. 

Ex.  3.  Within  a  given  A  to  inscribe  a  A  whose  sides  may 
pass  through  three  given  points. 

Ex.  4.  To  describe  a  A  such  that  its  sides  shall  pass 
through  three  given  points  and  its  vertices  lie  upon  three 
given  lines. 
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SYSTEMS  L\  INVOLUTION. 

332°.  If  A,  A',  B,  B'  are  four  points  on  a  common  axis, 
whereof  A  and  A',  as  also  B  and  B',  are  correspondents,  a 
pomt  O  can  always  be  found  upon  the  axis  such  that 

OA.OA'  =  OB.OB'. 

This  point  O  is  evidently  the  centre  of  the  circle  to  which 
A  and  A',  and  also  B  and  B',  are  pairs  of  inverse  points,  and 
is  consequently  found  by  257°. 

Now,  let  P,  P'  be  a  pair  of  variable  conjugate  points  which 
so  move  as  to  preserve  the  relation 

OP.OP'  =  OA.OA'  =  OB.OB'. 
Then  P  and  P'  by  their  varying  positions  on  the  axis  deter- 
mine a   double   system   of  points  C,  C,  D,  D',  E,  E',  etc. 
conjugates  in  pairs,  so  that 

OA .  OA'=OC.  OC=^OD  .  OD'  =  OE .  OE'  =  etc. 

Such  a  system  of  points  is  said  to  be  in  involution,  and  O 
is  called  the  centre  of  the  involution. 

When  both  constituents  of  any  one  conjugate  pair  lie  upon 
the  same  side  of  the  centre,  the  two  constituents  of  every 
conjugate  pair  lie  upon  the  same  side  of  the  centre,  since 
the  product  must  have  the  same  sign  in  every  case. 

With  such  a  disposition  of  the  points  the  circle  to  which 
conjugates  are  inverse  points  is  real  and  cuts  the  axis  in  two 
'^. -rr—^ — III — . , ,  ,  points  F  and  F'. 

C  FCOABFB'  A.         , 

At  these  points  vari- 
able conjugates  meet  and  become  coincident. 

Hence  the  points  F,  F'  are  the  double  points  or  ^^/  of  the 
system. 

From  Art.  311°,  r,  FF'  is  divided  harmonically  by  every 
pan-  of  conjugate  points,  so  that 

FAF'A',  FBF'B',  etc.,  are  all  harmonic  ranges. 

When  the  constituents  of  any  pair  of  conjugate  points  lie 
upon  opposite  sides  of  the  centre,  the  foci  are  imaginary. 
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I  .^rfu  ^u  ^'  ^''  ^'  ^'''  ^'  ^'  ''^  ''''  P°"^^s  in  involution,  and 
let  U  be  the  centre. 

Draw  any  line  OPQ  through  U, 
and  take  P  and  O  so  that 

0Pr'0Q  =  0A.0A', 
and  join  PA,  PB,  PC,  and  PC, 
and  also  QA',  QB',  QC,  and  QC. 
Then,  •,•    OA.  OA'  =  OP.  OQ,    o 

.•.  A,  P,  Q,  A'  are  concyclic.    .'.  ^OPA  =  ^OA'Q. 
Similarly,  B,  P,  Q,  B'  are  concyclic,  and  Z.OPB=z.OB'o'  etc 

z.APB=/.A'QB'. 
Similarly,  ^BPC  =  ^B'(2C',  ^CPC'  =  z.C'QC,  etc 

Hence  the  pencils  P(ABCC')  and  Q(A'B'C'C)  are  equianhar- 
monic,  or         {ABCC}  =  {A'B'CCf, 

Hence  also  {ABB'C}  =  {A'B'BCT},  {AA'BC}  =  {A'AB'C}. 
And  any  one  of  these  relations  expresses  the  condition  that 
the  SIX  pomts  symbolized  may  be  in  involution. 

334°.  As  involution  is  only  a  species  of  homographv,  the 
relations  constantly  existing  between  homographic  ranges  and 
their  corresponding  pencils,  hold  also  for  ranges  and  pencils 
m  involution.     Hence 

1.  Every  range  in  involution  determines  a  pencil  in  involu- 
tion at  every  vertex,  and  conversely. 

2.  If  a  range  in  involution  be  projected  rectilinearly  through 
any  point  on  a  circle  it  determines  a  system  in  involution  on 
the  circle,  and  conversely. 

Ex.  The  three  pairs  of  opposite  connectors  of  any  four 
points  cut  any  line  in  a  six-point  involution. 

A,  B,  C,  D  are  the  four  points,  sj       d  c 

and  P,  F  the  line  cut  by  the  six 
connectors  CD,  DA,  AC,  CB,  BD, 
and  AB.    Then 

D{PQRR';=D{CARB}  b 

-BfCARD} 


i 


;)i{ 


; 


h*  (. 


■vti 


=  B{Q'P'RR'}  =  {P'Q'R'R|^ 


(302°) 
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{P0RR'}  =  {1>'()'R'R}, 

and  the  six  points  arc  in  involution. 

<. 

Cor.  I.  The  centre  O  of  the  involution  is  the  radical  centre 
of  any  three  circles  through  PP',  (^O',  and  RR';  and  the 
three  circles  on  the  three  segments  PP',  OQ',  and  RR'  as 
diameters  are  co-axal. 

When  the  order  of  POR  is  opposite  that  of  P'Q'R'  as  in  the 
rigure,  and  the  centre  O  lies  outside  the  points,  the  co-axal 
circles  are  of  the  /./.-species,  and  when  the  two  triads  of 
ponits  have  the  same  order,  the  co-axal  circles  are  of  the 
f./.-species. 

Cor.  2.  Considering  ABC  as  a  triangle  and  AD,  BD,  CD 
three  lines  through  its  vertices  at  D,  we  have— 

The  three  sides  of  any  triangle  and  three  concurrent  lines 
through  the  vertices  cut  any  transversal  in  a  six-point 
involution. 

Exercises. 

1.  A  circle  and  an  inscribed  quadrangle  cut  any  line  through 

them  in  involution. 

2.  The  circles  of  a  co-axal  system  cut  any  line  through  them 

in  involution. 

3.  Any  three  concurrent  chords  intersect  the  circle  in  six 

points  forming  a  system  in  involution. 

4.  The  circles  of  a  co-axal  system  cut  any  other  circle  in 

involution. 

5.  Any  four  circles  through  a  common  point  have  their  six 

radical  axes  forming  a  pencil  in  involution. 
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SELECT  LETTERS.    Edited  by  R.  Y.  Tyrrell,  JI.A.  [Tn  tU  Press 

DEMOSTHENES.— DE  CORONA.     By  B.  Drake,  M.A.     7tli  Edition,  revised  by 

3s.  ('id. 

By  Rev.  J.  R.  King,  M.A.,  Fellow  and  Tutor  of  Oriel 


E.  S.  SlIUCKBURGlI,  M.  ■  . 

ADVERSUS  LEPTINEM. 

College,  Oxford.  2s.  Cd. 
THE  FIRST  PHILIPPIC. 
IN  MIDIAM.     By  Prof.  A. 


By  Rev,  T.  Gwatkin,  M.A.     2s.  Cd, 
S.  Wilkins,  Litt.D.,  and  Herman  IIacer,  Ph.D.,  of 
the  Owens  College,  Victoria  Uiiiveisity,  Manchester.  [In  iircparation 

EURIPIDES.-HIPPOLYTUS.     By  Rev.  J.  P.  Maiiakfy,  D.D.,  Fellow  of  Trinity 
College,  and  Professor  of  Ancient  History  in  the  University  of  Dublin,  and  J 
B.  Bury-,  M.A.,  Fellow  of  Trinity  College,  Dublin.     2s.  Cd. 

MEDEA.     By  A.  W,  Verhai.i,,  Litt,D.,  Fellow  of  Trinity  College,  CambridKO 
2s,  Cd. 

IPHIGENIA  IN  TAURIS,    By  E.  B.  Enoland,  M.A,    8s. 
ION,    By  M,  A.  Bayfield,  M.A.,  Ilea.lniaster  of  Christ's  College,  Brecon.    2s,  Cd. 
BACCHAE.  By  R,  Y.  Tyrrell,  M.A.,  Regius  Professor  of  Greek  in  the  University 
of  Dublin.  [[,1  Iircparation. 

HERODOTUS.— BOOK  III.     By  G.  C.  Macaulay,  M.A.     2s,  Cd. 
BOOK  V,    By  J,  Strachan,  M.A.,  Professor  of  Greek  in  the  Owens  College 


Victoria  University,  Manchester 
BOOK  VI.    By  the  same,    3s.  Cd, 
BOOK  VIL     By  Mrs.  A.  F.  Butler.     3s.  Cd, 
HESIOD.-THE  W^ORKS  AND  DAYS.     By  W,  T,  Lendrum, 
Sfaster  at  Dulwich  Coilego. 


[In  preparation. 
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ODYSSEY.     liU(Jlv  IX.     Uy  ITof.  Joun  E.  U.  Mayoh.     "h  C.l 
of'taWi',l"^t   BjAiTiiUB  Palmer,  M.A.,  Proframr  „r  I.,ti„  f„  H.oUnlveralty 

Si.XKCT^SATIU,«.      „y  l.„,,   J..„„  B.  a    M.v„„.      X.    a„„    XI.     3..  0.1. 

"«06Ks''xx!'l'!-iv,."'-,,  \  """J'-  "■  «'—»'».  MA.     3,.  r.,. 
iiUUKa  XXI.  and  XXII.     By  Rev.  W.  W  Cai'ks   MA      Wiii.  \i.,.u      a     ,. , 

BROOKS  XXIII.  and  XXIV.     Ry  (J.  C.  Ma Vau  ay  MA      Wi  1.  AK        f  ?/ 

Master  at  Eton.    With  Maps.    2s   (i.l        ^  Rawlins,  M.A.,  Assistant 

LUCRETIUS-BOOKS  I.-lli.        By  j.  h    Waiu-uutov   I  rr    , ''^  ^''''f''""'' '^: 
Master  at  Rossall.    3s.  Cd  WAui.bnioN  Lkk,   M.A.,   A.ssistant 

™,,s      3s  6d.^  '     ^•'^•'  '^'''•'^'"*'  ^''■^•^*^^'  ^t  I^^"'"V^-     With 

*IIEROIDUMEPISTUL.i;XIII.    By  E.  S.  Siiuckburgh,  M  A     Ss  Cd 
METAMORPHOSES.     BOOKS  I.-III      By  C    Simmov.   a    a'       t' 
BOOKS  XTir  .,nH  \iv      turn^  \.\.l       «"^'^ON.s,  M.A.    [In preparation. 

jjuuivo  Aui.  ana  AlV.     i5y  tlie  same  Editor.    3h  (jd 

PLATO.-LACIIES.     By  M.  T.  Tatham,  M.A.    2s  Cd 

THE   REPUBLIC.     BOOKS   L-V.      By  T    H  '  wIrrpv     ma      „      •,     . 
Magdalen  College,  Oxford.    [>s.  Warren,   M.A.,   President  of 

PLAUTUS— MILES  GLORIOSUS.    Bv  R  Y  Tyrrfi  r    Ar  a     r»  >  •      «    , 

Greek  in  the  University  of  Dublin  %d  E^.   revised     3^c.f ""'"'  ^'°^''''''  "^ 

*^yDuS!'^3s.  ?d'.^"^"""  ''"""^'  ^•^•'  ^-^-«-'  "^  I^^«n  in  the  University 
CAPTIVL     By  A.  Riivs-Smith,  M.A.  rr„  ,;    t, 

LIVES  OK  GALBA  AND  OTHO.     Uy  E.  G.  Lrbv   k  A     5, 

=^£^'I-St";S4S  Sr '"'"     "y  C.  M^n....  D.D.,  De.,„  or  Ely. 

"TS"  as''™'^"''*-    ""  ■'■  "■  '^°°«'  »"••  '^-""'"'  Master  at  St.  P.m-. 
J  UGURTIIA.    Uy  the  ,.,„o  E.litor.  „„  ,„^„,„„,„, 
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"^  T^iT?;.;;?'/!  «  ^^S^^^^-    ^O^^S  I.  and  H.    l^y  j.  s.  Re,d,  Litt.D.  [In  prep. 

MA      LN  "^"^^  ^^-     ^'y^-  ^'  CHtmcH,  M.A.,  andW.  J.   URODmBB, 

THE  HISTORIES.     BOOKS  I.  and  II.    13y  A.  D.  Godlev,  M.A.,  Fellow  of 

AmnnmA      ";T;,5^/''''''-    ^'- ^'^-     ^OOKS  III.-V.    By  the  same.    8.s.  (5d. 

"K'^s^S:"  ^^^^,  ,?.^e^el.'-  ^""'^^^"'  ''•'■'  ^-'  ''■  '■  '^— »■ 

''^vS^r:-;i^sffl;?^;^^^  ^^  ^-  «•  «"— -n.  M.A.    2s.  6d. 

oinin^^US^    ^^  ^^'''■-  •^""''  ^°''°'  ^^•^•'  •''"'^  ^<^^'-  A-  S-  Walvoi,E,  M.A.    23.  Cd. 
THUOYDIDES.-BOOK  I.     By  C.  Buyanh,  M.A.  rjn  vreparation 

nnn^  J!V    ^^  ^;,  ^;.  M^^C"^^"^.  M.A.,  Assistant  Master  at  St.  Paul'-s. 
BOOK  III.     By  0.  Bryans,  M.A.  ^„  preparation 

^Z^aM'S'^^S:  (S:  ^"^''"''  ^^■^■'  ^^'"'''"''^  ^'°*"'''  "<=  St.  John's  College,' 
BOOK  V.  "  By  the  same  Editor.  rj,,  ;^g  „„„. 

BOOK  VIII.     By  Prof.  T.  G.  Tucker,  M.A.  r/,.  riremratinn 

XENOPHON.-*THE  ANABASIS.      BOOKS  I.-IV.     By  Profs   W  W  Goodwtk 
and  J.  W.  White.    Adapted  to  Goodwin's  Greek  Grafnmai-     Witti  Man     S^ed 

?YROpIml-    ln?.H\tr'''    «yH.  HAILSTONE,  B. A.   WiS^^.  t^. 

CYROP^DIA.     BOOKS  VH.  and  VHI.     By  A.  Goodwin,  MA    Professor  of 

Classics  in  University  College,  London.    2s.  Gd.  '  ^'^^^^^°^  "^^ 

mrTr!^''?^i^^  SOCRATIS.  By  A.  R.  Cluer,  B.A.,  Balliol  College.  Oxford.  58. 
HIERO.     By  Rev.  H.  A.  Holden,  Litt.D.,  LL.D.    2s  6d 
OECONOMICUS.     By  the  same.     With  Lexicon.    5s. 

CLASSICAL   LIBRARY. 

A  ^   ^®^*,^'o  ^']^^^'^  ^^'^^  Introductions  and  Notes,  for  the  use  of 
Advanced  Students  ;  Commentaries  and  Translations. 

^^ G°^™^M  A  SUP?^'^''^  n^  ^''r''  ^•'^^'  ^^'i«^  Translation.    By  T. 
Lrne     8V0    to's  Sd        '       ^^'"''^'"^  Pl"lology  in  the  University  of  Me": 

'^^^J^'^l\^^^}^,^^^  THEBES.     With  Translation.      By  A    W   Verrall 
LittD.,  Fellow  of  Trinity  College,  Cambridge.     8vo     7s  6d  ^^rrall, 

tpf5!^?SSS-   .Y,^^''^™"'^^"'^"-    By  A.  W.  Verrall,  Litt.D.    8vo.     12s 
M^?^?^  n^^'   CnO^'^O^^'  ^ND   EUMENIDES.      By  A.  O.  Prickard 

THE  EUMEXIDl?s"\^;f';"'^"^^^  '^■"-  t^-l'-'-S 

8vo     5s  Translation.     By  Bernard  Drake,  M.A. 

''"SSrSi''  ™""-«'<^«-     BOOK  ..    Tn»„si;,tc^\y  a  Ca,n.Hage 
THE  POLITICS.    By  R.  D.  DicKS,  M.  A.,  Fellow  of  Trinity  College,  Cambrl.lge. 

™h".Z^"Sv„''''SS  "'  ""'■  '■  ^-  '■  ^"--»'  "■^-  B5Sitfer„'j 

THE  RHETORIC.     Translated  by  the  same.    Cr.  8vo     Ts  6d 

AN  INTRODUCTION  TO  ARISTOTLE'S  RHETORIC.     With  Analysis  Notes 


t.D.  [In  prep, 
J.  Hrodkibh, 
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M.A.     23.  6d. 

M.A.    23.  6d. 

.  preparation. 

mi's. 

;  preparation. 

ilm's  College, 

[In  the  Press. 
V.  Percival 

preparation. 
■  preparation, 
)F  yENEAS. 

W.  Goodwin 
Map.  3s.  6d. 
Map.  2s.  6d. 
Professor  of 

.Oxford.  5a. 


CLASSICAL  LIBRARY 


he  use  of 


ion.    By  T. 
sity  of  Mel. 

.  Verrall, 

ivo.     12s. 
Prickard, 

ireparation. 

JAKE,    M.A. 

[TATIONS. 
Cambridge 

Cambridge. 
n  the  Press. 
dmaster  of 


rsis,  Notes, 
ty  College, 


ATTIO  ORATORS — FROM* ANTIPHON  TO  LSAPoq      n„  w   n    t  x... 

R^ms  rrofessor  of  0„ck  i„  rcJR^^^y^Tf  cZ^ki^'T^^t^'^i: 

^^IZ'Zl'ZtSS.    I'o  "S  S  "■  """—"=■"•.  «■*.,  I-L.D.,  Head. 

°"'?"l7iS'=  iv'»''''f/,""*-    ■"'•'•  ''•''""■'■  ""•°-.  W""  <"  Calu,  college, 
THE  ACADHMICS.    Translated  by  the  same     8vo     63  M 

^"'"ESTy  aTIa'vce-d'-    Tp^  ^^^'^^^^^  ^^^^^^S  OF   THE  EAST 
8vo     16s!^  '  ^^'^P^fcy-Professor  of  Comparative  Philology,  Oxford. 

Te^'nJJer-Jify  of^ffrd'^  L""*  ''"'""'  ^•^•'  ^^^'^^'^  *"  ^-/-^  history  in 

THE  HISTORY.    Translated  byG.  C.  MACAn^xv.  M.A.    2  vols.^  cf  ^rS:' 

^To5i7lfl?.  J<Jfv"-  1?,^  ^--«  ^-.  I^^ttD.    8V0.    Books  tin!    h:: 

^2!?r^°^"~^''"'''"^^''*^'^  ^y  '^-  I^onsdale,  M.A.,  and  S.  Lee,  M  A     G1  8vo     q.  fiH 
'^^^,^'l'^-^'^'^^^^^^N  SATIRES  OF  JUVENAL       Bv   John  F    r    m 

^^^G'^oVtS'i.™8^S"fi'S  "'■  ""^  ^"'^'-^^  O"  ™^'*«-    By  JOH. 
LIVY.— BOOKS  L-IV.    Translated  by  Rev.  H.  M  Stephfnsov   M  a         rr 

•"STs^Ted™  Ka^,.S^  "^'^^  ''^  ■'-  ^^-  -■  «-«■  M.A. 

LONGINUS.-ON  THE  SUBLIME.     Translated  by  H.  L   Havell   B  A     Wifb 
Introduction  by  Andrew  Lang.    Cr.  8vo.    43  ^  "•  ^^-  -"^v^l^.  -t^-A.    With 

'^Mi^R.llT^Svo'-  ^^°  "•  ^^  ™^   EPIGRAMS.     By  Prof.  Johk  E.  B. 
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PAUSANIAS.— DESCIUPTION    OF   GUFKck       t. .1  ^   ^      n    ., 

TirTt"  i?,"""-  "'  ■'■  '"■  ""■"■  "■*•■  ""■"-  "f  ■'■.i..ity  coneso, 

''"Sb-,?;^™ So."L'k."-  ^'«"-"'™.  M-A.,  Fc„„„  of  Trimty  College, 

'■"m"  fe.  M.^'"'  "■  "'■'""''•  ''^■"■'  ™'"""'"  "f  "'"  U.,ivor8lty  of  Aberdeen. 
TIMAEUS.     With  Ti-anslation.     By  R   D  AHPirpn-Wivr,  ma      o  -i,. 

THE  IlEPUBLIC  OF  I'LATO.    iCSef by^L  J  S'/v  'l^  jr  A '  and  D  J 
Vauohan,  M.A.     I81110.    4s.  Cd  i^avil,s,  j>i.a.,  and  D.  J. 

'?hS!^^&o^T^S''  ''''''''  ^^^'^   ^«^^^«-     translated   by  F.  J. 

''S.'^'is:  6d^''''  ^^^'^  I'HOTAGORAS.  Translated  by  J.  Wnio„T.  M.A. 
PLAUTUS.-THE  MOSTELLARIA.  By  William  Ramsav,  M.A.  Edited  bv 
8V0     5s  '  "  ^'°''''"'  ^^  Humanity  in  the  UniVersity  of  Glasgow. 

PLINY.— CORRESPONDENCE    WITH    TRATANT       r     Pi:,.«    n      v    c 

Ttif S?r-Cr.ro?'r  j;f  ^  '•  «--"  "•^■.  «"^  w;  ,.  B„o™.B,  M. A. 

TA"''^;?Sa/'"cf  I'v".;:  !*■  ^-  <^''™™'  "■A-  -0  ^-  ^-  E..OBB,.,, 
''' T^.;?;?,'?,'?'?^Vi°^''^""'^^'''  ^"™  THE  DIALOGUE  ON  ORATORY 

•INTRODUCTION  TO  THE  STUDY  OP  TAriT7I'»      1!„  j     r    r. 

^■"Tsn^o^aSorL^^^tw^^fs'-i  "i^'  ^-°'  •■■-  ^^-'' 

^'?i?i^-;^v^rn  ^'*^^  ^^  ■^-  I^°^«^^^E.  ^I-A..  and  S.  Lee,  M.A.     Gl.  8™!  '"if  IT 
THE  iENEID.    Translated  bvJ.  W.  Maok^il  MA    Fellow  of  li^lM  on 
Oxford.    Cr.  8vo.     7s.  Cd.    "  A_ivAii.,  .u.a.,  i^eiiow  of  Calhol  College, 
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Vol.    II.  ''Iielle.d  a'M  lJ'vi^T^^^^^  ^O^^^^'i-' 

•'Laconian,"tiie  "Agcsilaus  "  and  fi     f...   ?    <^^^V,.^"^'^"^^-    ^^tl.enian"   and 
Plans.  ^       "'^'    ''""'  *•'*-  <'"^^t'  «»  "  Revenues."     With  Maps  and 

_  [t)i  the  Press. 

aRAMMAR,  COMPOSITION,  &  PHILOLOGY 

„  Collcsc.    Ex.  itap.  SivJ    Sm     Krv  I,',  t''^-,  Assistant  Master  at  DulwlS 

"~Ks-s^«t.vSs''cKnvo'"  '^-— «— ,  i^irrs 

CORNELL  UNIVERSITY  studies"™  PT  A «!«!TP AT    t»t,tt^x      r^"^''«i'«ra<ion. 
History  and  Functions.    By  W.  G  IIai  r     vLlr  VJ^-^'^^^^t^-^oUons  :  their 

''^f  SuirieLT^GT^v^"  -if  ^f  ■    «^  >^  "■  >'--.  B.  A.,  A,„,„a„t  M.te, 
aiLES.-A  SHORT  MANUAL  OP  Pm?m  ^it^^''  ""^y-    ^s.  Cd.  '^' 

By  P.  0..,  M.A.fKX^ra„'„?^!;rsK5^ax,r'S'i^;2- 

GOODWm.-Works  by  W.  W.  Goodwin    T  T  r>     n  n  t      t,    ,  t^''  ^'^'^  -''"^'s- 

Harvard  University,  USA  ^'^^^^^^'  ^^•^■>  -l^-C.L.,  Professor  of  Greek  in 

•SSHSsi^'^^r  5r«-  -' »-  ---^  verb.  »»„ 

A  IrKJiliK  GRAMMAR  i^OR  SCHOOT «!      n„  o  „        , 

''".^n^TS^--™ H^'-aS^^^^^^^^    A^apte.  to  t„e 
Owens  College,  ManchSer.    £r  s^o     Tm"'''''  '""''"'"'  ^""^'I^^^  ^^  «'° 
^K™fStL\2ia"2"^?4^^  1S^  ^^^^^^^^-     ^^  J--  HA..EV, 

and  in  part  rew^ritterby^Ff  be  V   A.LEK'TroU'J^  S^"^^'''"    ^''^^^'^ 

Or.  8vo.    Cs.  J'  X.  ui.  r.  allen,  Professor  in  Harvard  College 

^"'""io'^^U^sll'lS^^^JJ^^^^^^  VERSIFICATION.    A  brief  sketch^oi 

Schools.    I3y  F.  Hod"  sov  B  7^^  «if  p   '  ^"i  rendered  into  Latin  Verse  for 
F.  C.  Hodgson,  M  A.    iSmo  ^s'  ""^^'^  '^  ^*^°-    ^^^^  ^J-  revised  b^ 

"JACKSON.— FIRST  STJDPS  to  grt^fk  vnn^v  rnirT.'^'.T-,,^ 

Jaukson,  M.A.,  AssistanrMaste?at  KW??iiP°^i  ByBLOMFiELD 

KEY,forTeachersonly     isino     3s  0?^^  College  School.     18iuo.     Is.  Cd. 
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•SBOOND  STEPS  TO  GREEK  PROSE   COMPOSITION,   with   Ml8Cellaneoui 
laioms,  Ai<lH  to  Accentuation,  and  JCxamination  Papers  in  Greek  Scholarshlo. 
BytheHame.     18mo.    2h.  6d.     KEY,  for  Teachers  only.    18ino.    38.  6d 
^^^??N.-EXERCISE8    IN    THE   COMPOSITION   OP   GREEK   lAMHIO 
VJfiltSL  by  Irausliitions  from  English  Dramatists.    By  Rev.  H.  Kynaston 
D.D.   Irofeasor  ot  ClaHsics  in  the  Univ^jrsity  of  Durham.    With  Vocabulary 
ax.  leap,  ovo.     OS. 

KEY,  lor  Teachers  only.     Ex.  fcap.  8vo.    -Is.  6d. 
^^in^~*n^T^^JP'^"^'^i^^,/^^   ^^ATfN   ELEGIAC  VERSE  COMPOSL 
KETTO^fih^-lVTxV-arotLo^  ""'•''''    ''''^' 

*AN  INTRODUCTION  TO  LATIN  LYRIC  VERSE  COMPOSITION.     By  the 
same.    Gl.  Svo.    Ss.     KEY,  for  Teachers  only.    Gl.  8vo.     4s.  6d 

^^°^u'^^n^h^^^^4.^^^^^^^^  /^^  TRANSLATION  INTO  GREEK 
AND  ENGLISH.  With  Indexes.  By  Rev.  Ellib  C.  Mackie,  M.A.,  Classical 
Master  at  Heversham  Grammar  School.     Gl.  Svo.    4s  6d 

^MAOMILLAN.-FmST   LATIN    GRAMMAR.      By  M.   C.'    Macmillan,    M.A 

MAOMILLAN'S  GREEK  COURSE.-Edited  by  Rev.  W.  G.  Rutherford,  M.A., 

LL.D.,  Headmaster  of  Westminster.    Gl.  8vo. 
*FIRST  GREEK  GRAMMAR- ACCIDENCE.    By  the  Editor     ''s 
*FIRST  GREEK  GRAMMAR-SYNTAX.     By  the  same.    2s 
ACCIDENCE  AND  SYNTAX.     In  one  volume.    8s.  6d. 
*EASY  EXERCISES  IN  GREEK  ACCIDENCE.     By  H 
Assistant  Master  at  St.  Paul's  Preparatory  School.    '2s. 
*A  SECOND   GREEK   EXERCISE   BOOK.     By    Rev. 

Headmaster  of  Fettes  College,  Edinburgh.    2s.  6d. 
EASY  BXBRCTSES  IN  GREEK   SYNTAX.      By  Rev. 

Assistant  Master  at  Westminster  School. 
MANUAL  OF  GREEK  ACCIDENCE.    By  the  Editor. 
MANUAL  OF  GREEK  SYNTAX.     By  the  Editor. 
ELEMENTARY  GREEK  COMPOSITION.    By  the  Editor. 
»MACMILLAN'S  GREEK  READER.— STORIES  AND  LEGENDS.    A  First  Greek 
Reader,  with  Notes,  Vocabulary,  and  Exercises.     By  F.  H.  Colson.   M  A. 
Headmaster  of  Plymouth  College.    Gh  Svo.    8s.  ' 

MAOMILLAN'S  LATIN  COURSE.-By  A.  M.  Cook,  M.A.,  Assistant  Master  at 

St.  Paul  s  School. 
*FIRST  PART.     Gl.  Svo.     3s.  6d. 

^SECOND  PART.    2s.  6d.  [Third  Part  in  preparation. 

♦MAOMILLAN'S  SHORTER  LATIN  COURSE.-By  A.  M.  Cook,  M.A.    Being  an 

abridgment  of  "  Macmillan's  Latin  Course,"  First  Part.    Gl.  Svo.    Is.  6d. 
♦MAOMILLAN'S  LATIN  READER.— A  LATIN  READER  FOR  THE  LOWER 
FORMS  IN  SCHOOLS.     By  H.  J.  Hardy.  M.A.,  Assistant  Master  at  Win- 
Chester.    Gl.  Svo.    2s.  6d. 

*MARSHALL.-A  TABLE  OF  IRREGULAR  GREEK  VERBS,  classified  according 
to  the  arrangement  of  Curtius's  Greek  Grammar.    By  J.  M.  Marshall  MA 
Headmaster  of  the  Grammar  Schoolj  Durham.    Svo.    Is. 

^^T9^T?^?^J^  GREEK  READER.  By  Prof.  John  E.  B.  Mayor,  M.A.,  Fellow 
of  St.  John's  College,  Cambridge.     Fcap.  Svo.    4s.  6d. 

MAYOR.-GREEK  FOR  BEGINNERS.  By  Rev.  J.  B.  Mayor,  M.A..  late 
Professor  of  Classical  Literature  in  King's  College,  London.  Part  I  with 
Vocabulary,  Is.  6d.  Parts  II.  and  IIL,  with  Vocabulary  and  Index.  Fcao. 
Svo.    3s.  6d.    Complete  in  one  Vol.    4s.  6d.  ^ 

NIXON.— PARALLEL  EXTRACTS,  Arranged  for  Translation  into  English  and 
Latin,  with  Notes ^on  Idioms.  By  J.  B.  Nixon,  M.A.,  Fellow  and  Classical 
Lecturer,  Kind's  College,  Cambridge.  Part  I.— uistorical  and  Kpistoiary. 
Cr.  Svo.    3s.  6d.  *'  /• 
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ORAMMAR,  COMPOSITION,  AND  PHILOLOGY  H 

^SnS'ltS  itScS' n  8uT„T,'11';i"  '"^S  ^"«"«''  ""'»  !-«"«,.  with 
II.   UiHtnricail     n.   iSoso     icil      IV    1^^^^^^^  I.  Oratorical 

^tsi^rSh^^^S-aSsirl^ 

•PANTIN.— A  FIRST   LATIN  VERSF    nnnir      r.     «,    ™ 

Assistant  MuHter  at  St.  l4ur«Sool."S?^8^^^  ^-    ^^^^"'.  M.A., 

"^^S^noIo^Sfn^X^^S'T^^-     "^^- 1'--.  L'ttD.,  Masterof  Christ's 

and^References  to  the  above.  T  ?4?sTfs.  ^f  "ll..rg,SsS? 

REm.-A  GRAMMAR  OF  TiSTUS^ivVrn"'' "VL  ^  ^^• 

College,  Canib.i.lg.,.         ^'^'^^^^»'     %  J-  S.  Reid,  Litt.D.,  Fellow  of  Cains 

A  GRAMMAR  OF  VIRGIL.    Bv  tlip  ^nn.p  ^^'^  '^«  P^e^^. 

ROBY.-Works  by  H.  J.  RoBv  M  A    UiTvu^      <.o.   x  ,  .          Un preparation. 

AGRAMMAR  6f  d'HE  lIt'inIaNGuS^^  Cambridge. 

I.      Sounds,  Inflexions,  Wonl  formation    A m?in,Hi''"*"nH^"^  Part 

,„  Syntax,  Prepositions,  etc.     10,  .S'   '^l'i^'^"^"^'=«-  ^r.  8vo.    9s.    Part  II. 

^SCHOOL  LATIN  GRAMMAR      Crfivn      ^= 

AN  ELEMENTARY  LATIN  GRAMMAR      ' 

*"Ts^^BTT^f?al;^T  Tor^^'   ^"^  ^otesand  VocabSr  ^rS: 

^^lU^^nd  aIS^^^^^^^^^^^  I^^l^tions  between  tLe  Latin, 

THE  NEW  PHRYNICHUS ;  being  a  Revised  Tnxf-  nf  f ,     v  ,    ^^"^  Preparation. 

'^"N'?0°E^^S^:^«^s1SeZ'??.'f,™t„^FJ^^^^  ™«  TRANSLATION 

Ex.  fcap.  8vo.     5s.  ^ '  ^^°-    ^^'  ^'^-    ^EY,   for  Teacliers   only. 

STRACHAN  and  WILKINS.— ANALKPta     <a„i„„+  i  r, 

By  J.  S.  Stkachan^I,  pfo7eS^-G?plf  .''^,^^''K^       Translation. 

TSm^^tAD'^l^L^^pSst'^^^^^^^^^ 

Coloured  Sentence  Map^    Fcap.  8vo     Tq^'''^  ^""^  ^«^  Beginners.    Witli 
A  MANUAL  OF  MOOD  CONSTRnrTTnxTo'     t^,^,,  ^         ,      ,, 

"T'fltr" -a^i:^  4^i-ll  %  ■^-og.s  AB. 

Assistant  Musters  at  Cranleiyh  School.^  ISiao     is^Gd  ^^    ^^^"eld, 
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WHITE.— FIRST  LESSONS  IN  GREEK,  Adapted  to  Goodwin's  Greek  Gram- 
MAK,  and  designed  as  an  introiluction  to  the  Anabasis  of  Xenopuon.  liy 
John  Williams  White,  Assistant  Professor  of  Greek  in  Harvard  University, 
U.S.iA,.  Cr,  ,Svo.  3s.  Gd. 
WRIGHT.— Worlds  by  J.  WuifiiiT,  M.A.,  late  Headmaster  of  Sutton  Coldfield 
School. 

A  HELP  TO  LATIN  GRAMMAR;  or,  the  Form  and  Use  of  Words  in  Latin, 
with  Progressive  Exeicises.     Ci'.  8vo.     4s.  6d. 

THE  SEVEN  KINGS  OF  ROME.  An  Easy  Narrative,  abridged  from  the  First 
Book  of  Livy  by  the  omission  of  Dillicult  Passages  ;  being  a  First  Latin  Read- 
ing Book,  with  Grammatical  Notes  and  Vocabulary.    Fcap.  8vo.    3s.  6d. 

FIRST  LATIN  STEPS;  ok,  AN  INTRODUCTION  BY  A  SERIES  OF 
EXAMPLES  TO  THE  STUDY  OF  THE  LATIN  LANGUAGE.    Cr.  8vo.    3s. 

ATTIC  PRIMER.    Arranged  for  the  Use  of  Beginners.    Ex.  fcap.  8vo.    2s.  6d. 

A  COMPLETE  LATIN  COURSE,  comprising  Rules  with  Examples,  Exercises, 
both  Latin  and  English,  on  each  Rule,  and  Vocabularies.     Cr.  Svo.     2s.  6d. 
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ANTIQUITIES,  ANCIENT  HISTORY,  AND 
PHILOSOPHY, 

ARNOLD,— A   HANDBOOK   OF  LATIN  EPIGRAPHY.      By  W.   T.   Arnold, 

M.A.  [In  preiKiration. 

THE    ROMAN  .SYSTEM    OF    PROVINCIAL   ADMINISTRATION    TO  THE 

ACCESSION  OF  CONSTANTINE  THE  GREAT.    By  the  same.    Cr,  Svo.     6s, 

ARNOLD,— THE  SECOND  PUNIC  WAR.     Being  Chapters  from  THE  HISTORY 

OF  ROME  by  the   late   Thomas   Arnold,   D.D.,    Headmaster   of   Rugby. 

Edited,  with  Notes,  by  W,  T.  Arnold,  M.A.    With  S  Maps,    Cr.  8vo.    5s. 

"BEESLY,— STORIES  FROM  THE   HISTORY  OF  ROME,     By  Mrs.  Beesly. 

Fcap.  Svo.     2s.  Od. 
BLAOKIE,— HORiE  HELLENICyE,     By  John  Stuart  Blackie,  Emeritus  Pro- 
fessor of  Greek  in  the  University  of  Edinburgh.    Svo.    12s. 
BURN.— ROMAN  LITERATURE  IN  RELATION  TO  ROMAN  ART.     By  Rev. 
Robert  Burn,  M.A.,  late  Fellow  of  Trinity  College,  Cambridge.    Illustrated. 
Ex.  cr.  Svo.     lis. 
BURY.— A  HISTORY  OF  THE  LATER  ROMAN  EMPIRE  FROM  ARCADIUS 
TO  IRENE,  a.d.  395-800,    By  J,  B.  Bury,  M.A.,  Fellow  of  Trinity  College, 
Dublin.     2  vols.     Svo.     32s. 
^CLASSICAL  WRITERS.— Edited  by  John  Richard  Green,  :\I.A.,  LL.D,    Fcap. 
Svo.     Is.  6d.  each. 
SOPHOCLES.    By  Prof.  L.  Campbell,  M.A. 
EURIPIDES.     By  Prof.  Mahaffy,  D.D. 
DEMOSTHENES.     By  Prof.  S.  H.  Butcher,  M.A. 
VIRGIL.    By  Prof.  Nettleship,  M.A. 
LIVY     By  Rev.  W.  W.  Capes,  M.A. 

TACITUS.    By  Prof.  A.  J,  Church,  M.A.,  and  W,  J.  Brodribb,  M.A, 
MILTON.     By  Rev.  Stopford  A,  Brooke,  M.A. 
FREEMAN.— Works  by  Edward  A.  Freeman,  D.C.L.,  LL.D.,  Regius  Professor  of 
Modern  History  in  the  University  of  Oxford. 
HISTORY  OF  ROME.     {IHsioriail  Course  for  Sclxools.)    ISmo.     [In  ineparation. 
HISTORY  OF  GREECE.    (Historical  Course  for  Sclwols.)  ISmo.  [In  preparation. 
A  SCHOOL  HISTORY  OF  ROME.    Cr.  Svo.  [In preparation. 

HISTORICAL  ESSAYS,    Second  Series,     [Greek  and  Roman  History.]     Svo. 
10s.  Cd. 
FYFFE.— A  SCHOOL  HISTORY  OF  GREECE,    By  C.  A.  Fyffe,  M.A.    Cr.  Svo. 

[ill  ^rTtpClrO.tiOK, 

GARDNER.— SAMOS  AND  SAMIAN  COINS.  An  Essay.  By  Percy  Gardner, 
Litt.D.,  Professor  of  Archaeology  in  the  University  of  Oxford.  With  Illustra- 
tions.   Svo.    7s.  6d. 
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revised. 


ill  the  University  of 


GEDpES.-THE  PROBLEM  OF  THE  HOMERIC  POEMS 

I  rincipal  of  the  University  of  Aberdeen.     8vo.    14s. 
GLADSTONE.— Works  by  the  Rt.  Hon.  W.  B.  Gladstone  M  P 
THE  TIME  AND  PLACE  OF  HOMER.     Cr.  8vo.     Gs.  Gd 
LANDMARKS  OF  HOMERIC  STUDY.     Cr.  8vo.     2s   Cd 
»A  PRIMER  OF  HOMER.     18mo.     Is. 
^^~^  COMPANION   TO  SCHOOL  CLASSICS.     By   James 
Master  of  the  High  School,  Nottingham.    With  Illustrations 
Cr.  8vo.    6s. 

^^^A^M^'^-y^^?^^--?*^'^"^^^^^  ^^^  MONUMENTS  OF  ANCIENT 
ATHENS.  Translation  of  a  iiortion  of  the  "Attica"  of  Pansanias.  Bv 
Margaret  de  G.  Verrall.  With  Introductory  Essay  and  ArcSo^ical 
?vT™lSs.^'^     ^'       ''''  ^-  "^'^^^•^°^-      With  Illustrations  ancl  Plans!  °Cr. 

JEBB.— Works  by  R.  C.  Jebb,  Litt.D.,  Professor  of  Greek 
Cambridge. 

THE  ATTIC  ORATO:iS  FROM  ANTIPHON  TO  ISAEOS.     2  vols.     Svo      25s 
*A  PRIMER  OF  GREEK  LITERATURE.     ISino.     Is. 

(See  also  Classiad  Series.) 

cf^^'o~fs^^^^^'  ^^'  ^^^^^^T  GEOGRAPHY.      By  Dr.   H.   Kiepert. 

LANCL^I.-ANCIENT  ROME  IN  THE  LIGHT  OF  RECENT  DISCOVERIES 

muSmted™  uT'ms!  ^'™^'''"'"  "^  Arclueology  in  the  University  of  Rome! 

MAHAPFY.- Works  by  J.  P.  Mauaffy,  D.D.,  Fellow  of  Trinity  CoUece  Dublin 
and  Professor  of  Ancient  History  in  the  University  of  Dublin  ^  '  ' 

SOCIAL  LIFE  IN  GREECE  ;  from  Homer  to  Menander.    Cr  Svo     9s 

''l^Zii^\t'l^o.'l?.^2r''  ^-'^"^  ^^'° ""''  "^  ^^^^'^"'^-  '^  «'■«  «-- 

™l  ?vo.^^lOs.^Cd.^^^  ^^^^^^  ^^^^^^  ^^^'"^^^     ^'°"'  ^'^"t^"*''^^^  t«  Folyhhis. 

^cJf IJf^  10? el^^^"^^^^  ^^  GREECE.     With  Illustrations.     With  Map. 

^rp^^^J^P  ^I  'classical  GREEK  LITERATURE.  Cr.  Svo.  Vol  I 
TT  -n'il?'  "^^  w^'-'i'  -^PP^i^dix  on  Homer  by  Prof.  Sayce.  In  two  parts.  Vol 
11.  Ihe  Prose  Writers.  In  two  parts.  Part  I.  Herodotus  to  Plato.  Part  II 
Isocrates  to  Aristotle.    4s.  6d,  each.  -^i'li-t..    x-cutji. 

*A  PRIMER  OF  GREEK  ANTIQUITIES.     With  Illustrations.     18mo     la 
^EURIPIDES.     ISmo.     Is.  6d.    (Classical  IVriters.) 
3VIAY0R.-BIBLI0GRAPHICAL    CLUE    TO    LATIN    LITERATURE     Edited 
after  HuBNER.     By  Prof.  John  E.  B.  Mayor.    Cr.  8-,,>     10s  6d 

''^\TB-JT.t'%^^.  ^^J  tr  ^^^2^«L^>^^^-      -^y  Si^-CHARLES  NEWTON, 

PHILOLOGY.-THE  JOURNAL  OF  PHILOLOGY.    Edited  by  W.  A.  Wrioiit 

fearly)      ^^^^^'^''^'   ^^■^■'  '''"^^   «•   Ja^«s«n,   Litt.D.      48.   6d.  each  (Sail' 

KENDALL.  -  THE  CRADLE  OF  THE  ARYANS.     By  Prof.  G.  H.  Rendall.    8vo. 

SAYCE.-THE  ANCIENT  EMPIRES  OF  THE  EAST.     By  A.  H    Sayce  M  A 
Deputy-  Professor  of  Comparative  Philology,  Oxford.     Cr  8vo     6s  ' 

^^^^^^r^^^  WHITE.  AN  INTRODUCTION  TO  THE  RIIYTHMTr  AVn 
METRIC  Of  THE  CLASSICAL  LANGUAGES  bTd.  J  H  HLtfcn 
Schmidt.    Translated  by  John..  Williams  White,  Ph.D.    8vo      10s  gS 

SHUOHHARDT.-DR.  SCHLIEMANNS  EXCAVATIONS  AT  TROy"ttt?ym« 
MYCEN^],  ORCHOMENOS,  ITHACA,  presenteVin  tL  Hght  Sent™' 
ledge.  By  Dr.  Carl  Shuchhardt.  Translated  by  Eugenie  Sellers  Intro" 
duction  by  Walter  Leaf,  Lift  1>.     Illustrated.    Svo.  uTkef'n.' 

SHUCKBURGH^   A  SCHOOL  HISTORY  OF  ROME.      By  E.  S.  Sii^ckLrg:; 
■        *  [Tn  preparation. 
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MODERN  LANGUAGES  AND  LITERATURE 


Done  into  English  by  Aubuey  Stewart 
By  H.  F.  TozER,  M.A. 


*STEWART.— TUB  TALE  OF  TROY. 

Gl.  8vo.     38.  tid. 
*TOZER.— A  PRIMER  OF  CLASSICAL  GEOGRAPHY. 

18mn,     Is. 

WALDSTEIN.— CATALOGUE  OF  CASTS  IN  THE  IMUSEUM  OF  CLASSICAL 
ARCHAEOLOGY,  CAMBRIDGE.  By  Charles  Walustein,  University  Reader 
in  Classical  Archicology.     Cr.  8vo.     Is.  6d. 

\*  Also  an  Edition  on  Large  Paper,  small  4to.    5s. 
WILKINS.— Works  by  Prof.  Wilkins,  Litt.D.,  LL.D. 
*A  PRIMER  OF  ROMAN  ANTIQUITIES.     Illustrated.     ISmo.     Is. 
*A  PRIMER  OF  ROMAN  LITERATURE.     18mo.     Is. 
WILKINS   and  ARNOLD. —A  MANUAL  OF    ROMAN   ANTIQUITIES.     Bv 
Prof.  A.  S.  Wilkins,  Litt.D.,  and  W.  T.  Arnold,  M.A.    Cr.  Svo.    Illustrateil. 

[In  preparation. 

MODERN   LANGUAGES   AND 
LITERATURE. 

English ;  French ;  German ;  Modem  Greek ;  Italian ;  Spanish. 

ENGLISH. 

•ABBOTT.— A  SHAKESPEARIAN  GRAMMAR.  An  Attempt  to  Illustrate  some 
of  the  Differences  between  Elizabethan  and  Modern  English.  By  the  Rev.  E. 
A.  Abbott,  D.D.,  formerly  Headmaster  of  the  City  of  London  School.  Ex. 
fcap.  Svo.    6s. 

*BACON.— ESSAYS.  With  Introduction  and  Notes,  by  F.  G.  Selby,  M.A.,  Profes- 
sor of  Logic  and  Moral  Philosophy,  Deccan  College,  Poona.  Gl.  Svo.  3s. ; 
sewed,  2s.  6d. 

*BURKE.— REFLECTIONS  ON  THE  FRENCH  REVOLUTION.  By  the  same. 
Gl.  Svo.     5s. 

BROOKE.— *PRIMER  OF  ENGLISH  LITERATURE.     By  Rev.   Stopford  A. 
Brooke,  M.A.     ISnio.     Is. 
EARLY  ENGLISH  LITERATURE.  By  the  same.  2  vols.  Svo.  [Vol.1.  In  the  Press. 

BUTLER.— HUDIBRAS.  W^ith  Introduction  and  Notes,  by  Alfred  Milnes, 
M.A.     Ex.  fcap.  Svo.     Part  I.    33.  6d.     Parts  II.  and  III.    4s.  6d. 

CAMPBELL.— SELECTIONS.  With  Introduction  and  Notes,  by  Cecil  M.  Barrow, 
M.A.,  Prhicipal  of  Victoria  College,  Palghclt.    Gl.  Svo.  [In  preparation. 

COWPER.— *THE  TASK  :  an  Epistle  to  Joseph  Hill,  Esq.  ;  Tirocinium,  or  a  Re- 
view of  the  Schools  ;  and  The  History  of  John  Gilpin.    Edited,  with  Notes, 
by  W.  Benham,  B.D.    Gl.  Svo.    Is.    (Glohe  Readings  from  Standard  Authors.) 
THE  TASK.    With  Introduction  and  Notes,  by  F.  J.  Rowe,  I\I.A.,  and  W.  T. 
Webb,  M.A.,  Professors  of  English  Literature,  Presidency  College,  Calcutta. 

[In  preparation. 

*DOWDBN.— SHAKESPERE,     By  Prof.  Dowden.    ISrao.    Is. 

DRYDEN.— SELECT  PROSE  WORKS.    Edited,  with  Introduction  and  Notes,  by 

Prof.  C.  D.  YoNQE.     Fcap.  Svo.    2s.  6d. 
*GLOBE  READERS.    For  Standards  L-VL    Edited  by  A.  F.  Murison.    Illustrated. 

Gl.  Svo. 


Primer    I.    (48  pp.)  3d. 

Primer  IL    (48  pp.)  3d. 

Book       L  (132  pp.)  6d. 

Book     IL  (136  pp.)  9d. 

«THE  SHORTER  GLOBE  READERS.- 

Priiner  I.  (48  pp.)  3d. 
Primer  II.  (48  pp.)  3d. 
Standard  I.  (90  pp.)  6d. 
Standard  II.  (124  pp.)         Od. 


Book  IIL  (232  pp.) 
Book  IV.  (328  pp.) 
Book  V.  (408  pp.) 
Book  VI.  (436  pp.) 

-Illustrated.    Gl.  Svo. 

Standard  IIL  (178  pp.) 
Standard  IV.  (182  pp.) 
Standard  V.  (216  VV.) 
Standard  VI.  (228  pp.) 


Is.  3d. 
Is.  9d. 

2s. 
2s.  Od. 


Is. 
Is. 

Is.  3d. 
Is.  Cd. 


"QOLDSMITK. — THE  TRAVELLER,  or  a  Frospect  of  Soelcly  ;  and  the  Deserted 
Village.  With  Notes,  Philological  and  Explanatory,  by  J.  W.  Hales,  M.A. 
Cr.  Svo.    6d. 
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3  Deserted 

ALES,  M.A. 


*THB  TRAVELLER  AND  THE  DESERTED  VILLAOF  Wfi,  t  .  . 

Notes,  by  A.  Barrett,  B.A.,  iCfessor  of  Fn^^f  t  y**'! '"*^"'^"°*5f^'' antl 
College,  Bombay.  Gl.  sVo.  Is.  9d  ;  seSrea  is  ef  ti.^'t'''*^'  ?ll'l'i"«tone 
Is.,  sewed.  '  ^^^^^>  ^s-  od.    llie  Traveller  (separately) 

Pcap'avf  Ted.   '""'   '■"""'"<^«°"   Ml    Note,,    by  P„,  'c.   j,.  y„,„, 
•^'If  E-tt?rSi  "IrSNTH  ^NTUEY  L.TMRATUKE  flOOO-irsO, 

'"'^l^^'o"™^-    ^'«'   '"'""-"-  ««^  Note,,  by  ,on»  Bk..,„„v,  LL,!,. 

*HALES.— LONGER  ENGLISH  Pm?M<a      -ar^-v,  xt  x  ^^"'  ^''^  '''''<^*'s- 

tory.  and  an  Introduction  on  tSeTeachKf^T."^      Philological  and  Explana. 

Professor  of  English  LiteratuSKiwSne.?a^^ 
*HELPS.-ESSAYS   WRITTEN  m  ttI^J  \^?i!J^^  '  ^  "'^''"-  ^^- '^''^P- 8^0.  43.  6d 

Introduction  ardNoS^^y?    J    R,  vl™^\^^«  ^^  BUSINESS.    With 

GI.8V0.    ls.9d.;  sewe5!'ls.Cd  ^'''''='  ^•^•'  '^"'^  W-  T.   Webb,  M.A 

•JOHNSON.— LIVES  OF  THE  POETS      t>,„  c-     r.r.-  .  , 

Swift,  Addison,  Pope,  Gnay).  with  Lcaukv? '' Lif^^.f^lT  ^^"l!«"'  ^'y'^'^> 
*T  J^  ^""^  ^""^'^  ^y  Matthew  AKNofD  cV  gvo  S  '//"^"«^»-  With  Pre: 
*LAMB.-TALES  FROM  SHAKSPEARE      wJ^'  t>    V       u 

AiNGER,  M.A..  LL.D.    Gl.  Svo    Is    ?r7.K^  F"'-^^"".^  ^^  *^'«  Rev.  Canon 

^LITERATURE  PRIMERS.--Ed™;d  bV  £^„t  P       "''^'r  ^^"^"'•^^««'^<»-^^? 
Is.  each.  "^^^  ^^  -^^^n  Richard  Green,   LL.D.    i8mo 

ENGLISH  GRAMMAR.    By  Rev.  R  Morris  Tin 

ENGLISH   GRAMMAR   EXErSsES       Bv  r    m 
BowEN,  M.A.  ^i^"v^ii3iia.      By  R.   Morris,   LL.D.,  and 

^SSf.V^A"""'"''^  ™»'^«  "^  "ENGLISH  GRAMMAR. 

quest™" anS'^v'S^-    ""  ''""'^""  "'""O'- 

%S?S  ri  S?cS™«  «"  ^««"SH  COMPOSITION.     By  Prot 

s^SifER^BTSL-^rr"-  ---■  »■- 

THE    CHILDREN'S    TREASURY   OF    LYRIC  VT     POptrv      o  , 

HOMER.    By  the  Rt.  Hon.  W.  E  of  ADio^'M  P 
A  HISTORY  OP  ENGLISH  LITERAT^Tm  FOUR  vmnivrx.«     r, 
EARLY  ENGLISH  LITERATTTRF    r,7«  i    VOLUMES.    Or.  8vo. 

ELIZABETHAnIfiStUEK  A  lcc?rB?Gr,""'  «-^- ''•'''"'««'"^ 


H.  C. 
By  J. 


PRIMER.    18mo.    48  pp.    2d 
BOOK  L  for  Standard  (.    96  pp.    4d 
BOOK  IL  for  Standard  II.    144  pp 
5d.  ■'  ^' 

P-<>OK   IIL  for  Standard  111.     160 
pp.     bd 


[In  preparation. 


BOOK  IV. 

8d. 

BOOK   V. 
Is. 

BOOK  VI.  for  Standard  VL 
430  pp.     2s. 


for  Standard  IV.     176  pp. 
for  Standard  V.     380 


pp. 


Cr.  8vo. 


t 


I  I 
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MODERN   LAKCITAOES  AND  LlTKRATUllR 


3. 

4. 

4a. 


"MAOMILLAN'S  COPY  BOOKS.-!.    lAargo  Post  4to.     Price  4d.  oacli.     2.  Post 
Oblong.     Price  '2(1.  each. 

1,  iNrriATOKY    EXERCiaKH    AND   SlIORT   LeTTRKS. 

2.  Words  consistino  of  Short  Lktteuh. 
Long  I^RrrERS.     Willi  Words  eontaining  Long  Letters— Figures. 
WoROS  containing  Long  Lkttkrm. 
PRACTISINa  AND  REVISING  Col'Y-BoOK.      For  Nos.  1  to  4. 

0.  Capitals  and  Hiiort  IlALF-TE.vr.     Words  beginning  with  a  Capital. 

6.  HAi,r-TEXT  Words  beginning  with  Capitals— Kignres. 

7.  S.MAiJ.-IlANn  AND  Half-Text.     Willi  Caiutals  and  Figures. 

8.  Small-Hand  and  Half-Text.    With  Capitals  and  Figurea. 
8a.  Practising  and  Revising  Copy-Book.     For  Nos.  5  to  8. 

9.  Small-Hand  Single  Headlines— Figures. 

10.  Small-Hand  Single  Headlines— Figures. 

11.  Small-Hand  Double  Headlines— Figurea, 

12.  Commercial  and  Aritumetical  Examples,  &c. 

12a.  Practising  and  Revising  Copy-Book.     For  Nos.  8  to  12. 
Nos.  ;{,  4,  5,  6,  7,  8,  !)  iiuiy  be  had  luith  Goodman's  Patent  Sliding  Copies.     Large 
Post  4to.     Price  Cd.  each. 
MARTIN.— *THE  POET'S  HOUR  :  Poetry  selected  and  arranged  for  Children.    By 
Frances  Martin.     ISino.     2s.  Cd. 
*SPRING-TIME  WITH  THE  POETS.     By  the  8<aine.    ISiiio.    8s.  Cd. 

■MILTON.— PARAPISE  LOST.  Books  I.  and  II.  With  Introduction  and  Notes, 
by  Michael  Macmillan,  B.A.,  Professor  of  Logic  and  Moral  Philosophy, 
Elphinstone  College,  Bombay.  Gl.  8vo.  Is.  9d. ;  sewed.  Is.  Cd.  Or  separately, 
Is.  3d. ;  sewed,  Is.  each. 
»L' ALLEGRO,  IL  PENSEROSO,  LYCFDAS,  ARCADES,  SONNETS,  &c.  With 
Introduction  and  Notes,  by  W.  Bell,  M.A.,  Professor  of  Philosophy  and 
Logic,  Government  College,  Ijahoie.     Gl.  Svo.     Is.  9d.  ;  sewed.  Is.  Cd. 

*COMUS.     By  the  same.    Gl.  Svo.     Is.  3d.  ;  sewed.  Is. 

*SAMSON  AGONISTES.  By  H.  M.  Percival,  M.A.,  Professor  of  English  Liter- 
ature, Presidency  College,  Calcutta.     Gl.  Svo.     2s. ;  sewed.  Is.  9d. 

^INTRODUCTION  TO  THE  STUDY  OF  MILTON.  By  Stopford  Brooke. 
M.A.     Fcap.  Svo.     Is.  (kl.     (Clastfical  Writers.) 

MORRIS.— Works  by  the  Rev.  R.  Morris,  LL.D. 
*PRIMER  OP  ENGLISH  GRAMMAR,     ISmo,     Is, 

♦ELEMENTARY  LESSONS  IN  HISTORICAL  ENGLISH  GRAMMAR,  con- 
taining Accidence  and  Word-Formation.     18nio.     2s.  6d. 

♦HISTORICAL  OUTLINES  OF  ENGLISH  ACCIDENCE,  comprising  Chapters 

on  the  History  and  Development  of  the  Language,  and  on  Word-Formation, 

Ex.  fcap.  Svo.    Cs. 
MORRIS  and  KELLNER.— HISTORICAL  OUTLINES  OF  ENGLISH  SYNTAX, 

By  Rev,  R.  Morris  and  Dr,  L.  Kellner.  [In  preparation. 

NIOHOL.— A  SHORT  HISTORY  OF  ENGLISH  LITERATURE.     By  Prof.  John 

NicnoL.     Gl.  Svo.  [In  preparation. 

OLIPHANT.— THE    OLD    AND    MIDDI^E    ENGLISH.      By   T.    L.    Kington 

Olipiiant.    New  Ed.,  revised   and   enlarged,  of  "The  Sources  of  Standard 

English."    New  Ed.    Gl.  Svo.  [In  the  Press. 

THE  NEW  ENGIilSH.    By  the  same.     2  vols,    Cr.  Svo.     21s. 
"PALGRAVE.  — THE    CHILDREN'S    TREASURY   OP    LYRICAL   POETRY. 

Selected  and  arranged,  with  Notes,  by  Francis  T.  Palqrave.     18mo.    2s.  6d. 

Also  in  Two  Parts.     Is.  each, 
PATMORE,  -THE    CHILDREN'S    GARLAND    FROM    THE    BEST   POETS, 

Selected  and  arranged  by  Coventry  Patmore,    Gl.  Svo.    2s.    {Globe  Readings 

from  Standard  Authors.) 
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Gl.  8vo.    2s.  Gd. ; 
Macmillan,  B.A. 
E.  A.  Abbott, 
By  P.  G.  Fleay,  M.A.    2d  Ed.    Ex.  fcap.  8vo. 


iJ;iS°    *r      ,?*^^'?.^^!?",  ^''"•"  ^'''^  Lives  which  ilhislrato  Shakespeare. 
Norths  Iranslation.     Edited,  with  Introdnctions,  Notes,  Index  of  Names 
and  Glossarial  Index,  by  Prof.  W.  W.  Skkat,  Litt.D.     Cr.  8vo.    6s. 
*RAlfSOME.- SHORT  STUDIES  OF  SlIAKIOSPEARE'S  PLOTS.     By  Cykii. 
Raj^some^^ Professor  of  Modern  History  and  Literature,  Yorlishiro  College, 

DRYLAND. -CHRONOLOGICAL  OUTLINES   OF    ENGLISH  LITERATURE. 
liy  t.  Ryland,  M.A.     Cr.  Svo.     6s. 

SAINT8BURY.-A  HISTORY  OF  ELIZABETHAN  LITERATURE.     15C0-1665 
By  George  Saintsbury.    Cr.  Svo.    7s.  6d 

^°°ST-rI^'^T.^r^*'^'M^  ^^'^'  MINSTREL,  and  THE  LADY  OP  THE  LAKE 
Edited  with  Introduction  and  Notes,  by  Francis  Turner  Palgrave.    G1.  Svo 
Is.    {Globe  Readings  from  Standard  Authors.) 
*"F^^Y  C)FJHE  LAST  MINSTREL.    With  Introduction  and  Notes,   by 
G.  H.  Stuajit,  M.A.,  and  E.  U.  Elliot,  B.A.     Gl.  Svo.     Introduction  and 

?s!ld.  ;•  sew^dTS  "*''  ^-  *'  "^-    ''•  '"^- '  '''''^'  ''•    <^antos  IV-  to  Vll 

*MARMION,  and'THE  LORD  OP  THE  ISLES.    By  F.  T.  Palgrave.     Gl.  Svo. 

Is.    (Globe  Readiiigs  from  Standard  Authors.)  ■u*.  ovu. 

**^GL8vo^^s.78ewe!i;S'^6"d."'"   '"'^   ^"*'''  ^^  ^^«"^«^   Macmillan,  B.A. 

*THB  LADY  OF  THE  LAKE.      By  G.  H.  Stuart,  M.A. 
sewed,  2s.  ' 

*ROKEBY.     With   Introduction   and   Notes,  by  Micuael 
Gl.  Svo.    Ss.  ;  sewed,  2s.  6d. 

SHAKESPEARE.-*A  SHAKESPEARIAN  GRAMMAR.    By  Rev 
D.D.     Gl.  Svo.     6s.  ' 

A  SHAKESPEARE  MANUAL. 
4s.  6d. 

*PRIMKR  OP  SHAKESPERE.    By  Prof.  Dowden.     18mo     Is 
*^  fe^Svo^^Ts^id!^  ^^  SHAKESPEARE'S  PLOTS.     By  Cyril' Ransome,  M.A. 

*THE  TEMPEST.    With  Introduction  and  Notes,  by  K.  Deiohton,  late  Principal 
of  Agra  College.    Gl.  Svo.    Is.  9d. ;  sewed,  Is.  6<l.  irincipai 

*MUCH  ADO  ABOUT  NOTHING.  By  the  same.  Gl.  Svo.  Is.  9d  •  sewed  Is  6d 
-A  MIDSUMMER  NIGHT'S  DREAM.  By  the  same.  Gl.Sva  1  9d'  sewed  Is"  61 
*THE  MERCHANT  OF  VENICE.    By  the  same.    Gl.  8vo     Is  9d   '  ' 

AS  YOU  LIKE  IT.    By  the  same.     Gl.  Svo 
•TWELFTH  NIGHT.    By  the  same.     Gl.  Svo.     Is.  9d.  :  sewed   Is 
*THE  WINTER'S  TALE.    By  the  same.    Gl.  Svo.    2s.  ;  sewed,  Is' 
•RICHARD  II.    By  the  same.    Gl.  Svo.    Is.  9d. ;  sewed,  Ls.  6d. 
•KING  JOHN.     By  the  same.    Gl.  8vo.     Ls.  9d. ;  sewed.  Is.  6d. 
•HENRY  V.    By  the  same.     Gl.  Svo.     Is.  9d. ;  sewed.  Is.  6d. 
•RICHARD  III.      By  C.  H    Tawney,  M.A.,  Principal  a.id  Professor  of  English 

Literature,  Presidency  College,  Calcutta.     Gl.  Svo.     2s.  6d. ;  sewed,  gg   ^ 

•CORIOLANUS.     By  K.  Dek^iiton.   Gl.  Svo.  ' 

•JULIUS  C^SAR.    By  the  same.    Gl.  Svo. 

•MACBETH.    By  the  same.    Gl.  Svo.    Is.  9d. 

•HAMLET.    By  the  same.    Gl.  Svo.    2s.  6d. ; 

KING  LEAR.     By  the  same.    Gl.  Svo. 

•OTHELLO.    By  the  same.     Gl.  Svo.     2s.  ;  sewed.  Is.  9d. 

ANTONY  AND  CLEOPATRA.    By  the  same.    Gl.  Svo.    2s.  6d 

•CYMBELINE.     By  the  same.    Gl.  Svo.    2s.  6d.  ;  sewed,  2s. 

•SONNENSCHEINi    and    MEIKLEJOHN,  -  THE     ENGLISH     METHOD     OP 

TEACHING  TO  READ.     By  A.  Sonnenschein  and  J.  M.  D.  Meiklejoun, 

THE  NURSERY  BOOK,  containing  all  the   Two-Letter  Words   in  the   Lan- 
guage.   Id.    (Also  in  Large  Type  on  Sheets  for  School  Walls.    5s.) 


sewed,  Is.  6d, 

6d. 
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THE  I'lllHT  COURSE,  consisting  of  Shorl  Vowels  with  Single  Consonants.    7(1. 
THE  SECOND  COURSE,  with  Combinations  and  Uridges,  consisting  of  Sliort 

Vowols  with  Double  Consonants.     7(1. 
THE  THIRD  AND  FOURTH  COURSES,  consisting  of  Long  V..w(^ls,  and  all 

the  Double  Vowels  in  the  Language.     7d. 
*SOUTHEY.- LI  FE  OF  NELSON.     With  Introduction  and  Notes,  by  Michael 

Macmii,i,an,  n.A.     01.  Svo.     3s.  ;  sewed,  '2s.  Od. 

TAYLOR.-WOHDS  AND  PLACES;  or,  Etymological  Illustrations  of  History, 
Ethnology,  and  Ceograidiy.  Ry  Rev.  Isaac;  Tayi.oh,  Litt.D.  With  Mans. 
Cil.  8vo.     (is. 

TENNYSON.-THE  COLLECTED  WOHKS  OF  LORD  TENNYSON.    An  Edition 
for  Schools.     In  Four  Parts.     Cr.  8vo.     '2s.  Gd.  each, 
TENNYSON  FOR  THE  YOUNG.      Edited,  with  Notes  for  the  Use  of  Schools, 
by  tho  Rov.  Alfued  Aingeu,  LL.D.,  Canon  of  Bristol.     ISnio.     Is.  net. 

[Ill  preparation. 
and  Notes,  by  F.  J. 


Nights,  Tlie  Lady  of 
Mort(!  d'Arthur,   Sir 


various  Writers  and  a  General 
by  T.  H.  Waud,  M.A.     4  Vols. 

JONHON   TO    UUYDKN.— Vol.    HI, 

TO  RossETTi,     2d  Ed.     Cr.  Svo. 


*SE LECTIONS  FROM  TENNYSON,     With  Introduction 

RowE,  M,A.,  and  W.  T,  Wemu,  M.A.     Gl.  Svo.    8s.  (id. 

This  selection  c(mtains  :— Rt>collections  of  the  Arabian 

Shalott,  Oinone,  Tho  Lotos  Eaters,  Ulysses,  Tithonus,  __  , 

Galahad,  Dora,  Ode  on  the  Deatli  of  the  Dr.ke  of  Wellington,  and  The  Revencc" 

ENOCH  ARDEN,     Ry  W.  T.  Wemh,  M.A.     Gl.  Svo.  \bi  the  Press 

*THE  COMING  OP  ARTHUR,  AND  THE  PASSING  OF  ARTHUR.     15y  F.  J 

Howe,  M.A.    Gl.  Svo.     2s. 
THE  PRINCESS.     Ry  P.  M,  Wam.ace,  R,A.  \!n  the  Press. 

THRING.— THE  ELEMENTS  OF  GRAMMAR  TAUGHT   IN  ENGLISH.      By 

Edward  Thuinu,  M.A.     With  Questions.    4th  Ed.    ISmo.     2s. 
"VAUGHAN.— WORDS  FROM  THE  POETS.    Ry  C,  M.  Vauoiian,     ISmo.    Is. 
WARD. -THE  ENGLISH  POETS.     Selections,  with   Ciltical  Introductions  by 

Introduction  by  Matthew  Aknoi,!).     Edited 
Vol.  I.  Chauceu  to  Donne.— V(d.  IL  Ren 

ADDI80N  TO   Bi,AKE.— Vol.    IV,    WoUDSWORTH 

7s,  6d.  each. 

'WETHERELL.— EXERCISES  ON  MORRIS'S  PRIMER  OF  ENGLISH  GRAM- 
MAR. Ry  John  Wetueuell,  M.A.,  Headmaster  of  Towcester  Granunar 
School.     ISmo.     Is. 

WOODS. -*A  FIRST  POETRY  ROOK.     By  M.  A.  Woods,  Head  Mistress  of  the 

Clifton  High  School  for  Girls.     Fcap.  Svo.     2s.  (id. 
*A  SECOND  P015TRY  ROOK.     Ry  the  same.     In  Two  Parts.     2s.  Gd.  each. 
*A  THIRD  POETRY  BOOK.     Ry  the  same.     4s.  6d. 
HYMNS  FOR  SCHOOL  WORSHIP,     By  the  same.     ISmo,     Is.  Gd. 
W0RDSWORTH,-SELECTIONS.     With  Introduction  and  Notes,  by  F,  J,  Rowe 
M.A.,  and  W.  T.  Wehb,  M.A.     Gl.  Svo.  [I n  prcjmration. 

YONGE.-*A  ROOK  OF  GOLDEN  DEEDS.   Ry  Charlotte  M.Y'onue,  G1.8vo    2s. 
*THE  ABRIDGED  BOOK  OF  GOLDEN   DEEDS.     iSmo,     Is, 

FRENCH. 

BEAUMAROHAIS.-LE  BARRIER  DE  SEVILLE.  With  Introduction  ana 
Notes.     Ry  L.  P.  Ri.ouet.     Feap.  Svo.     3s.  Gd, 

*BOWEN.  -FIRST  LESSONS  IN  FRENCH.     Ry  II.  Courthope  Bowen,  M.A 
Ex.  leap.  Svo.     Is. 

BREYMANN.— Works  by  Hermann  Breymann,  Ph.D.,  Professor  of  Philology  in 
the  University  of  Munich. 
A  FRENCH  GRAMMAR  RASED  ON  PHILOLOGICAL  PRINCIPLES.     Ex, 

fcap.  Cvo.     4s.  Od. 
FIRST  FRENCH  EXERCISE  BOOK.     Ex.  fcap.  Svo.    4s,  Gd, 
SECOND  FRENCH  EXERCISE  ROOK,     Ex.  fcap.  Svo.    2s.  Gd. 
FASNACHT.— Works  by  G.  E.  FASNAcnr,  late  Assistant  Master  at  Westminster. 

THE  ORGANIC  METHOD  OF  STUDYING  LANGUAGES.     Ex,  ff-p.  Svo.    I. 
French.     3s.  Gd. 
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mSMir^?/.^^^^"^"^^''^'A«Ff>Ii  SCHOOLS.    Cr  8vo     38  fid 
""'^^il^^^S^^^lV  S^J^r   ''''''''''   I^ANGUAOE   m?-THE 

Gl.  8m  llli>^trati<..is,   Notes,   Vocabuluries,  and   Exorcises 

LAMARTINE— JEANNE  DARO      Hv  m   ,^...  n   ^r 

*MOLESWORTU-FRENC       LIFE      NT     TTERs'''' Bv  M        J'"  '''  ''''''■ 
Is.  Cd.  I'l^'ilJiKS.      By  Mrs.    Moleswortu. 

*PERRAULT-CONTES  DE  FKES.     By  G   F   FASM^f. -i.     i     n 
^^?55'5r'^  P^OaRESSIVE  rRBNVH'c(;uis^^';G.l^^s..oH.    Ex. 

Son  J?Srl",'f  •''•  ^''^^  '^'i?''""^  '^^  *^"^  ^^^^^^^'^  Accidence.     Is. 
^oZ^m\SI^S.V^  ^'•'^"""'^^  -'"'   -I'--  Exercises. 

*''Tll  "''''•   '""''^'""'^'  "  Hystenutic  Syntv:,  and   Lessons  in  Co.nposition. 

rhilologica.  Ren.ar.i.  .^.''^y%'^:'^I:^^:!S''t'^'S^'  feSr 

^^?^?Jv^'«  PKOGRESSIVE  FRENCH  READERS.  \y  ^i*  rF.st::;;.  Ex. 

^'^Sj^^Sf  ilSf  S^VS!^*^^,SSr^,^^t-.  J^'^ooues,  Ballads. 
(2)  in  alphabitical  order.     wfua,mS!ve*ExerciS.  '"sf  Cd"'""  "'  '"^'''^''^^  = 

MACMILLAN'S  FOREIGN  SCHOOL  CLASSICS.    Edited  by  oTi^lol 

IS?T?Jt^^^^^-^^*^  ^^°-       RyG.B.PASNAC7,T.       Is. 

*DUMA8— LES  DEMOISELLES  DE  ST    nvi?      n,r  a7 /^ 

University  College,  Liverpool      i^  m  ^  ^'"'^^  *^°''"'  ^^'^°<^"^«'-  '''l 

LA  FONTAINE'S  FABLES.      Books  I  -VI      Bv  T      iw     nf^ 
Assistant  Master  at  Harrow  ^  ^-    ^-    Moriarty,    B.A., 

*M0LI6rE-L'AVARE.     By  the  same     Is  Hn  preparation. 

*MOLI^RE-LE  BO  JRGEOIS  GENTILHOMME     Bv  the  same 

:J;oT^'SS''-^''®  ^^'^**^«  SAVANTES.     By  G."  E.  FA^NAcm  ■ 
^MOLIJrB-LE  misanthrope.     By  the  same     Is     '^^""• 

*M0LIJrB-LE  MEDECIN  MALGRE  LUI.     Bv 'the  same     Is 
MOLI^RE-LES  PRECIEUSES  RIDICULES.     By  t^  sa'me 
*RACINE-BRITANNICUS.    By  E  Pelliss^fu  M  A      9I 

n^'RBNCH  READINGS  FROM  r6man  msTCmv       ti    .   1    . 

Authors  b^r  Omr%rt'  \r  '   J^*y^>'.Ai>i    UISIOKY.      Selected    from  various 
xsiAMn    n^i-^Vnr^'rT   T  A    ^'  '^^•^•.  Assistant  Master  at  IlaiTow.     4s.  Gd 
*SAND,   GEORGE— la  MARE  AU  DIABT  p       w„    w     1.^     ii 

Assistant  Master  at  HailS-bury     18  ^    ^^^    ^-    1^^^««ell,   M.A.. 


Is.  (id. 
Id. 
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MODERN   I.ANr.TTAriKS  AND  T.ITKI{ATni?K 


*SANI)KAU,  .IUIiKS-MAl)KM()lHJi;i-r,H    l»K    LA   SKKiMKItK.      Hy    11.    C. 

RriCK.i,.  AHsi.stdiil.  Master  nt.  Wiiiclicslcr.     In.  I'lil, 
TIIIlilUSH  IIIHTOUY  ()!''  TIIK  KOYITIAN  KXI'KDITION.     My   Hov.   U.   A. 
Hum,,  M.A.,  foriiifily  Assisliiiil;  Miistcr  iit,  Wcliiiii^toii.  \lii  pirpanttion. 

"VOl/rAlHK-CIIAULKH  XII.     IJy  G.  K.  Kamnaciit.     Bs.  (mI. 
"MASSON.— ACOMl'KNDIOUH  DlCl'I'IONAUY  OKTIIK  I''KEN(!II  LANOUAGl!;. 
A(l!ii)L('(|  lioiii  iho  Dictioiiarii's  of  riolcHsiir  A.  Ki.wai.i,.    Jiy  (Justavk  Mahhon. 
(.'r.  Hvo.     Os. 
MOLlllRE.     1,K  IMALADK  IMAGINAIUI'].     WiUi  Intnxliictiun  iiii.l  NotoH,  by  F, 
TAiivKit,  M.A.,  AsHisliuil;  Muster  at  lOtoii.     I'Vii)).  Kvo.     '2h.  (id. 

"PELLISSIER.-  KUENcni  HOOTH  AND  TIIKIU  KAMIMIOM.  A  Synthctli! 
Vocabiildry,  based  upon  DeiividiiuiH.  My  K.  I'ei,i,ih81KU,  M.A.,  AssiHttiiit 
MaHler  at  Clil'tDii  (!(illeg().     (Jl.  Svo.     (!h. 


G-ERMAN. 

BEHAOEL.  THE  GERMAN  I/ANGUACK.  Hy  Dr.  Ono  lii:iiA(ii:i,.  TraiiHlatcil 
by  Emu.  Tui'.riiMANN,  H.A.,  I'li.D.,  Leetiirer  in  Modern  Jiiteraturo  in  tlie 
University  or  Hydnoy,  N.S.  \V.     Gl.  Svo.  [In  the  I'rei^s, 

HUSS.— A  HYSTEM  OK  OllAL  INSTUUOTION  IN  GERMAN,  by  means  of 
rroKiossivo  lilustralioiis  and  ApidieaMons  of  tlu^  leadiii};  Rules  of  Graninmr. 
My  II.  C.  O.  IIUHH,  I'li.l).     (Jr.  Svo.     5s. 

MAOMILLAN'S  PROGRESSIVE  GERMAN  COURSE.     By  G.  JO.  FASNAoiir.     l':x. 
fcap.  Svo. 
*FiusT  Ykau.     Easy  lessons  and  Rdlos  on  the  Re};iihir  Accidence.     Is.  (id. 
"•yKcoNiJ  Ykau.     (.Jonversational  Lessons  in  Systematic  Accidene.o  and  Elementary 
Syntax,      With    i'liilological    Illustrations    and    Etymological    Vocabulary, 
as.  (jd. 
Tiiiui)  Ykak.  [liithel'rcss. 

TEACHER'S  COMI'ANION  TO  MAGMILLAN'S  I'ROOREHSIVE  GERMAN 
COURSE.  With  coi^ious  Notes,  Hints  for  Dillcrent  Jlenderings,  Synonyms, 
Philologieal  Remarks,  etc.  RyG.  E.  Eaknacht.  Ex.  fcap.  Svo.  Eiust  Ykak. 
43.  (5d.     Skcond  Y'i:au.     Ah.  (id. 

MAOMILLAN'S  GERMAN  COMPOSITION.     Hy  O.  IC.  Fahnacmit.     Ex.  fcap.  Svo. 
"1.  FIRST  COURSE,     rarallel  (iernian-English  lOxtracts  and  I'arallel  English- 
German  Syntax.     28.  (id. 
TEACHER'S  COMPANION  TO  MAOMILLAN'S  GERMAN  (X)MI'OSITION. 
Ry  G.  E.  Fasnacut.     Fiuar  Cohkhk.     Q1.  Svo.      Is.  (id. 

MAOMILLAN'S  PROGRESSIVE  GERMAN  READERS.    HyG.  E.  Fahna(  irr.    Ex. 
fcap.  Svo. 
*Fu{ST  i'KAR,  containing  an  Introduction  to  the  German  order  of  Words,  with 
Copious  Examples,  extracts  from  German  Authors  in  Proseand  Poetry;  Notes, 
and  Vocabularies.     'Js.  (5d. 

MAOMILLAN'S  PRIMARY  SERIES  OF  GERMAN  READING  BOOKS.    Edited 
bv  G.  E.  FASNAi'icr.     With  Notes,  Vocabulai-ies,  and  Exercisen.     Gl.  Svo. 
^ORIMM— KINDER  UND  IIAUSMARCIIEN.     By  G.  E.  Fasnaciit.     2s.  Gd. 
*irAUFF -DIE  KAllAVANE.      By   IIcuman   Hagku,   Ph.D.,    Lecturer  in  the 

Owens  College,  Manchester.    !3s. 

»SCUMID,  CIIR,  VON— II.  VON  EICHENFEriS.     By  G.  E.  Fasnaciit.     2s.  6d. 

MAOMILLAN'S  FOREIGN  SCHOOL  CLASSICS. -Edited  by  G.  E.  Fasnaciit.  18mo. 

FHEYTAG  (G.)-DOlvTOR  LUTHER.     By  F.  Srouu,  M.A.,  Headmaster  of  tlie 

Modern  Sido.  Merchant  Taylors'  School.  [Iniveparation.. 

HJ0ET1IE-(U)TZ  VON  BERLICUINGEN.     By  H.  A.   Bum,,  M.A.,  Assistant 

Master  at  Wellington.     2s. 
"GOETHE- FAUST.     Part  1.,  followed  by  an  Appendix  on  Part  II.    By  Jane 
Lke,  Lecturer  in  German  Literature  at  Newnliam  College,  Cambi-idge.    -Is.  (id. 

"HEINE— SET-ECTIONS  FROM  THE  REISEIULDER  AND  OTHER  PROSE 
WORKS.     By  C.  (.'oi.uixuv,  M.A.,  Assistant  Master  at  Harrow.     2s.  (id. 
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^HOmiJJOil-WllJIKF.MTIOr:!.     HyG.  K  Kamnacmt.     1>h.  (id. 

MA      2'.''^^^''''''^^'^'''''^'^-     ^''"•'■''-   '"^^  f'AaEU.     Hyir.  aCoTTERu.i, 
HJIIi>ANI)-SmE(J1M  Ad.tptnl  ,,H  a  riisfc  Kasy  KoadinK  I5«ok  for 

"PYLOpET.---NI.:\V(mll)KT()(;lOI^MAN(JONVIOi^SATiON;.o,,t,ai„i„,^M^Ainh•l- 

hntM^alListol  nearly  800  Familiar  Words;  f<.ll„w.Ml  by  lOxvr,  is  "    v  /Cl  '!^^ 

of  Words. n  ln.,,,H..„t  ns,.,  Familiar l'],ias..s  and  Dialo^'ims,  a  HI  etrh  o   K,  an 

wnr^lMi-'i^'""";  '•'"•""^"•'  "^xprossinns,  .,te.     J{y  L.  I'vi.our.r. '  IS,  o      28  (I 

WH  TNEY.-A  COMPIONDIOUH  (i!.:ilMAN  (illAMAfAIi.     I5y  W.  I).  W    nNFV 

C,    Svr'-ls  "^T  '"^  Instiuetor  in  Modern  LanKoaJs  in  Yah       jreS 


Uy  tho  saine.     With  Notes 


AGBRMAN  RI<;AI)I^]II  IN  I'JIOHK  AND  VKRSE 

and  Vocalmlary.     Cr.  Svo.     5s. 

"^^fn™Mwfv^^n^K??-7'^^'^*'y''^^'^*^fOUS  GERMAN   AND  ENGLISH 

I  lot.  W.  I).  WniTNKy,  assisted  hy  A.  11.  Edouen.    Cr.  Svo.    7a  6d 
THE  GERMAN-ENGIJHir  PART,  .s.parately,  Cs. 

MODERN  GREEK. 

VINCENT  and  DICKSON.  TIANDPOOIv  TO  MODICRN  GREEK.  By  Sir  Edoar 
ViNCKNT,  K.(J  M  G.,  and  T.  G.  JJioksox,  M.A.  With  Api.endix  oK  re  atiSS 
of  Modern  and  Classical  Groolc  hy  Prol'.  Jkuu.    Cr.  8vo.    (js.  '*-i'i"on 

ITALIAN. 

™d^  I;i^''cn'fv?,.''f2s''(f,^''"''  """'  '''^^"^'^^^'"'^  ^-^  ^"^^«'  ^y  «^« «--. 

READINGS  ON  THE  PURGATORIO  OF  DANTE.     Chi.^lly  based  on  tlio  Tom 
mentary  of  Houvennto  Da  Fmola.     By  tho  Hon.  W.  wlJfu  S  V     non!  M  5' 
£.  8va"  .Jji;"'^""^'""  ^y  *'»^  Very  Rev.  the  Dean  of  St.  Paul's.    2  fot 

SPANISH. 

'^I?f  g^^UKX^k^';,^^^^^^  ^^^^  ^"^-^-«-  and  Not.. 
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MATHEMATICS. 

Arithmetlo.  Book-keeping,  Algebra,  Euclid  and  Pure  Geometry,  Oeometrloal 
Drawing,  Mensuration,  Trlgonoraotry,  Analytical  Geometry  (Plane  and 
Solid),  Problems  and  Questions  In  Mathematics,  Higher  Pure  Mathe- 
matics, Mechanics  (Statics.  Dynamics,  Hydrostatics,  Hydrodynamics-  see 
also  Physics),  Physics  (Sound,  Light.  Heat,  Electricity,  Elasticity,  Attrac- 
tions, &o.),  Astronomy,  Historical. 


ARITHMETIC. 

terch.l.ln.n.     Uy  AfAiiv  Htioahman  Alois.     Illustmtod.     (Jl.  8vo      2h Tl 

"^^  raE^^lSjy  A?m.  ^A^^^^^^"^^?,^'  SPECIMENS  OF  PAPERS  SET  AT 
lUh,  1882-89.— With  AiiHWcPH  (o  ho  Mat  UMiiiitical  Oiicsliniw  Mi.Kio,.^  . 
Anthm..tc,  Al,ol.ra,  Kucli.l,  Ge<„Mctricul  l^awhli,  "'go  ^i-X,  F  Sh  * 
Kii},'ltsh  Dictation.     Or.  Svo.     S.s.  6(1.  n"n'"J'i    xitiicii, 

^^^fS^fim^nH^  mv7p^,/'^'  easy  arithmetical  examples  for 

*BROOKSMITH.- AUITJI.METIC  IN  TfFEOUY  AN!)  PRACTICE     By  J  Euook 
SMITH,  M.A.    Cr.  8v...    43.0(1.     KEY.     Crown  «vo.     lO.s  (kl        ''^ ''•  "'"^^K" 

CANpLER.-nErjP  TO  AIUTIIMETIC.  DcsiVne.l  for  the  use  ,.r  S.h.M.ls  Bv  H 
Candler,  Matheniaticul  Master  of  UiTinghain  School.    2,1  E.l.    Ex.  Lp  Svo! 

^DALTON  -RULES  AND  EXAMPLES  IN  ARITHMETIC.     By  the  Rev  T  Dai 

TON,  M.  A,  Assistant  Master  at  Eton.    New  Ed.,  with  Answers     18mo'    "s  il.l" 

"^^n^nT^"^^",'^  ARITHMETIC  AND  ELEMENTARY  MEXSURATIOn" 
i3y  P.  GoYKN,  Inspector  of  Schools,  Dinie.lin,  New  Zealan.l.     Cr  8to      6s 

'°^^Al'S?S^^W^n.^•^.'^  A^'^'"'?'^'"^'^^^-  EXERCISES  AND  EXAMINATION 
MKi.TUAVioN  nv  r  ^^'Vr"'^'\r\"'''';i"""  Q'-'^tions  in  LoaAuiTiiMs  anVl 
ilS^lin^iln^olK  ami  ST'^n^S^!  Ts^H'^'S'^^'  ^"«'"-'"« 

'^'^^^S^c!^^l^iJ^''  '••^•'  «^""'''  ^^"--•'^  Bu-rof  Gouville 

*^S^^^^!^r^i:iS!^IEf  •  c^  ^-^'t^^^^^^  Of  CiiiLrcial  Ar.U- 

^''S!^%^^J^r^TS^'''''''  ^'^^^  ELEMENTARY  SCHOOLS. 

TEDLEY.-EXERCISES  IN  ARITHMETIC  for  the  Use  of  Scliools     Containing 

ARITHMETIC    AND   ALGEBRA,  in  their  Principles  and  Application-  with 
immerous  systeniat  cally  arranged  Examples  taken  froni Tl  o  cS  briSExa  n 
mation  Papers,  with  especial  rcferenco  to  the  Ordinary  ExaiSnat  on  for  tho" 
B. A.  Degree.    Now  Ed.,  carefullv  revised.    Or  8vo     ,Xl,,,    '"'''"""  '^'^  tlie 
-ARITHMETIC  FOR  SCHOOLS.  '         "  '        ' 


Svo.    4s.  6d.      KEY.     Cr.  Svo. 


8s.  6d. 
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Or.  8vo.     2m.     With  Answers,  2h.  Oil.     An- 


EXERCIHE8  TN  ARITIIMKTrC. 

H'.vcis  Huparati'ly,  CmI. 

R(;n()()r,  (.•LASH-n()()Iv   OF  ARlTirXfETl(;.     ISmo.     33.      Or  srnarntcny,  in 

liinc  Parts,  Is.  ,>,wh.     KRYH.     I'lirts  \.,  If.,  nii.l  lU.,  'Js.  r„l.  (wh 
SniLLING   UOOK  OV  AHITIIMKTIU.     ISm...     (),•  sq-aiatHy,  I'art  I     2d  ■ 

Part  If.,  :{.!.;  Part  III.,  7.1.    Ai.hw.ts,  «.l.     KEY.     18mo.     4s:  OU. 
»T UK  SAME,  with  Answers.    ISmo,  cloth.     Is.  C.d. 
EXAMINATION   PAPEIIH   IN   AIUTIIMHTK!.      I81.10.      Is.  M.     The  Same 

with  Answers.     LShki.     -Js.     Answers,  (Id.     KEY.     IHnio      4s  Cd 
THE  METRIC  SYSTEM  OF  ARITIIMETIO,  ITH  I'RINCII'IJW  AND  APPLI- 

CATIONS,  with  Numerous  Examples.     ISmo.     :!d. 
A  CHART  OF  THE  METRIC  SYSTEM,  on  a  Slicet,  sizo  42  in.  by  34  in    on 

Roller.     3s.  Od.     Also  a  Small  Chart  on  a  Card.     Prioe.  Id. 
EASY-  LESSONS  IN  ARITHMETIC,  (ioinbining  Exercises  in  Reading,  WritinR. 

SpellhiK,  and  Dictation.     Part  I.    Cr.  8vo.    Dd.  *" 

EXAMINATION  CARDS  IN  ARITHMETIC.     With  Answers  and  Uinta 
Standards  I.  and  II.,  in  box.  Is.    Stamlards  III.,  IV.,  and  V.,  in  boxes,  la,  each 

Standard  VI.  in  Two  Parts,  in  boxt^s,  Is.  each. 
A  and  B  papers,  of  nearly  the  same  dilileulty,  are  given  so  as  to  prevent  copying, 
and  the  colours  of  the  A  and  U  papers  differ  in  each  Staii.lard,  and  from  those  of 
every  other  Standard,  so  that  a  master  or  miatress  can  see  at  a  glance  whether  the 
children  have  the  proper  papers. 


BOOK-KEEPING. 


"THORNTON.— FIRST  LESSONS  IN  BOOK-KEEPINO 

8v().     2s.  ().l.     KEY.     Oblong  4to.     lOs.  (3d. 

»PRIMER  OF  BOOK-KEEPING.     ISmo.     Is.     KEY.     Demy  Svo 


By  J.  Thornton.     Cr. 
23.  6d. 


accom- 


ALGEBRA. 

*DALTON.-RULES  AND  EXAMPLES  IN  ALGEBRA.  By  Rev  T  Dalton 
Assistant  Master  at  Eton.  Part  I.  18mo.  2s.  KEY.  Cr  Svo  7a  (id' 
Part  IL     18mo.     2s.  Gd. 

HALL  and  KNIGHT.— W^irks  by  II.  S.  IIaij,,  M.A.,  Master  of  the  Military  and 

Engineering  Side,  Clifton  College,  ami  S.  R.  Knioht,  B.A. 
^ELEMENTARY  ALGEBRA  FOR  SCHOOLS.    6th  Ed.,  revised  and  corrected 
Gl.  Svo,  bound  in  maroon  coloured  cloth,  3s.  (5d.  ;  with  Answers,  bound  iri 
green  coloured  cloth,  43.  (id.     KEY.    8h.  6d. 

^ALGEBRAICAL  EXERCISES  AND   EXAMINATION   PAPERS      To 
pany  ELEMENTARY  ALGEBRA.    2(1  Ed.,  revised.    Gl.  Svo.    2s.  6d. 

*HIGHER  ALGEBRA.     3d  Ed.    Cr.  Svo.     7s.  Od.      KEY.    Cr.  Svo.     10s  6d 
•* JONES    and    CHEYNE.— ALGEBRAICAL   EXERCISES.       Progressively  Ar- 
ranged.   By  Rev.  C.  A.  Jones  and  C.  11.  Cheyne,  M.A.,  late  Mathematical 
Masters  at  Westminster  School.     ISino.     2s.  6d. 

KEY.    By  Rev.  W.  Failks,  M.A.,  Mathematical  Master  at  Westminster  School 
Cr.  Svo.    7s.  (id. 

SMITH.-ARITIIMBTIC  AND  ALGEBRA,  in  their  Principles  and  Application  • 
with  numerous  systematically  arranged  Examples  taken  from  the  Cambridge 
Examination  Papers,  with  esjiecial  reference  to  the  Ordinary  Examination  for 
the  B.A.  Degree.  By  Rev.  Barnard  Smith,  M.A.  Now  Edition,  carefully 
revised.    Cr.  Svo.     10s.  Gd.  ^ 

SMITH.— Works  by  Chari.ks 

Cambridge. 
^ELEMENTARY  ALGEBRA.    2d  Ed.,  revised.    Gl.  Svo.    4s.  6d. 
*A  TREATISE  ON  ALGEBRA.   2d  Ed.  Cr.  Svo.   7s.  Od.     KEY.   Cr.  Svo 
TODHUNTER,— Works  by  Isaac  Todhunter,  P.R.S. 
^ALGEBRA  FOR  BEGINNERS.     18mo.     2s.  6d.     KEY.     Cr.  Svo.     fi.q 


Smith,  M.A.,    Master  of  Sidney  Sussex  College, 


10s.  6u. 


I 


6d. 
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•ALGEnRA  FOR  COLLEGES  AND  SCHOOI.S 

Kvo.     lOs.  (id. 


Cr.  8v(>.     7s.  C(l,     KEV.    Or. 


By  RuPEUT 


By  W.    H. 


EUOLID  AND  PURE  GEOMETRY 

~'c!T>^?i;^rTK™il?*6d  •=^™'''«''S  FOB  DBGINNERa  B,  8,„„.. 
"""Sr?S'^oir«?.^"'^^:;,°''°'"^^''"-  "y  ^•»«-,.  C„t,„„:k™„»,  M.A., 
"^^r?,""'!?'!?',''?  ",''    *^"'""   SECTIONS   rnoVKD   OKOMBTUirAriv 

EUCLID  AND  HIS  MODERN  RIVALS.'    2,1  Ed.  '  Cr  Svo     «. 

''"J^^'o^^  ll'^TmuATWA.    r„,tL    ANowi„c™n;rl„.,,    „^,. 

"°T=;?i-cKLT?N"^,!J?E'p"SS"g,"/i!.l™lT7^^^^ 

*HALL   and   STEVENS.— A  TEXT-BOOK   OF  EUCLTn-s  Fr  irinrxTrra       r 

ni-VI..3s.;  BooksV.-VI.anaXL.2s.  Cd.;  BookB'i.-'VTam/kLjaklaij^B^ot^^ 

HALSTED.-THE  ELEMENTS  OF  GEOMETRY.    By  G  ^iYuztTpZf"''- 

of  Pure  and  Applied  Mathematics  in  the  Universit/ofTexas     fivo  '  ?9«  «!?'''" 

^^^A^^Vs^^GI^^ar  ^^  ^^^^^  «EOM&n;B!^B^;Hi?A 

'%^oolf  ^B^/Sef]?  f.\"oST|-  ^^''"^^  -  ^"*-^-«-  to  eating  Text- 
MILNE  and  DAVIS.-GEOMETRICAL  CONICS     Part  I      Th«  pil^K  f  ^''Z'' 

Rev.  J.  J.  MiLNK.  M.A.,  and  R.  F.  Davis^  M.A  Cr  gv"  S  ^''''^^°'^-  ^^ 
RICHARDSON.-THE  PROGRESSIVE  EUCLID.    Books  I  andlT     Win  m  . 

Exercises,  and  Deductions.    Edited  by  A  T  RicHARDqnv  M  a    q     •'"^^^'A*''' 

niatical  Master  at  the  Isle  of  Wight  Col  lege.  G  S?o  2s  Ccf  '  """  ^'*'^'- 
^^J;^''^H^^^f'^=^^O^^TRY(correspondi.S'toEucid  Books  I   VI U. 

Cr'Sr '  sJwed'  ll"*^"^'""  '''  ''''  I-Proveme'nt  of  Geo.netnSrTS^ 

^"c^SL-cXe.'^  ^^"-  ^"^^^^^^^"  ^'-^^'  M.irLn:;irHead.aster  of 
ELEMENTARY  GROMETRY      RnnTf*   r    v      n        ■   ■ 
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GEOMETRICAL  DBAWIN3 

al  Ell.    Cr.  8vo.    «,.  ''""'""8 '""'"^'"'"""UiilvorBlty,  Manchester 

''^5:;i^''^SS1ii  ■'"'"'  ^'"'  '"=^0'"™VB)  GEOMETRY.    By  E.  0. 

Un  preparation. 


MENSURATION. 


'^^SS^^JIr  -MENSUUATION    FOB  SCHOOM.    'i^rT"":?' 


TRIGONOMETRY. 


Cr.  8vo.    8s.  6(1.  '-asley,  ai.a.    9th  Ed.,  levised  and  enlarged 

.  ^u.A,,  I  .K.b.,  Assistant  Master  at  Harrow 
JOHNSON.---A  TREATISE  ON  TRIGONOMETPV      i*     tit  ^  IJn preparation. 
„  «««     c" a-  t?S""  "«'>-»Sr^-?-e  "a^tIi„^«.s"SS;  *.5a^: 

iJirmiiigliam.  "ivibom,  As.sistant  Masters  at  King  Edwarfa  School 

';'^;^S^io^C:^ciafrid".^•  ^•^•'  «^"'--  ^^"--^^  Bnrsa^'^ftofvt 

'^E^d""Kv?^IJe",^  IS^'^??fvo^^r  r1  ^^^  ««^^tion  of  Triangles.    3d 

^ELEMENTARYTRIGONOmWkv      rn  i,^'|- 

logarithms  has  been  carefully  revisecnri«u«^'!J  *5^^  ""^'°"  t'^e  chapter  on 
HIGHER  TPinn>To«T.,;p"^™?i'>-    01.  8vo.   4s.  6d.    KEY.   Or.  8vn    8s  a^> 

in  One  VoTume:"  Gr8"  o     7s  6d  ^^^  '''°-    ^'-  ^'^-    2«">  P'-^ts'  comp'leto 

THE  TRIGONOMETRY  OF  ONE  ANGLE.    Gl.  8vo.    2s.  6d. 


Ill 
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M'OLELLAND  and  PRESTON.  — A  TREATISE  ON  SPHERICAL  TRIGONO- 
MK'rUY.  With  applications  to  Splicrical  Geometry  and  nunierons  Examples. 
By  W.  J.  MT i.ELLAND,  M.A.,  Principal  of  the  Incorporated  Society's  School, 
Santry,  Dublin,  and  T.  Preston,  M.A.  Cr.  Svo.  8s.  Oil.,  or:  Parti.  To  the 
End  of  Solution  of  Triangles,  4s.  6d.    Part  II.,  59. 

MATTHEWS.— MANUAL  OP  LOGARITHMS.  By  G.  F.  Matthews,  B.A.  Svo. 
5h.  net. 

PALMER. -TEXT -BOOK  OP  PRACTICAL  LOGARITHMS  AND  TRIGONO- 
METRY, By  J.  H.  Palmer,  Headmaster,  R.N.,  H.M.S.  Cambridge,  Devon- 
port.     Gl,  Svo,     4s.  6d. 

SNOWBALL.— THE  ELEMENTS  OF  PLANE  AND  SPHERICAL  TRIGONO- 
METRY.    By  J.  C.  Snowralu    14th  Ed.    Cr.  Svo,    7s.  Cd. 

TODHUNTER.— Works  by  Isaac  Todhuntkr,  F.R.S. 
^TRIGONOMETRY  FOR  BEGINNERS.    18mo.   2.s.  Cd.      KEY,   Cr.  Svo,   8s.  6d. 
PLANE  TRIGONOMETRY.    Cr.  Svo.    5s.    KEY.    Cr.  Svo.     lOs.  6d. 

[A  New  Edition,  revised  by  R.  W.  Hogo,  M.A.    In  the  Press. 
A  TREATISE  ON  SPHERICAL  TRIGONOMETRY,    Cr,  Svo.     4s.  6d. 

WOLSTENHOLME.— EXAMPLES  FOR  PRACTICE  IN  THE  USE  OF  SEVEN- 
FIGURE  LOGARITHMS.  By  Joseph  Wolstenholme,  D.Sc,  late  Professor 
of  Matlicmatics  in  the  Royal  Indian  Engineering  Coll.,  Cooper's  Hill.  Svo. 
6s. 


ANALYTICAL  QEOMBTRY  (Plane  and  Solid). 

DYER.-EXERCISES  IN  ANALYTICAL  GEOMETRY.    By  J.  M.  Dyer,  M.A., 

Assistant  Master  at  Eton.    Illustrated.    Cr.  Svo.    4s.  6d. 
FERRERS.— AN    ELEMENTARY  TREATISE   ON   TRILINEAR   CO-ORDIN- 
ATES, the  Method  of  Reciprocal  Polars,  and  the  Theory  of  Projectors.     By 
the  Rev.  N.  M.  Ferrers,  D.D.,  F.R.S.,  Master  of  Gonville  and  Caius  College, 
Cambridge.     4th  Ed.,  revised.    Cr.  Svo.    6s.  Cd. 
FROST.— Works  by  Percival  Frost,  D.Sc,  F.R.S.,  Fellow  and  Mathematical 
Lecturer  at  King's  College,  Cambridge. 
AN  ELEMENTARY  TREATISE  ON  CURVE  TRACING,     Svo.    12s. 
SOLID  GEOMETRY.     3d  Ed.     Demy  Svo.     ICs. 

HINTS  FOR  THL,  SOLUTION  OF  PROBLEMS  in  the  Third  Edition  of  SOLID 
GEOMETRY.     Svo.    Ss.  Cd. 
JOHNSON.— CURVE   TRACING  IN  CARTESIAN  CO-ORDINATES.      By  W. 
WooLSEY  Johnson,  Professor  of  Mathematics  at  the  U.S.  Naval  Academy, 
Annapolis,  Maryland.     Cr.  Svo.    4s.  Cd. 

M'OLELLAND.— THP]  GEOMETRY  OF  THE  CIRCLE.    By  W  J.  M'Clelland, 
M.A.    Cr.  Svo.  [In  the  Press. 

PUCKLE.— AN  ELEMENTARY  TREATISE  ON  CONIC  SECTIONS  AND  AL- 
GEBRAIC GEOMETRY.    With  Numerous  Examples  and  Hints  for  their  Solu- 
tion.    By  G.  H.  PucKLE,  M.A.     5th  Ed.,  revised  and  enlarged.     Cr.  Svo. 
7s.  Cd. 
SMITH.— Works  by  Charles   Smith,  M.A.,  Master  of  Sidney  Sussex  College, 
Cambridge. 
CONIC  SECTIONS.    7th  Ed.    Cr.  Svo.     7s.  6d. 
SOLUTIONS  TO  CONIC  SECTIONS.     Cr.  Svo.     10s.  6d. 
AN  ELEMENTARY  TREATISE  ON  SOLID  GEOMETRY.     2d  Ed.     Cr.  Svo. 
9s.  Cd. 
TODHUNTER.— Works  by  Isaac  Todhunter,  F.R.S. 
PLANE  CO-ORDINATE  GEOMETRY,  as  applied  to  the  Straight  Line  and  the 

Conic  Sections.    Cr.  Svo.    7s.  Cd. 
KEY".    By  C.  W.  Bourne,  M.A.,  Headmaster  of  King's  College  School.    Cr.  Svo. 

lOs.  Cd. 
EXAMPLES   OF  ANALYTICAL  GEOMETRY   OF  THREE   DIMENSIONS. 
New  Ed.,  revised.    Cr.  Svo.    4s. 
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PROBLEMS  AND  QUESTIONS  IN 
MATHEMATICS. 

^^Y.  ^^5'h"^^^  EXAMINATION,  1882-1889,  Specimens  of  Papers  set  at 
A    •  y.^'^^  Answers  to  the  Matlieniatical  Questions.     Subjects  :  Arithmetic 
cl^fvo:  8^6^'  ^'"'"^^^'^^^  ^'■''^^^'"«''  GJeograpLy,  French,  English  SStion! 

^^OlS?-  SENATE-HOUSE   PROBLEMS   AND   RIDERS,    WITH   SOLU- 

1878-80LUTIOxNS  OP  SENATE-HOUSE  PROIJLEMS     By  the  Mathematical 
^S^SS  CaSE    T''  ''  '■  ^-  ^-  ^^^^'^«^^'  F.K.S..SS^^o1 

^°^i?S\FxED^^f:v%^HFT^  TEST-QUESTIONS  IN  PURE 

^^,^•^7  MATHEMATICS  ;  with  Answers  and  Appendices  on  Synthetic 

CLIFFORD.-MATHEMATICAL  PAPERS.    By  W.K.  Clifford.     Edited  bv  R 
t^ttIxJ'''^^    ,^^'"' '''''  I"t™«l"ction  by  H.  J.  Stephen  Smith,  MA.    8vo     SOs 
MILNE.— Works  by  Rev.  John  J.  Milne,  Private  Tutor 
WEEKLY  PROBLEM  PAPERS.    With  Notes  intended  for  the  use  of  Students 
preparing  for  Mathematical  Scholarships,  and  for  Junior  Members  of  tliS  Uni 
versitios  who  are  reading  for  Mathematical  Honours.     Pott  Svo     4s  6d 
SOLUTIONS  TO  WEEKLY  PROBLEM  PAPERS.    Cr.  Svo.     10s  Cd 
e-fSS''^^^^^  '^^  WEEKLY  PROBLEM  PAPERS.     Cr.  Sva     lo's  6d 

^.r"'^-'^^*  *^'  ^^y^^  Military  icademy?wSoTwlch'.    Cr'.'svo     3s  6d  *"''" 

WOOLWICH  MATHEMATICAL  PAPERS,  for  Admission  into  the  Roval  Militirv 

WOLSTENHOLME.-Works  by  Joseph  Wolstenholme,  D.Sc,  late  Professor  of 
Mathematics  m  the  Royal  Engineering  Coll.,  Cooper's  Hill  ^^lesaor  of 

n?vS^J/?i^H.^,^?^,^^,*^f\"'^  S'^''j«^*«  '"cl«^ed  in  tiie  First  and  Second 
FvISf  ^  the  Schedule  of  Subjects  for  the  Cambridge  Mathematical  Tripos 
Examination.    New  Ed.,  greatly  enlarged.    Svo.    18s  ^ 

™THMS.  ^8m  ^5^^^^'^^^   ^^  ™^   ^"^^  ^*^  SEVEN -FIGURE   LOG- 
HIGHER  PURE  MATHEMATICS. 
^^7^;;S?f^X^J®-  ^-  ^'^^'  ^•^■^■'  formerly  A -tronomer-Royal. 
'  w'iJSg^rL's.^TE'd!''crTvo"^^^^^^^^^     DIFFERENTIAL  ^EQUATIONS. 
ON  THE  ALGEBRAICAL  AND  NUMERICAL  THEORY  OF  FPRonq  nv 

BOOLE.— THE  CALCULUS  OF  FINITE  DIFFERENCES 

revised  by  J.  F.  Moulton,  Q.C.  Cr.  Svo.  10s.  6d  * 
CARLL.-A  TREATISE  ON  THE  CALCULUS  OF  VARIATIONS  By  Lfwis  B 
Carll.  Arranged  with  the  purpose  of  Introducing,  as  vvell  as  Illustrati^L  it. 
Prmcples  to  the  Reader  by  means  of  Problems,  and  DeSe^  to  pSt  hi  all 
Important  Particulars  a  Complete  View  of  the  Present  State  of  ^the  Science. 

EDWARDS.-THE  DIFFERENTIAL  CALCULUS.     By  Joseph  Edwards   M  \ 
\Vith  Applications  and  numerous  Examples.    Cr.  8vo     10s  6d 

FERRERS.-AN  ELEMENTARY  TREATISE  ON  SPHERICAL  HARMONTPq 
nn°  SUBJECTS  CONNECTED  WITH  THEM  By  Rev  N  M  Ferrfrs' 
D.D.,  F.R.S.,  Master  of  Gonville  and  Caius  College,  CanTbridg^.    Cr  Svo.   rS 


By  G.  Boole.   3d  Ed. 
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FORSYTH. -A  TREATISE  ON  DIFFERENTIAL  EQUATIONS.  By  Andukw 
Rua.sEi.r,  Fohsytii,  F.R.S.,  Fellow  and  AsaiHtant  Tutor  of  Trinity  Collo(;i', 
Cambridge.     2(1  Ed.     8vo.     Hb. 

FROST. -AN  ELEMENTARY  TREATISE  ON  CURVE  TIIACINU.  By  rKiiciVAi, 
FiiosT,  M.A.,  D.Sc.     8vo.     12s. 

GRAHAM.— GEOMETRY    OP    POSITION.       By    R.    II.    Graham.     Cr.    8vo. 

7s.  (id. 
GREENHILL.— DIFFEUENTIAL  AND   INTE(!1{AL    CALCULUS.      By  A.   G. 
QuKKNHiLL,  Professor  of  Mathomatica  to  tlui  Senior  Class  of  Artillery  Ofllcors, 
Woolwich.    New  Ed.    Cr.  8vo.     10s.  6d. 
APri>ICATIONS  OF  ELLIPTIC  FUNCTIONS.     By  the  same.         [In  the  Pm*. 
JOHNSON.— Works  by  Wii.mam  Woolsey  Johnson,  Profes.sor  of  Matlicmatics  at 
tlio  U.S.  Naval  Academy,  Annapolis,  Maryland. 
INTEGRAL  CALCULUS,  an  Elementary  Treatise  on  the.     Founded  on  the 

Method  of  Rates  or  Fluxions.     8vo.     9s. 
CURVE  TRACING  IN  CARTESIAN  CO-ORDINATES.     Cr.  8vo.     4s.  Cd. 
A  TREATLSE  ON  ORDINARY  AND  DIFFERENTIAL  EQUATIONS.     Ex.  cr. 
8vo.     i:)S. 
KELLAND  and  TAIT.— INTRODUCTION  TO  QUATERNIONS,  with  numerous 
examples.     By  P.  Ki;M,ANDand  P.  G.  Tait,  Professors  in  the  Department  of 
Mathematics  in  the  University  of  Ediiibur<;li.    'Jd  Ed.     Cr.  Svo.    7s.  (id. 

KEMPE.— HOW  TO  DRAW  A  STRAIGHT  LINE :  a  Lecture  on  Linkages.    By  A. 

B.  Kempe.    Jllustratod.    Cr.  Svo.     Is.  Gd. 
KNOX.-DIFFERENTIAL  CALCULUS  FOR  BEGINNERS.      By  Alexander 

Knox.    Fcap.  Svo.    3s.  Cd. 
MUIR.— THE  THEORY  OF  DETERMINANTS  IN  THE  HISTORICAL  ORDER 
OF  ITS  DEVELOPMENT.    Parti.     Determinants  in  General.    Leibnitz(lG93) 
to  Cayley  (1841).     By  Tncs.  Muir,  Mathematical  Master  in  the  High  School  of 
Glasgow.    Svo.    10s.  Cd. 
RICE  and  JOHNSON.— DIFFERJONTIAL  CALCUIiUS,  an  Elementary  Treatise  on 
the.    Founded  on  the  Method  of  Rates  or  Fluxions.     By  J.  M.  Rice,  Professor 
of  Mathematics  in  the  United  States  Navy,  and  W.  W.  Johnson,  Professor  of 
Mathematics  at  the  United  States  Naval  Academy.     'Ml  Ed.,  revised  and  cor- 
rected.   Svo.     ISs.    Abrid-ed  Ed.     9s. 
TODHUNTER.— Works  by  Isaac  Toluunti: k,  F.R.S. 

AN    ELEMENTARY    TREATISE    ON    THE    THEOIIY   OP    EQUATIONS. 

Cr.  Svo.    7s.  Od. 
A  TREATISE  ON  THE    DIFFERENTIAL  CALCULUS.     Cr.   Svo.      10s.   6d, 

KEY.    Cr.  Svo.     10s.  Cd. 
A  TREATISE  ON  THE  INTEGRAL  CAIiCULUS  AND  ITS  APPLICATIONS. 

Or.  Svo.    10s.  Od.     KEY.     Cr.  Svo.     10s.  Cd. 
A  HISTORY  OP  THE  MATHEMATICAL  Tlll':ORY  OF  PROBABILITY,  from 

the  time  of  Pascal  to  that  of  Jjuplace.    Svo.     ISs. 
AN  ELEMENTARY  TRP^ATISB  ON  LAPLACE'S,  LAME'S,  AND  BESSEL'S 
FUNCTIONS.     Cr.  Svo.     10s.  Cd. 


it 


MECHANICS:  Statics,  Dynamics,  Hydrostatics, 
Hydrodynamics.     (See  also  Physics.) 

ALEXANDER  and  THOMSON. —ELEMENTARY  APPLIED  MECHANICS.  By 
Prof.  T.  Alexander  and  A.  W.  Thomson.  Part  II.  Transverse  Stress. 
Cr.  Svo.     10s.  Cd. 

BALL.— EXPERIMENTAL  MECHANICS.  A  Course  of  Lectures  delivered  at  tlie 
Royal  College  of  Science  for  Ireland.  By  Sir  R.  S.  Ball,  F.R.S.  2d  Ed, 
Illustrated.     Cr.  Svo.    Cs. 

CLIFFORD.— THE  ELEMEiS  IS  OF  DYiNAMIO.  An  Introducition  to  the  Study  of 
Motion  and  Rest  in  Solid  and  Fluid  Bodies.  By  W.  K.  Clifkord.  Part  I.— 
Kinematic.    Cr.  Svo.    Books  I.-III.  7s.  Cd. ;  Book  IV.  and  Appendix,  Cs. 
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OOTTERILL. -APPLIED  MECHANICS:  An  Elementary  General  Introduction  to 
the  Theory  of  Slriicturcs  and  MaeliineH.  By  J.  H.  Cottkkill,  P.R.S.,  Professor 
of  Api)]ied  Aleelianics  in  the  Royal  Naval  College,  Greenwich.     8vo.    18s. 

COTTERILL  and  SLADE.-LESSONS  IN  APPLIK!)  MECHANICS.  By  Prof. 
J.  II.  Corn; HIM,  and  J.  II.  Si.adk.    Ecap.  8vo.     .Os.  (jd. 

DYNAMICS,  SYLLABUS  OF  ELEMENTARY.     Part  I.  Liiusar  Dynamics.     With 

an  Appendix  on  the  JMeaiuiigs  of  the  Symbols  in  Physical  Equations.  Prepared 
by  the  Association  for  the  Iini)rovement  of  Geometrical  Teaching.  4to.  Is. 
GANGUILLET  and  XUTTER.— A  GENIOHAL  FOIIMULA  FOR  THE  UNIFORM 
FLOW  OF  WATKR  IN  RIVERS  AND  OTHEU  CHANNELS.  By  E.  Gan- 
auiLi.ET  and  W.  R.  Kuiter,  Engineers  in  Berne,  Switzerland.  Translated  from 
Wie  German,  with  numerous  Additions,  including  Tables  and  Diagrams,  and  tho 
Elements  of  over  iL'OOGaugings  of  Rivers,  Small  Channels,  and  Pipes  in  English 
Measure,  hy  Rudolph  Herino,  Assoc.  Am.  Hoc.  C.E.,  M.  Inst.  C.B.,  and  John 
C.  Trautwine  Jun.,  Assoc.  Am.  Hoc.  C.E.,  Assoc.  Inst.  C.E.     8vo.     178. 

GRAHAM. -GEOMETRY    OF    POSITION.      By    R.    H.    Graham.     Cr.    8vo. 

7s.  Od. 

GREAVES.— Works  l.y  John  Greaves,  M.A.,  Fellow  and  Mathematical  Lecturer 
at  Christ  s  Colhige,  Cambridge. 

*STATICS  FOR  BEGINNERS.    Gl.  8vo.     8s.  6d. 

A  TREATISE  ON  ELEMENTARY  STATRIH.     2d  Ed.     Cr.  8vo.     6s  Cd 
GREENHILL.-nYDROSTATICS.    I!y  A.  (i.  Greenuill,  Professor  of  Mathematics 
to  the  Senior  Class  of  Artillery  Ollicers,  Woolwich.    Cr.  8vo.     [In  preparation 
*HICKS.     ELEMENTARY  DYNAMICS  OF  PARTICLES  AND  SOLIDS      .^y 
W.  M.  Hicks,  Principal  and  Professor  of  Mathematics  and  Physics.  Firth  Co'. 
lege,  Sheffield.    Cr.  8vo.    (is.  Od. 

JELLETT.-A  TREATISE  ON  THE  THEORY  OF  FRICTION.  By  John  H 
Jei,i,ktt,  B.D.,  late  Provost  of  Trinity  College,  Dublin.    8vo.    8s.  Od 

KENNEDY.-THE  MECHANICS  OF  MACHINERY.  By  A.  B.  W  Kennedy 
F.R.S.     Illustrated.    Cr.  8vo.    12s.  tid.  i^lnnedy, 

LOOK.— Works  by  Rev.  J.  B.  Look,  M.A. 
^ELEMENTARY  STATICS.     2d  Ed.     Gl.  8vo.     4s.  Od 
^ELEMENTARY  DYNAMICS.     3d  Ed.     Gl.  8vo.     4s.  Gd 
MECHANICS  FOH  BEGINNERS.    01.  8vo.  [Tn  the  Press 

MACGREGOR.-KINEMATICS  AND  DYNAMICS.  An  Elementary  Treatise' 
?/,^;  t>.  MacGbkoor,  D.Sc,  Munro  Professor  of  Physics  in  Dalhousie  College" 
Halifax,  Nova  Sc'/tia.  Illustrated.  Cr.  8vo.  10s.  Od. 
PARKINSON.— AN  ELEMENTARY  TREATISE  ON  MECHANICS  Bv  S 
Parkinson,  D.D.,  F.R.S.,  late  Tutor  and  Pradector  of  St.  John's  Colleco' 
Cambridge.     Otli  Ed.,  revised.     Cr.  8vo.     98.  Od.  °  ' 

PIRIE. -LESSONS  ON  RIGID  DYNAMICS.  By  Rev.  G.  Pirie,  M.A  ,  Professor 
of  Mathematics  in  the  University  of  Aberdeen.     Cr.  8vo.     Os. 

^°™:-^^l*'''V\^y„^°^V"\''?«^  RouTH,  D.Sc,  LL.D.i  F.R.S.,  Hon.  Fellow 

ot  St.  Peter's  College,  Cambridge. 

A  TREATISE  ON  THE  DYNAMICS  OF  THE  SYSTEM  OF  RIGID  BODIES 
With  numerous  Examples.  Two  Vols.  Svo.  Vol.  L— Blementarv  ParU 
5th  Ed.    14s.    Vol.  Il.-The  Advanced  Parts.    4th  Ed.     14^/"""'"^'^'^^  ^^^^ts- 

STABILITY  OF  A  GIVEN  STATE  OF  MOTION,  PARTICULARLY  STEADY 
MOTION.     Adams  Prize  Essay  lor  1877.    8vo.     83.  Od.  ^i^ti'AUX 

•SANDERSON. -HYDROSTATICS  FOR  BEGINNERS.  By  F.  W.  Sandeeson 
M.A.,  Assistant  Master  at  Dulwich  College.    Gl.  8vo.    4s.  Od.  ' 

TAIT  and  STEELE.-A  TREATISE  ON  DYNAMICS  OP  A  PARTICLE       Bv 
Professor  Tait,  M.A.,  and  W.  J.  Steele,  B.A.   0th  Ed.,  revised.   Cr.  8vo.   12s. 
TODHUNTER^— Works  by  Isaac  Todhunteb,  F.R.S. 
-MECIlANIca  FOR  BEGINNERS.     18mo.     4s.  Od.     KEY.     Cr  Svo     Gs  Gd 
A  TREATISE  ON  ANALYTICAL  STATICS.     5th  Ed.     Edited  bv  Prof  j'  D 
Everett,  F.R.S.     Cr.  Svo,     10s.  Od.  ^ 
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PHYSIOS :  Sound,  Light,  Heat,  Electricity,  Elasticity, 
Attractions,  etc.     (See  also  Mechanics.) 

AIRY.— Works  by  Sir  G.  B.  Airv,  K.C.B.,  formerly  Astronomer-Roynl. 
ON  SOUND  AND  ATMOSITIEHIC  VIHUATIONH.      With  tl.o  Mathematical 

Jiilemonts  of  Music.    2(1  ;  W.,  revised  and  enlarged.     Or.  8vo,    93. 
GRAVITATION:  An  Elcineiiifiry  Explanation  of  the  Principal  Perturbations  in 

the  Solar  System.     2d  Ed.     Cr.  8vo.     7s.  Cd. 

CLAUSIUS.-MECIIANICAL  THEORY  OF  HEAT.     By  R.  Cr.AUSius      Trans- 
lated by  W.  R.  BiiowNE,  M.A.     Cr.  8vo.     10s.  Cd, 

OUMMING.-AN    INTRODUCTION    TO   THE   THEORY  OF   ELECTRICITY 

By  LiNN/KiKs  CuMMiNo,  M.  A.,  Assistant  Master  at  Rugby.    Illustrated.   Cr.  8vo 
8s.  6d. 

DANIELL.-A  TEXT-BOOK  OF  THE  PRINCIl'LES  OF  PHYSICS.  By  Alfred 
DANiELt,,  D.Se.     Illustrated.    2d  Ed.,  revised  and  enlarged.     8vo.    21s. 

DAY.-ELECTRIO  LIGHT  ARITHMETIC.  By  R.  E.  Day,  Evening  Lecturer  in 
Experimental  Physics  at  King's  College,  London.     Pott  8vo.    2s. 

EVERBTT.-UNITS  AND  PHYSICAL  CONSTANTS.    By  J.  D.  Eveuett  F  R  S 
Professor  of  Natural  Philosophy,  Queen's  College,  Belfast.    2d  Ed.     E.\  'fcan 
8vo.     fjs.  *  ■ 

FERRERS.-AN  ELEMENTARY  TREATISE  ON  SPHERICAL  HARMONICS 
and  Subjects  connected  with  them.  By  Rev.  N.  M.  Fekkeus,  D  D  ,  F  R  S  ' 
Master  of  Gonville  and  Cai us  College,  Cambridge.     Cr.  8vo.    7s  6d  '    "  '' 

FESSENDEN.- PHYSICS  FOR  PUBLIC  SCHOOLS.  By  C.  Fessenden 
Illustrated.    PY'ap.  8vo.  [7,^  u^g  p^g^^' 

GRAY.-THE  THEORY  AND  PRACTICE  OF  ABSOLUTE  MEASUREMENTS 
IN  ELECTRICITY  AND  MAGNETISM.     By  A.  Gray,  F.R.S.E.,  Professor 
of  Physics  in  the  University  College  of  North  Wales,    Two  Vols.    Cr   Bvo 
Vol.  I,     12s.  6d.  [Vol.  IL    In  the  Press. 

ABSOLUTE  MEASUREMENTS  IN  ELECTRICITY  AND  MAGNETISM      2d 
Ed,,  revised  and  greatly  enlarged.     Fcap.  8vo.     5s.  Cd. 

IBBETSON.— THE  MATHEMATICAL  THEORY  OF  PERFECTLY  ELASTIC 
SOLIDS,  with  a  Siiort  Account  of  Viscous  Fluids.  By  W.  J.  Ibbetson  late 
SeniorScliolarof  Clare  College,  Cambridge.    8vo.    21s.  ' 

^JONES.— EXAMPLES  IN  PHYSICS.  Containing  over  1000  Problems  with 
Answers  and  numerous  solved  Examples.  Suitable  for  candidates  preparing 
for  the  Intermediate,  Science,  Preliminary,  Scientilic,  and  other  Examinations 
of  the  Uiiiversity  of  London.  By  D.  E.  Jones,  B.Sc,  Professor  of  Physics 
in  the  University  College  of  Wales,  Aberystwyth.  Fcap.  8vo  3s  Cd 
*ELEMENTARY  LESSONS  IN  HEAT,  LIGHT,  AND  SOUND.    Gl.  8vo.'    23  6d 

LOOKYER. -CONTRIBUTIONS  TO  SOLAR  PHYSICS.  By  J.  Norman  Lockyer' 
F.R.S.     With  Illustrations.     Royal  8vo.    31s,  Cd,  ^^wi^k^er, 

LODGE.— MODERN  VIEWS  OF  ELECTRICITY.    By  Oliver  J,  Lodge  F  R  S 
Professor  of  Experimental  Physics  in  University  College,  Liverpool     "illus- 
trated.    Cr.  8vo.     Cs.  Cd. 

LOEWY.— ^QUESTIONS  AND  EXAMPLES  ON  EXPERIMENTAL  PHYSICS  • 
Sound,  Light,  Heat,  Electricity,  and  Magnetism.  By  B.  Loewy,  Examiner  in 
Experimental  Physics  to  the  College  of  Preceptors.  Fcap.  8vo  2s 
^A  GRADUATED  COURSE  OF  NATURAL  SCIENCE  FOR  ELEMENTARY 
AND  TECHNICAL  SCHOOLS  AND  COLLEGES.  By  the  same.  In  Three 
Parts.     Part  I.  First  Year's  Course.    Gl.  8vo,    2s, 

LUPTON.-NUMERICAL  TABLES  AND  CONSTANTS  IN  ELEMENTARY 
SCIENCE.  By  S.  LurroN,  M.A.,  late  Assistant  Muster  at  Harrow.  Ex  fcan 
8vo.     2s.  Cd.  •       !• 

MAC? ASLANE.— PHYSICAL  ARITHMETIC.  By  A.  Macfarlane,  D.Sc.  late 
Examiner  in  Mathemr^tics  at  the  University  of  Edinburgh.    Or.  8vo.    7s.  6d. 
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NEWTON— PRINCIPIA.     E.lited  by  Prof.  Sir  W  Thomson    PRS     nn,i  p    r 

liLACKBUIlNK.      4to.      31s.  C(i  THOMSON,   l-.K.S.,  aiKl  Prof. 

THE  FIRST  THREE  SECTIONS  OP  NEWTON'S  PHINCIPIA      Witl.  u.f 

PARKINSON.— A  TREATISE  ON  OVTTfq      n„  «   b  ou  xai.    ovo.    i^s. 

™'SEA™™NB'*'£''i™f,,°''p™^  STEAM-ENGINE  AND  OTHER 

»J^''Ji'J""'"""'*'f-    By  the  same  Author.    8vo.  [In  preparation 

SPOTTISWOODE.— POLARISATION  OF  T  TOTTT     Ti,,fi,„i  f    w  c 

F.R.S.    Illustrated.     Or.  8vo     3s  Cd  By  the  late  W.  Spottiswoode, 

'QUESTIONS.    ByProf.  T.H.  CuBK.    Kcap'svo     S         ""P- *'™-    ^»- «"■ 
STEWART  and  OEE.-LESSONa  IN  ELEMENTAUY  PEACTICAL  PHT<irp« 

To£if^^s™Grs';r°v«„;^'if|r^^ii™i!r°L^^^ 

STOKES  -ON  T  -rwT     n        I  V    l"  ^"''^«'  ^kat,  and  Sound.    In  the  Press. 

*    The  2d  and  3d  Courses  may  be  had  separately.'    Cr  8vo     2s  6d  pipI. 
''■^fiSnl w;h %?•  s°:o'"£  ^'■*'°'  °'  '''"™'  Fl'I'»»»l*y  I"  tl.e  Unlversitv 
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TAYLOR.-SOUND  AND  MUSIC.  An  Elementary  Treatise  on  the  Physical  Con- 
stitution  of  Musical  Sounds  and  Harmony,  inclnding  the  Chief  Acoustical 
Discoveries  of  Professor  Ilclmholtz.  By  Sedley  Taylor,  M.  A.  Illustrated. 
2d  Ed.     Ex.  cr.  8vo.    8s.  (id. 

•THOMPSON.  —  ELEMENTARY  LESSONS  IN  ELECTRICITY  AND  MAGNET- 
ISM. By  SiLVANua  P.  Thompson,  Principal  and  Professor  of  Pliysios  in  the 
Technical  College,  Finsbury.  Illustrated.  New  Ed.,  revised.   Fcap,  8vo.  4s.  6d. 

THOMSON.— Works  by  J.  J.  Thomson,  Professor  of  Experimental  Physics  in  the 
University  of  Cambridge. 

A  TREATISE  ON  TUB  MOTION  OP  VORTEX  RINGS.     Adams  Prize  Essay. 
1882.     8vo.    (5s. 

APPLICATIONS  OP  DYNAMICS  TO  PHYSIOS  AND  CHEMISTRY.     Cr.  8vo. 
7s.  (id. 
THOMSON.— Works  by  Sir  W.  Thomson,  P.R.S.,  Professor  of  Natural  Philosophy 
in  the  University  of  Glasgow. 

ELECTROSTATICS    AND    MAGNETISM,    REPRINTS    OF    PAPERS    ON. 

2d  Ed.     8vo.     18s. 

POPULAR  LECTURES  AND  ADDRESSES.     8  Vols.     Illustrated.     Cr.  8vo. 
Vol.  I.  Constitution  of  Matteu.    Gs.    Vol.  IIL  Navigation.      [In  the  Frcss. 
TODHUNTER.— Works  by  Isaac  Todiiunter,  F.R.S. 

AN  ELEMENTARY  TREATISE  ON  LAPLACE'S,  LAME'S,  AND  BESSEL'S 

FUNCTIONS.    Crown  8vo.     10s.  (id. 
A  HISTORY  OF  THE  MATHEMATICAL  THEORIES  OF  ATTRACTION,  AND 

THE  FIGURE  OF  THE  EARTH,  from  the  time  of  Newton  to  that  of  Laplace 

2  vols.    Svo.    24s. 

TURNER.— A  COLLECTION  OF  EXAMPLES  ON  HEAT  AND  ELECTRICITY. 

By  H.  H.  Turner,  Fellow  of  Trinity  College,  Cambridge.     Cr.  8vo.     2s.  6d. 
WRIGHT.— LIGHT :  A  Course  of  Exporimcntal  Optics,  chiefly  with  the  Lantern. 
By  Lewis  Wright.    Illustrated.    Cr.  Svo.    7s.  6d. 
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AIRY.— Works  by  Sir  G.  B.  Airy,  K.C.B.,  formerly  Astronomer- Royal. 
^POPULAR  ASTRONOMY.     18mo.    4s.  6d. 

GRAVITATION :  An  Elementary  Explanation  of  the  Principal  Perturbations  in 
the  Solar  System.     2d  Ed.     Cr.  Svo.     7s.  6d. 
OHEYNE.— AN  ELEMENTARY  TREATISE  ON  THE  PLANETARY  THEORY. 
By  C.  H.  H.  Cheyne.    With  Problems.     3d  Ed.     Edited  by  Rev.  A.  Freeman. 
M.A.,  F.R.A.8.    Cr.  Svo.     7s.  6d.  ' 

CLARK  and  SADLER.— THE  STAR  GUIDE.    By  L.  Clark  and  H.  Sadler. 
Roy.  8vo.     5s. 

CROGSLEY,  GLEDHILL,  and  WILSON.— A  HANDBOOK  OF  DOUBLE  STARS. 
By  E.  Crossley,  J.  Gleluiill,  and  J.  M.  Wilson.    Svo.     21s. 
CORRECTIONS  TO  THE  HANDBOOK  OF  DOUBLE  STARS.     Svo.    Is. 
FORBES.— TRANSIT  OF  VENUS.    By  G.  Forbes,  Professor  of  Natural  Philo- 
sophy  in  the  Andersonian  University,  Glasgow.    Illustrated.    Cr.  Svo.    3s.  6d. 
GODFRAY.— Works  by  Hoan  Godfray,  M.  A.,  Mathematical  Lecturer  at  Pembroke 
College,  Cambridge. 
A  TREATISE  ON  ASTRONOMY.    4th  Ed.    Svo.     12s.  6d. 
AN  ELEMENTARY  TREATISE  ON  THE  LUNAR  THEORY,  with  a  brief 
Sketch  of  the  Problem  up  to  the  time  of  Newton.    2d  Ed.,  revised.    Cr.  Svo. 
6s.  (id, 

LOCKYER.— Works  by  J.  Norman  Lockyer,  F.R.S. 
*PRIMER  OF  ASTRONOMY.    Illustrated.    ISmo.     Is. 

•ELEMENTARY  LESSONS  IN  ASTRONOMY.  With  Spectra  of  the  Sun,  Stars, 
and  NebulsB,  and  numerous  Illustrations.  36th  Thousand.  Revised  through- 
out,    Fcip.  Svo,     Ss.  6d. 

•QUESTIONS  ON  LOCKYER'S  ELEMENTARY  LESSONS  IN  ASTRONOMY. 
By  J.  Forbes  Robertson.     ISino.    Is,  Cd. 
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THE  CHEMISTRY  OP  THE  SUN.    Illustrated.    8vo.    Hs 

'^?rat«r^^'^'^^  ^^  ™^  HEAVENS  AND  THE  EARTH.    Cr.  8vo.     Illus- 
LOOKYER  and  SEABROKE.-STAR-GAZING  PAST  AND  PRESENT.''^  By'j 
?rjr.„^?a''M\^-"-^-      ^^'^randed    from    Shorthand    Notes    wltli    the 
««^!!if**"*'°°^^-^-®^*»«°'^'''^-R-A.8.     Royal  8vo.     21s.  vvitnine 

^^TT°s°^'"~i^n,^^H^  ASTRONOMY.      By  S.   Newcomb,  LL.D.,  Professor 
U.S.  Naval  Observatory.    Illustrated.    2d  Ed.,  revised.    8vo.    188.  ^^"'"^^^"^ 

HISTORICAL. 

^^'"ii^n^^^^  ^'^^2^?'^  O^  'THE  HISTORY  OF  MATHEMATICS.    By  W. 
W.  R.  Ball,  M.A.    Cr.  8vo.     10s.  Cd.  ■"j'  ". 

TODHUNTER.— Works  by  Isaac  Todhunteb,  F.R.S. 

A  HISTORY  OF  THE  MATHEMATICAL  THEORY  OP  PROBABILITY  from 
the  tmie  of  Pascal  to  that  of  Laplace.    8vo.    18s.  »^i3-a-mi.iii,  rrom 

'^*?T\^'''mr?J'x?E,'^HE  MATHEMATICAL    THEORIES  OF  ATTRACTION 
La%r^2  ^r  ^l^o^Vs!'^  ^^^'^^'  ^^'^"^  "'^  *^"'^  ^'  Netto?tftK 


NATURAL   SCIENCES. 

Chemistry;  Physical  Geography,  Geology,  and  Mineralogy;  Biology; 

Medicine. 

(For  MECHANICS,  PHYSICS,  and  ASTRONOMY,  see 
MATHEMATICS.) 
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ARMSTRONG.-A  MANUAL  OF  INORGANIC  CHEMISTRY.  By  Henry  Arm- 
STRONO,  F  R.S.,  Professor  of  Chemistry  in  the  City  and  Guilds  of  London  Tech- 
meal  Institute.     Cr.  8vo.  r ^^  vrevaratinv 

^'^'^?^l-mHT^v''Vr^  '^'^^^l^^  COURSE  OF  PRACTIcIl  "^ORgSiC 
£  f^^^n^^^'  n^f  •^"''iy^  ^l  C?°^^'  ^^''^■'  Assistant  Lecturer  on  Chemistry 
^^^i  ^^Tn  2''^^^^^'  Manchester.  With  a  Preface  by  Sir  Henry  Roscoe( 
F.R.S.,  and  C.  Schorlemmer,  F.R.S.    Fcap.  8vo.    2s  Cd  vv.ov.ui., 

COOKE.-ELEMENTS  OF  CHEMICAL  PHYSICS.    By  Josiah  P.  Cooke  Jun 

8vT°ll  °*'  ^^'''^'"'^^''y  ^"'^  Mineralogy  in  Harvard  University.    4th  Eii! 

FLEISCHER.'-A  SYSTEM  OP  VOLUMETRIC  ANALYSIS.  By  Emil  Fleischer. 
Translated,  w^th  Notes  and  Additions,  by  M.  M.  P.  MuiR,  F.R.S.E.    Hlustrated. 

\jT»  o V0«       (  S«  DCl  • 

FR.^KLA1ID  -A  HANDBOOK  OF  AGRICULTURAL  CHEMICAL  ANALYSIS 
Dundee     C^-fSvo.^^'S.  Cd        '  ^'''^^'''''  ""^  Chemistry  in  University  College, 

^^^wV"^  course" OF  QUANTITATIVE  ANALYSIS  FOR  STUDENTS 

?y  \  ^"^^  ^^''^i'Y'Tf  •^^•^.•'  I'rofessor  of  Chemistry  and  of  Applied  Chemisl 
8vo'     Jg™°®  ^^^  ^^^  Department,  Royal  College  of  Science;  Dublin.     Gl. 

HIORNS.-PRACTTCAT,  METALLURGY  AND  ASSAYING.  A  Text-Book  for 
the  use  of  Teachers,  Students,  and  Assayers.  By  Arthur  H.  Hiorns  Prin. 
cipal  of  the  School  of  Metallurgy,  Birmingham  and  Midland  Institute.  '  Illus- 
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A  TEXT-BOOK  OP  ELEMENTARY  METALLURGY  FOR  THE  USE  OP 
STUDENTS.  To  which  is  added  an  Appendix  of  Examination  Questions,  em- 
bracing the  whole  of  the  Questions  set  in  the  three  stages  of  the  subject  by  the 
Science  and  Art  Department  for  the  past  twenty  years.  By  the  same.  Gl.  8vo.  4s. 

IRON  AND  STEEL  MANUFACTURE.  A  Text-Book  for  Beginners.  By  the 
same.    Illustrated.    Gl.  8vo.    3s.  6d. 

MIXED  METALS  OR  METALLIC  ALLOYS.    By  the  same.     Gl.  8vo.     6s. 
JONES.— *THE  OWENS  COLLEGE  JUNIOR  COURSE  OF  PRACTICAL  CHEM- 
ISTRY. By  Francis  Jones,  F.R.S.E.,  Chemical  Master  atthe  Grammar  School, 
Manchester.    With  Preface  by  Sir  Henry  Roscoe,  P.  R.S.    Illustrated.    Fcap. 
Svo.     2s.  6d. 

♦QUESTIONS  ON  CHEMISTRY.    A  Series  of  Problems  and  Exercises  in  Inorganic 
and  Organic  Chemistry.    By  the  same.     Fcap.  Svo.    33. 5 
LANDAUER.:^BLOWPIPE  ANALYSIS.    By  J.  Landauer.    Authorised  English 
Edition  by  J.  Taylor  and  W.  E.  Kay,  of  Owens  College,  Manchester. 

[New  Edition  in  preparation. 
LOOKYBR.— THE  CHEMISTRY  OP  THE  SUN.    By  J.  Norman  Lockyer,  F.R.S. 
Illustrated.    Svo.    148. 

LUPTON.— CHEMICAL  ARITHMETIC.  With  1200  Problems.  By  S.  Lupton, 
M.A.     2d  Ed.,  revised  and  abridged.     Fcap.  Svo.    4s.  6d, 

MANSFIELD.— A  THEORY  OF  SALTS.    By  C.  B.  Mansfield.    Crown  Svo.   14s. 

MELDOLA.— THE  CHEMISTRY  OF  PHOTOGRAPHY.  By  Raphael  Meldola, 
F.R.8.,  Professor  of  Chemistry  in  the  Technical  College,  Finsbury.  Cr.  Svo.  6s. 

MEYER.  HISTORY  OF  CHEMISTRY.  By  Ernst  von  Meyer.  Translated  by 
George  McGowan,  Ph.D.    Svo.     14p,  net. 

MIXTER.— AN  ELEMENTARY  TEXT-BOOK  OF  CHEMISTRY.  By  William  G. 
Mixter,  Professor  of  Chemistry  in  the  Sheffield  Scientific  School  of  Yale  College 
2d  and  revised  Ed.    Cr.  Svo.     7s.  6d. 

MUIR.-PRACTICAL  CHEMISTRY  FOR  MEDICAL  STUDENTS.  SpeciaUy  ar- 
ranged  for  the  first  M.B.  Course.  By  M.  M.  P.  Mum,  P.R.S.E.,  Fellow  and  Pre- 
lector in  Chemistry  at  Gonville  and  Caius  College,  Cambridge.  Fcap.  Svo.  Is.  6d 

MUIR  and  WILSON.— THE  ELEMENTS  OF  THERMAL  CHEMISTRY.  By  M 
M.  P.  MuiR,  P.R.S.E. ;  assisted  by  D.  M.  Wilson.    Svo     123.  6d. 

OSTWALD.— OUTLINES  OF  GENERAL  CHEMISTRY  (PHYSICAL  AND 
THEORETICAL).  By  Prof.  W.  Ostwald.  Translated  by  James  Walker 
D.Sc,  Ph.D.    Svo.    10s.  net. 

RAMSAT.— EXPERIMENTAL  PROOFS  OF  CHEMICAL  THEORY  FOR  BE- 
GINNERS. By  William  Ramsay,  F.R.S.,  Professor  of  Chemistry  in  Univer- 
sity College,  London.    Pott  Svo.    2s.  6d. 

REMSEN.— Works  by  Ira  Remsen,  Professor  of  Chemistry  in  the  Johns  Hopkins 
University,  U.S.A. 

COMPOUNDS  OP  CARBON :  or,  Organic  Chemistry,  an  Introduction  to  the 
Study  of.    Cr.  Svo.    6s.  6d. 

AN  INTRODUCTION  TO  THE  STUDY  OF  CHEMISTRY  (INORGANIC 
CHEMISTRY).    Cr.  Svo.     6s.  6d. 

*THE  ELEMENTS  OF  CHEMISTRY.    A  Text-Book  for  Beginners.    Fcap.  Svo. 
2s.  6d. 

A  TEXT-BOOK  OF  INORGANIC  CHEMISTRY.    Svo.     163. 
ROSCOE.— Works  by  Sir  Henry  E.  Roscoe,  F.R.S.,  formerly  Professor  of  Chemistry 

in  the  Owens  College,  Victoria  University,  Manchester. 
♦PRIMER  OF  CHEMISTRY.    Illustrated.    With  Questions.    ISmo.    Is. 
♦LESSONS  IN  ELEMENTARY  CHEMISTRY,  INORGANIC  AND  ORGANIC. 
With  Illustrations  and  Chromolitho  of  the  Solar  Spectrum,  and  of  the  Alkalies 
and  Alkaline  Earths.    Fcap.  Svo.    4s.  6d. 

ROSCOE  and  SOHORLEMMER.— INORGANIC  AND  ORGANIC  CHEMISTRY. 

A  Complete  Treatise  on  Inorganic  and  Organic  Chemistry.      By  Sir  Henry  E.' 
RoscoE,  F.R.S.,  and  Prof.  O.  SfiHORLEMMF.R,  P.R.S.     Illustrated.    Svo. 
Vols.  I.  and  II.    INORGANIC  CHEMISTRY.    Vol.  L— The  Non-Metallic  Ele- 
ments.   2d  Ed.    21s.    Vol.  II.  Part  I.— Metals.    18s.    Part  II.— Metals.    18s. 
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ROSGOE  and  SCHUSTER.— SPECTRUM  ANAT-Yqrq       t.  ^ 

1868.  By  Sir  Uenry  RoscoF  F  if  q  47»f  ^^  •  .J^ectures  delivered  in 
larged  b/the  Autior  aS  b^A  siHusTFR  F  R  s'^Ph  n  T  «"««iderably  en- 
Mathematics  in  the  Owens  Col wfvSrioi'T-' ^^-P-' ^^"^^^'O^o*^  Applied 
Illustrations,  and  Plates     8vo     lis  University.     With  Appendices, 

*THORPE.-A  SERIES   OP   CHEMICAL   PRORTT^wq     w^i,   ^ 

in  Colleges  and  Schools     Bv  T    ^TT^nln?  1^^*   /^.'*^  ^^y-    ^°^  use 

WURTZ.— A  HISTORY  OF  CHEMICAL  THFOTiY     n-^  Ar.  vcr  m. 

by  Henry  Watts,  F.Rs:Swn8vo™^        By  Ad.  Wuiixz.    Translated 

PHYSICAL  GEOaRAPHY,  GEOLOGY,  AND 

MINERALOGY 

FERREL.— A  POPULAR  TREATISE  ON  THR  Wi\rr»«     n^        •  •      ^, 

Motions  of  the  AtmosX^    M^qonn/^  p^i.n       rr^^'"^'^'"^  t^^ 
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COSSA.— GUIDE  TO  THE  STUDY  O     POTtttpat   ^31n/^v^,,,. 

the  Nationalisation™  th^ta™Sl;„aTlSd?x'^'jp  Tvo^f^?  S°""™  »"" 
AN  EXPLANATORY  DIGEST  of  the  .J!'%  S^:^,,!]^,  ^"li.    „,  s,o 

and  Objects,  in  their  varS  Poht^L^^  sSi^T°'  ^^?g'fss,  Constitution, 
Aspects.    By  Georgk  Howell  MP     9H^?*^'  ^«o?omical,  and  Industrial 

JEVONS.- Work's  by  W?ST™'£sfR^""''^^    '"''''''•    ^'' '^■ 
™MER  OP  POLITICAL  ECONOMY.'    ISmJ     Is 
THE  THEORY  OF  POLITICAL  ECONOMY     J%  i  •    . 

Marshall.    Ex.  fcap.  8vo.    2s.  "d!      ^"^^^^^^^^^  °^  Cambridge,  and  Mary  p. 

MARSHALL. -PRINCIPLES  OP  ECONOMTCS      Pv  At„„t,     ht 

2  vols.    8vo.    Vol.  L    12s.6d.net  ^y  Alfred  Marshall,  M. A. 

PALGRAVE.— A  DICTIONARY  OP  POLITICAT  Frm»jmvfv    r. 

Edited  by  R.  H.  Inglis  Palorave  F  R  ^     «.  £?    ^^^-  P^  various  Writers. 

PANTALEONL-MANUAL  OpToLmCAL  E JoNOMy' "p"  T'^'^'-y^^'^^- 
LEONL    Translated  by  T.  Boston  Bruce     ^^^^^^Y.    By  Prof.  M.  Panta- 

Sn)GWICK.-THE    PRINCIPLES   OP   PO   ITTCAT    Fr-nMr^x^i^^^^*^"''""^''- 
SiDQWicK,  LL.D..  D.C.L.,  Knlghtbridge  ProfefstJ^of  Mnfn??,^i     ®^  ^^^«^ 
University  of  Cambridge.'  2d  Ed.,  reused      8?o     16^        Philosophy  in  the 
WALKER.-Works  by  Francis  A.  Walker  M  / 
FIRST  LESSONS  IN  POLITICAL  ECONOMY     Cr  8vo     ^, 
A  BRIEF  TEXT-BOOK  OP  POLITICAL  Fro^jnMv     A     "' 
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LAW  AND  POLITICS. 

ADAMS  and  CUJWINGHAM.-THE  SWISS  CONFEDERATION.    By  Sir  F  O 

Adams  and  C.  Cunningham.    8vo.     14s  ^  * 

^^idFa^lv^li'w  Y^H^f  ^Tl°^-7^°^**o°*^=  Anglo-Saxon  Law  Courts,  Land 
ana  iianuly  Law,  and  Legal  Procedure.    8vo.    18s 

BALL.-THESTUDENT'SGUIDETOTHEBAR.    By  Walter  W  R  Ball  MA 
Cr."8To.'°2s^'f ''°*  ^''*''  "'  '"^'^""^  '^""'^^'  CaSSgr   4th 'Ed^'re^s^d: 

^^^mNmrl'?T^^?f  Jt?^  ^^^S^?^^?JJ  England  from  the  norman 

§???  wu        7^r^  Norman  Period,  1066-1204.    By  Melville  M.  Biqelow, 
Ph.D.,  Harvard  University.    8vo.     16s.  lui-i^v-w, 

^TrSaTeirM^Dl^EvfSrS^^^^^^^^^ 

BRYCE -THE  AMERICAN  COMMONWEALTH.  By  James  Bryce,  M.P.,  D  C  L 
Regius  Professor  of  Civil  Law  in  the  University  of  Oxford.    Two  Volumes' 
Ex.  cr.  8vo.    25s.    Part  L    The  National  Government.    Part  II   The  Se 
Governments.    Part   III.    The  Party  System.     Part   IV      Pubic  Onini^n 
PartV.  Illustrations  and  Reflections:    Part  vf.  sSl  Institutions    ^ 

*BUOKLAin)  -OUR  NATIONAL  INSTITUTIONS.  A  Short  Sketch  for  Schools 
By  Anna  BuckIand.    With  Glossary.     18mo.     Is.  oonoois. 

OHERRY.-LECTURES  ON  THE  GROWTH  OF  CRIMINAL  LAW  IN  ANCTFNT 
COMMUNITIES.  By  R.R.  Cherry,  LL.D..  Roid  pfofessor  of  ConSS™ 
and  Criminal  Law  m  the  University  of  Dublin.     8vo.    5s.net  '"'^''""onai 

°^°?Tnl^^^^^^?^PA^^  ^^Jf  ^  STUDY  OF  THE  LAW  OP  THBCONSTITU- 
TION.  By  A  V.  Dicey,  B.C.L.,  Vinerian  Professor  of  English  Law  in  the 
University  of  Oxford.     3d  Ed.    8vo.    12s.  6d 

DILKE.-PROBLEMS  OF  GREATER  BRITAIN.  By  the  Right  Hon  Sir 
Charles  Wentworth  Dilke.    With  Maps.    4th  Ed.    Ex.  cr  8vo     12s  fid 

CENTRAL  GOVERNMENT.    By  H.  D.  Traill.  D.C.L    '      " 
THE  ELECTORATE  AND  THE  LEGISLATURE.    By  Spencer  Walpole 
THE  POOR  LAW.    By  Rev.  T.  W.  Fowle,  M.A.    New  Ed.     With  Apne- iix 
THE  NATIONAL^BUDGET ;  THE  NATIONAL  DEBT ;  TAXES  AND  RATES. 

THE  STATE  IN  RELATION  TO  LABOUR.     By  W.  Stanley  Jevons.  LL  D 
THE  STATE  AND  THE  CHURCH.    By  the  Hon.  Arthur  Elliot 
FOREIGN  RFLATIONS.    By  Spencer  Walpole. 

THE  STATE  IN  ITS  RELATION  TO  TRADE.    By  Sir  T.  H  Farrer  Bart 
LOCAL  GOVERNMENT.    By  M.  D.  Chalmers,  M.A  ' 

THK  STik  x'B  IN  ITS  RELATION  TO  EDUCATION.    By  Henry  Craik  LL  D 

JUSTICE  AND  POLICE.     By  F.  W.  Maitland. 

THE  PUNISHMENT  AND  PRE  VENTION  OF  CRIME.    By  Colonel  Sir  Edmund 

Du  Cane,  K.C.B.,  Chairman  of  Commissioners  of  Prisons  i^oMUND 

FISKE.— CIVIL  GOVERNMENT  IN   THE   UNITED  STATES  rONqTmrnwn 

WITH  SOME  REFERENCE  TO  ITS  ORimm     Rv  ^oA%w®S  -H- 

Lecturer  on  Pliiiosophy  at  Harvard  University.     Cr.  8vo'  "cs  6d""'  ""'^^ 

HOLMES.-THE  COMMON  LAW.    By  O.  W.  Holmes,  Jun.'  Demy  8vo     128 
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MAITLAND.— PLEAS  OF  THE  CROWN  FOR  THE  COTTNTY  nv  nTrkTTnwcimi.r. 
BEFORE  THE    ABBOT  OF  READING  MmmS    JwT^ n^Yi?Sr7c^^ 

PATERSON.— Works  by  James  Paterson,  Barrister-at-Law 

^finM^t^s  SeSS^  ofrS^e^S-  ^^K 

POLLOCK-ESSAYS  IN  JURISPRUDENCE  AND  ETHICS.     By  Sir  Fredehipk 
ofTxS^Svo'  ''Ss'll^'"^"  ^^°^"^«^  °^  Jurisprudfncefn'  ?^e  uTvSy 

''!3?t^h??a'Jenr'?vo™fs^0?™^^  ^^   ^^^^  «^^^^^^   ^^   ^^^^^S. 

Sn)OWlCK.-.THE  ELEMENTS  OF  POLITICS.    By  Henrv  SiSowick.  Il.d! 

STEPHEN.-Works  by  Sir  J.  Pitzjamej  Stephen,  Q.C,  K.C  S  I   .     ^^"^  ^^^  ^'''''' 

""cn'^vT^f  ™^  "^^^  ^^  EVIDENCE.    5th  Ed.,  re;i;ed  and  enlarged. 

^Ed.'r^fvl^d^  ™ o.^?6?^^^^  ^^^  •■  ^^™^^  ^^^  PUNISHMENTS.    4th 

^oJIInciS^  T?i\%^/  CRIMINAL  PROCEDURE  IN  INDICTABLE 
OFFENCES.  By  Sir  J.  F.  Stephen,  K.C.S.L,  «,nd  H.  Stfphen  LL  M  of  thn 
Inner  Temple,  Barrister-at-Law.    8vo.     12s.  6d  «tkphen,  j^um.,  ot  the 

A  HISTORY  OF  THE  CRIMINAL  LAW  OF  ENGLAND    Three  Vol^    8vo    ar, 

''^r'rh'elS'rd??  THE  CRIMINAL  LAW  OP  ENGLAND     2d  Ed     8vo 

«nLfoT.+-  ?.  ^*  ^"^'^'"^^  *^^,*^.'^  ^^^^  ^as  published  in  1863.    Tlie  new  edition  is 

substantially  a  new  work,  intended  as  a  text-book  on  the  CrSal  S  for 

University  and  other  Students,  adapted  to  the  present  day!  *^"'"'°*^  ^^  ^°'' 


ANTHROPOLOGY. 


^^TmRyFeRIOD^    Bt?  'f  ^^J"^^'?;  ^^^  ™  PI^^CE  IN  THE  TBR- 
r,T>»i™     i;^        ^"    By  Prof.  W.  Boyd  Dawkins.    Medium  8vo.    25s 
^^^=^--™E  GOLDEN  BOUGH.    A  Study  in  Comparative  Religion     By  J 

G.  Prazer,  M.A.,  Fellow  of  Trinity  College,  Cambridge     2  vols     8vo     9rV  " 
M'LENN^.-THE  PATRIARCHAL  THEORY.    Based  o^  tL  papers  of  the  late 

sT  fig*^^^^^^^'    Edited  by  Donald  M'Lennan,  M.A.'  BaSter-at-Law? 

STUDIES  IN  ANCIENT  HISTORY.     Comprising  a  Reprint  of  "Primitive 

"^a-^ri5!^B^?rR??.R.i'^  \ts*r  t!trro7--^  ^^^"^- 

^Te^s?^S~™^°^^^^^^^^^™^*^^«^IAGE.    ByDr  Edward 

[In  preparation. 


EDUCATION. 


I 


ARNOLD.-REPORTS  ON  ELEMENTARY  SCHOOLS.  1852-1882.  By  Matthew 
Arnold,  D.C.L.  Edited  by  the  Right  Hon.  Sir  FRAvni«  m/mef-o^  ?cT 
Cheaper  Issue.    Cr.  Svo.    as.  Hd.      "  i.t. ..,..,  i^.v. a. 

^C?o^w^n^8vo?Ts?^^  ^^^  UNIVERSITIES  IN  GERMANY.     By  the  same. 
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BALL.-THE  STUDENT'S  GUIDE  TO  THK  BAR.    Bv  Waiifr  W    n   t^att 
rtt7.,f 'S^ro'  tnr  *  ''"^'"^  °^  T.init/golC  Ca^mS.gT:  l^^fl] 

•BLAKICTON.-THE  TEACHER.  Hints  on  School  Management.  A  Handbook 
(ov  Managers  Tcac  .era'  Assi.stants  and  P,„,il  Teachers.^  By  J  R.  Ck?ston 
SciioolBoanls  )■    <^'^°"™™«'^^1'^^»  ^y  the  London,  Birmingham,  and  Leicester 

^^Ex^^?°?r''2^  TEACHING.    By  Prof.  Hekuv  Caldebwood.    New  Ed. 

I!^^°^-~^^"<^^I^  INSPECTION.  By  D.  R.  Fearon     6th  Ed    Cr  fivo    9q  «,i 

FITOH.-NOTES   ON   AMERICAN  SCHOOLS  aXtRAININGCOlLeSes 

Reprmted  from  the  Report  of  the  English  Education  DeparSnt  fi.r  1888  89 

P.tchTa''"g1  Svo^'^gs'^ed*™"''  "'  '^''^''  ^^''''^^'^^y  Office'    By Tg! 

®™^-o7She^s''''''T!h.^^  GEOGRAPHY     A  Practical  Handbook  for  the 
use  ot   leacliers.     By  Archibald  Gkikie,  P.R.S.,  Director-General  of  thn 
«T  *^'o"iC?iT^5^  ^l^^'^'y  <^<^"'°  United  Kingdom.    Cr.  8vo     2s 
GLAI)S'rONB.-SPELLING  REFORM  FROM  A  NATIONAL  POINT  OF  VIEW 
TXT,T,™^^-  ^-  Gladstone.    Cr.  8vo.     Is.  6d.  viiiw. 

HERTEL.-OVERPRESSURB  IN  HIGH  SCHOOLS  IN  DENMARK      Bv  Dr 

TODHONTEB.-.TUE  CONFLICT  OF  STUDIES.    By  Isaac  ToDHm.lEa,  F.R.S. 

TECHNICAL  KNOWLEDGE. 

(Seo  also  MECHANICS,  LAW,  and  MEDICINE.) 
Civil  and  Mechanical  Engineering;  Military  and  Naval  Science- 
Agriculture ;  Domestic  Economy ;  Book-Keeping.  ' 

CIVIL  AND  MECHANICAL  ENGINEERING 

ALEXANDER  and  THOMSON.-ELEMBNTARY  APPLIED  MECHANICS*    Hv 

I  i;™i-it=.°irs„^T'srairM 

Transverse  Stress.    Cr.  8vo.    10s  6d  ^oona,  inaia.     fart  II, 

"^^fmiTRVVTvlES^'^'L^^  FORCES  IN  ENGINEER. 

fe,.or  of^Applled  Mechanic,  in  the  Royal  Na^^ai  OolI.XGrcen^lch^-^&  'S; 
OOTTEEILL  and  SLADE.-LESSONS  IN  APPLIED  MERHANirsi  "ii„  i>.„f 
™^?M^-'"'°'"''''"^   "^  position";     By    B     if,    Graham.     Or.    8vo 
"^'f^S^-nlSfraS." "cfs'^  OF  MACHINERY.    By  A.  B.  W.  K.»™.v, 

'™s^S7a^jfi^LX'.rcif."5r/M'^;,SKA';rssrrr"«'»»-' 

MILITARY  AND  NAVAL  SCIENCE 

AITKEN.-THE  GROWTH  OF  THE  RECRUIT  AND  YOUNG  SOLDIER  Wifh 
^Sy=  ttfe,^t^*S  CSr"B^-^?'^v/^i-"'^  A"f  an^i^R^egu^^^^^ 
mhology  in  the  aW  Med%a/sch?oi  "crJsvo^'Kd.*  •"•'-  ^''''''''  '' 
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ARMY  PRELIMINARY  EXAMINATION,  1882-1889,  Specimens  of  Papers  set  at 
the.  With  AiiHwciH  to  the  Mathematioal  Questions.  Subjects :  Arithmetic, 
Algebra,  Euclid,  Geometrical  Drawing,  Geography,  French,  English  Dictation. 
Cr.  8vo.    88.  0(1. 

MATTHEWS.-MANUAL  OF  LOGAIHTUMS.    By  G.  F.  Matthews,  B.A.    8vo. 

Tis.  not. 

MERCDR.-ELBMENTS  OF  THE  ART  OF  WAR.  Prci>mea  for  the  use  of 
Ca<h;t8  of  the  United  States  Military  Academy.  By  Jamks  Mbrcur,  Professor 
of  Civil  Engineering  at  the  United  States  Academy,  West  Point,  New  York. 
2d  Ed.,  revised  and  corrected.    8vo.    17s. 

PALMER.-TEXT-BOOK  OF  PRACTICAL  LOGARITHMS  AND  TRIGONO- 
METRY.  By  J.  II.  Palmer,  Head  Schoolmaster,  R.N.,  H.M.S.  Cambridge, 
Dovonport.    Gl.  Svo.    48.  Gd. 

ROBINSON.-TREATISB  ON  MARINE  SURVEYING.  Prepared  for  the  use  of 
younger   Naval  Ofllcers.    With   Questions  for   Examinations  and  Exercises 

Erinoipally  from  the  Papers  of  the  Royal  Naval  College.     With  the  results, 
y  Rev.  John  L.  Robinson,  Chaplain  and  Instructor  in  the  Royal  Naval 
College,  Greenwich.     Illustrated.    Cr.  Svo.     78.  6d. 
SANDHURST  MATHEMATIOAL  PAPERS,  for  Admission  into  the  Royal  Military 
College,  1881-1889.    Edited  by  E.  J.  Brooksmith,  B.A.,  Instructor  in  Mathe- 
matics at  the  Royal  Military  Academy,  Woolwich.    Cr.  Svo.    8s.  (id. 

SHORTLAND.-NAUTICAL  SURVEYING.   By  the  late  Vice-Admiral  Suortland. 

LL.D.     Svo.     21s. 
THOMSON.- POPULAR  LECTURES  AND  ADDRESSES.       By  Sir  William 

Thomson,  LL.D.,  P.R.S.     In  8  vols.     Illustrated.     Cr.  Svo.    Vol.  III.  Papers 

on  Navigation.  [in  tU  Press. 

WILBaNSON.-THB  BRAIN  OP  AN  ARMY.    A  Popular  Account  of  the  German 

General  Staff.     By  Spenser  Wilkinson.    Cr.  Svo.     2s.  (kl. 
WOLSELEY.— Works  by  General  Viscount  Wolseley,  G.C.M.G. 
THE  SOLDIER'S  POCKET-BOOK  FOR  FIELD  SERVICE.     5th  Ed.,  revised 

and  enlarged.     16mo.    Roun.    5s. 
FIELD  POCKET-BOOK  FOR  THE  AUXILIARY  FORCES.    iJmo.    Is.  6d. 
WOOLWICH  MATHEMATIOAL  PAPERS,  for  Admission  into  the  Royal  Military 

Academy,  Woolwich,  1880-1888  inclusive.     Edited  by  E.  J.  Brooksmith,  B.A., 

Instructor  in  Mathematics  at  the  Royal  Military  Academy,  Woolwich.    Cr. 

Svo.     6s. 

AGRICULTURE. 

FRANKLAND.— AGRICULTURAL  CHEMICAL  ANALYSIS,  A  Handbook  of. 

By  Percy  F.  P'rankland,  F.R.8.,  Professor  of  Cliemistry,  University  College, 

Dundee.    Founded  upon  Leitfaden  fur  die  Agriculture  Chemiche  Analyse,  von 

Dr.  F.  Krockeb.    Cr.  Svo.     78.  Gd. 
HARTIG.- TEXT -BOOK  OF  THE   DISEASES  OF   TREES.     By  Dr.  Robert 

Hartiq.     Translated  by  Wm.  Somervii,le,  B.Sc,  D.CE.,  Lecturer  on  Forestry 

in  the  University  of  Edinburgh.     Edited,  with  Introduction,  by  Prof.  H. 

Marshall  Ward.     Svo.  r/ii  vrevaration 

LASLETT.— TIMBER  AND  TIMBER  TREES,  NATIVE  AND  FOREIGN.      By 

Thomas  Laslett.    Cr.  Svo.    Ss.  Cd. 
SMITH.— DISEASES  OF  FIELD  AND  GARDEN  CROPS,  CHIEFLY  SUCH  AS 

ARE  CAUSED  BY  FUNGI.    By  WoiiTiiiNaTON  G.  Smith,  P.L.S.  Illustrated 

Fcap.  Svo.    4s.  6d. 

TANNER.— ^ELEMENTARY  LESSONS  IN  THE  SCIENCE  OF  AGRICULTURAL 
PRACTICE.    By  Henry  Tanner,  F.C.S.,  M.R.A.C,  Examiner  in  the  Prin- 
ciples of  Agriculture  under  the  Government  Department  of  Science.    Fcan 
Svo.    8s.  6d.  ■* 

*FIRST  PRINCIPLES  OF  AGRICULTURE.    By  the  same.    18mo.     Is. 
THE  PRINCIPLES  OF  AGRICULTURE.    By  the  same.    A  Series  of  Reading 
Books  for  use  in  Elementary  Schools.    Ex.  fcap.  Svo. 
*I.  The  Alphabet  of  the  Principles  of  Agriculture.     6d. 
»II.  Further  Steps  in  the  Principles  of  Agriculture.     Is. 
*IIL  Elementary  School  Readings  on  the  Principles  of  Agriculture  for  the 
third  stage.    Is. 
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^^°:~'^^^^^^^  ^^^  SOME  OF  IT8  DISEASES.    By  H    Marshall  W*nn 
^f  ••  ^'hl'I'^-^-    ^^""^'  '^f  Chri8f8  College,  cLbVidge    Professo?  of 
Solr  Or.  SSo  Ts.  ^"'^''"  E»g'^««""S  College.  gooper-sS''  wihTllStra 


DOMESTIC  ECONOMY. 


By  Ladv 


*BARKER.-FmST  LESSONS  IN  THE  PRINCIPLES  OP  COOKING 
Barker.     18mo.     Is.  ^^>y~ii.^\3. 

lnn?Sl^l-^Ill^'^^^'^^^^^^^^^^^^'^^'     ByJ.BERNERS.    18mo.    Is. 
"COOKERY  BOOK—THE  MIDDLE  CLASS  COOKERY  BOOK.     Edited  bv  the 

Manchester  Scliool  of  Domestic  Cookery.     Fcan.  8vo     Is  6d  ^ 

ORAVEN.-A  GUIDE  TO  DISTRICT  NURSES.     By  Mrs.  'dacre  Craven  (niii 

^^^^^JP^^T^^^'^^    '^^    HOUSEWIVES    ON   SEVERAL    POINTS     PAR 

mSSFt^'l?  ^^  '^^^  PREPARATION  OF  ECONOMIcIl  AND  tII'tEFUI: 
DISHES.    By  Mrs.  Frederick.    Cr.  Svo.    Is  ^^-a^iarvu 

*^^^,Y^0maE.-0\JTTmQ.OVT  and  dressmaking.    From  the  French  of 
Mdlle.  E.  Grand'homme.     With  Diagrams.    18mo     Is        ''"mine  Drench ot 

JEX.BLAKE.-THB  CARE  OP  INFANTS.    A  Manual  for  Mothers  and  Nurses 

RATHBONE.— THE   HISTORY  AND   PROGRESS  OF   DISTRTPT   TsrTTn«Txrn 
I^^Sf  ?'^^  COMMENCEMENT  IN  THE  YEAR  1859  TO  THE  PReIfn? 

PntnSrfT"^  the  foundation  by  the  Queen  of  the  Queen  vTctori?SSe 
M.  A    Cr  8va"1s"  6d  '  '  '^^^  °^''  ^°'^'''    ^^  William  RatSne! 

»TEGETMEIER  -HOUSEHOLD  MANAGEMENT  AND  COOKERY.  With  an 
bPw  R  °^?««^P««  "«ed  by  the  Teachers  of  the  National  School  of  Cookery 
SnL     18mo     is;""^-    ^""^^^^'^  **  *^'  '''^''''^  ^^  *^«  School  Board  S 

*WRIGHT.-THE  SCHOOL  COOKERY-BOOK.    Compiled  and  Edited  bv  C  B 
GuTHRiK  Wright,  Hon.  Sec.  to  the  Edinburgh  School  of  Cookery    l8mo.    if." 

BOOK-KEEPING-. 

*?5'^^?  °'' ''°''?-^™"N0-    Bythe»,;,e. 'ismo.    Is. 
Jliiii.    8vo.     2s.  6d. 


By  John  Bar- 


GEOGRAPHY. 

(See  also  PHYSICAL  GEOGRAPHY.) 

BARTHOLOMEW.-*THB  ELEMENTARY  SCHOOL  ATLAS 
tholomew,  F.R.G.S.    4to.     Is.  ^^u^a. 

*^iPf^^^^'^  SCHOOL  ATLAS,  PHYSICAL  AND  POLITICAL     Consisting 
of  80  Maps  and  complete  Index.    By  the  same.     Prepared    for  the  u<fe  nf 
Senior  Pupils.    Royal  4to.    8s.  6d.    Half-morocco.    iQ^l^g'J'^   ^"^^  t^e  use  of 
THE   LIBRARY   REFERENCE  ATLAS  OP  THE   WORLD     Rv  +i,<.  »„ 
A  Complete  Series  of  84  Modern  Maps     With  GeogmpS'inde^x  to  lOO  o^^^ 
places      Half,  morocco.    Gilt  edges.     Folio.    ii2 :  12 : 6  S.    Also  issueti  ?n 
*^T  ?»l't.^^-  ^'"^"^  °^*'     Geographical  Index,  7s.  Cd.  net.    Part  I.,  April  ism 
*0LARKE.-CLASS-BOOK  OF  GEOGRAPHY      Bv  C  B  rrVp^f  pt?  «    \- 

«PTlrpT"tT'"''^''^^P^-    ^«^P^--    ?«     Se^wetzHd.'^'''-'-    "^'^^ 
^''fJ?ve7^?S:  SiftedUfn^^d'oS"""'  ^•^•'•'  »--*-«--al  of  the  Ge.,'.>gical 

'^ZZ^T^i:^  ^OGRAPHv.     A  Practical  Handbook  ,.  ..  use  of 

^GEOGRAPHY  OF  THE  BRITISH  ISLES.    18mo.    Is. 
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^^S;;ttc."^^f  r  «-«««^HY.  iy  Sir  i.oKOK  S^  D.C.L. 
^Cn^^r'^Ss**^^^'^^  ^^  ANCIENT  GEOGRAPHY.  By  Dr.  H.  Kiepert. 
^^^^"^'S   GEOGRAPHICAL    SERIES.  -  Edited  by  Archibald   Geikif 

-THE  T^\Xma"S'n'inn*i'!  ^'°'^^"^'^^  ^"^^"^  "^  the'^United  Kingdom  ' 
T?.I  ^°F^  ^^  GEOGRAPHY.  A  Practical  Handbook  for  the  Use  of 
Teachers.    By  Archibald  Geikie,  P.R.S.     Cr.  8vo     2s 

!^;^^  ^^^  MAP-DRAWING.     By  W.  A.  Elderton.     ISmo.     Is 
^GEOGRAPHY  OP  THE  BRITISH  ISLES.     By  A  Geikie  P  R  S     ifin,.     i 
^^^iS^^lc^^tf;  «L^^«S-S^OK  OP  GENE^AL''GTo§RA?k\'BTil.R 
thP  TfpHA?^nf/^*'r''  "S/*iy«'°g^aphy  and  on  Commercial  Geography  in 

SS?^5^° Y  ^^  NORTH  AMERICA.  By  Prof.  N.  S.  Shaler.   [In  mmtratlon 
''V.^n^ll  ""^  ™^  ^^'^^«^  COLONIES.     By  G.  M.  iH^riTl 

*'*r>u  1  .„  ,  lln  preparation. 

***  Other  volumes  will  be  announced  in  due  course 

^''^R^lr'ifo^lJ'M    ''''  «^0««^HY-    By  General  Richard  Strachev, 
^'^''SoT^.^^''^''''  ""^  CLASSICAL  GEOGRAPHY.    By  H.  P.  Tozer,  M.A. 


HISTORY. 

'^^^^^5;r'^^^  SECOND  PUNIC  WAR.  Being  Chapters  from  THF  TTTqTnpv 
OP  ROME,  by  the  late  Thomas  Arnold,  D.D  ,  HeaTmasteSSv  ?^?f?7 
with  Notes,  by  W.  T.  Arnold,  M.A.    With  8  Maps     Cr  s^o     S  *''^' 

ARNOLD.-THB  ROMAN  SYSTEM  OF  PROVINCIAL  ADMTNTSTP  ATmw  rr^ 
E  ^CrTo'^e"^:  ""^  CONSTANTINE^HE^G^R^Eir  bTwTISkol^d? 

^^^Fca^Jsm'^'S'?'  ^^"""^  ^'^  ^'^'^^^^  ^^  ^^^^^     ^^  ^rs.  Bkeslv. 

^'''in  «\7Srsify'ot 0?fo?r^^'  ''■^■'  ^•^•^•'  ^^^'^  ^^^^^^  «^  Civil  Law 
THE  HOLY  ROMAN  EMPIRE.    9th  Ed.    Cr.  8vo.    78  6d 

,„„„    . ***  Also  a  Library  Edition.    Demy  Svo.     1  ts. 

THE  AMERICAN  COMMONWEALTH.  2  vols.  Ex.  cr.  8vo.  25s  Part  I 
The  National  Government.  Part  IL  The  State  Governments  Part  III" 
The  Party  System.     Part  IV.  Public  Oninion      Part  V    Tihiff^ofi  , 

Reflections.    Part  VL  Social  InstitutiSns  ^  ^'   "^"strations  and 

*BUOKLEY.-A  HISTORY  OP  ENGLAND  POR  BEGINNERS      By  Arabella 
B.Buckley.    With  Maps  and  Tables.    Gl  Svo     g^      '•^'^^^-     -^y  Arabella 

^%^6TRENETD''I9?foo™lv^^'^'^^p^p°^^^a,^^^PI^^  ^^^^  ARCADIUS 
Dublfn^^'^Vofs  •  Ivo     82s'''^  """"^  ^^  ''"^^'  ^•^-  F^^l^w  of  Trinity  College. 

OASSEL. -MANUAL  OF  JEWISH  HISTORY  AND  LITERATURE     BvDr  D 

Cassel.    Translated  by  Mrs.  Henry  Lucas.    Fcap.  8vo     2s  6d 

ENGLISH  STATESMEN,  TWELVE.    Cr.  Svo.    2s.  6d.  each 
William  the  Conqueror.    By  Edward  A.  Freeman  D  6  L    LL  D 
Henry  II.     By  Mrs.  J.  R.  Green.  .     •   •    •>  ^^. ". 

Edward  I.    By  F.  York  Powell  rr 

Henry  VIL    By  James  GAmDNER.  ^'"^  preparation. 
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[In  preparation. 
[In  preparation. 


Cardinal  Wolsey.    By  Professor  M.  Ckeighton. 
Elizabeth,    By  E.  S.  Beesly. 
Oliver  Cromwell.    By  Frederic  Harrison. 
William  III.    ]}y  H.  D.  Traill. 
Walpole.     By  John  Morley. 
Chatham.    By  John  Morley. 
Pitt.    By  John  Morley. 
Peel.    By  J.  R,  Thursfield. 
^'S^^^— Works  by  John  Fiske,  formerly  Lecturer  on  Philosophy  at  Harvard 

THE  CRITICAL  PERIOD   IN  AMERICA?    HISTORY,  1783-1789.     Ex.  cr, 

THBBEGINN'ingS  of  new  ENGLAND;  or,  The  Puritan  Theocracy  in  its 
Relations  to  Civil  and  Religious  Liberty.    Cr.  8vo.    7s.  6d 

^^^5,Kl'~TrH?  ^y  Edward  A.  Freeman,  D.C.L.,  Regius  Professor  of  Modem 
History  in  the  University  of  Oxford,  etc. 

''OLD  ENGLISH  HISTORY.    With  Maps.     Ex.  fcap.  8vo     63 
A  SCHOOL  HISTORY  OP  ROME.    Cr.  8vo.  [In  preparation 

METHODS  OF  HISTORICAL  STUDY.    8vo.     10s  6d  \-''^  P^<>Varatxon. 

^  w?<,ii°I^S  ^^v^i?P^  ^l  EUROPEAN  HISTORY.  '  Six  Lectures.    With  an 

Essay  on  Greek  Cities  under  Roman  Rule.    8vo.    10s  6d 
HISTORICAL  ESSAYS.    First  Series.    4th  Ed.    Svo.    10s.  Cd. 
^loJ^M^^'^^  ESSAYS.    Second  Series.    3d  Ed.,  with  additional  Essays.    Svo. 
HISTORICAL  ESSAYS.    Third  Series.    Svo.    123 

^  TIMES?^^™eT  ™.^8vo^^5 J®^  CONSTITUTION  FROM  THE  EARLIEST 

'^?8^m^o^^^s.  M^^^^  OF  EUROPEAN  HISTORY.    Enlarged,  with  Maps,  etc. 

*PRIMER  OF  EUROPEAN  HISTORY.    18mo.    Is.    {rHst(yry  Primers  ) 

PRIEDBOJIN.-ANNE  BOLEYN.    A  Chapter  of  English  History,  1527-1536     Bv 

Paul  Friedmann.    2  vols.    Svo.    28s  j»       •  ^'"^"-    -oy 

^"^f  ^;~"^  .^^HOOL  HISTORY  OF  GREECE.    By  C.  A.   Fyffe    M  A     late 
Fellow  of  University  College,  Oxford.    Cr.  Svo.    "^  [In  pVemration 

QIBBINS.-THE  HISTORY  OF   COMMERCE    IN  EUROPE.      By  H    de  B 
GiBBiNS,  M.A.     With  Maps.     ISmo.    2s.  6d.  ^ 

^''Src'JSege.crxforT  ""'"^^^  ^^""^'  '^'^•^"  '^''  ^'""''''^  ^«"«^  -' 

*^wS?mT  ^^^'^^^7  PF  THE  ENGLISH  PEOPLE.    New  and  Revised  Ed. 

llis^  Thousa^d"^^  ^^'*^^  '  ''"'^  Chronological  Annals.    Cr.  Svo.    8s.  6d. 

»Also  the  same  in  Four  Parts.    With  the  corresponding  portion  of  Mr   Taifs 

HISTORY  OF  THE  ENGLISH  PEOPLE.     In  four  vols.    Svo.     16s.  each 
Vol.  1.— Early  England,  449-1071 ;  Foreign    Kings,   1071-1214  •  The  Charter 
1214-1291 ;  The  Parliament,  1307-1461.    With  8  Maps.  '  ^' 

Vol.  II.— The  Monarchy,  1461-1540  ;  The  Reformation,  1540-1603. 
VoJj^HI-— P»"tan  England,  1603-1660 ;  The  Revolution,  1660-1688.    With  four 

^MapJkIdIndS?.''°^"^''''''  16S8-1760;  Modern   England,  1760-1815.    With 
THE  MAKING  OF  ENGLAND.    With  Maps.    Svo.    16s 
THE  CONQUEST  OF  ENGLAND.    With  Maps  and  Portrait.    Svo     18s 
^ANALYSIS  OP  ENGLISH  HISTORY,  based  on  Green's  "Short  History'of  the 
English  People. '   By  a  W.  A.  Tait,  M.  A.,  Assistant  Master  at  Clifton  College 
Revised  and  Enlarged  Ed.    Crown  Svo.    4s.  6d  ^"uege. 

•READINGS   FROM  ENGLISH   HISTORY.     Selected  and   Edited  by  John 
Richard  Green.    Three  Parts.    Gl.  Svo.    Is.  6d.  each.    L  Hengist  to  Cresfv 
II.  Cressy  to  Cromwell.    III.  Cromwell  to  Balaklava.  ^' 
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By  M.  J.  Gdest. 


^''"wL-^p^T^r  r^  °^«^^«^  «^  ENGLAND 

*%?gS^re^S;SoSSr?^?tT^if^^  '^  ^-  ^-  ^— .  D-CL 
GENERAL   SKETCH    OF   eUrSatJ™^^^  18mo.  ' 

p.C.L.    NewEd.,reviseLK?ar?ed     w^/h^r?''^-,   ^^   ^-  ^^  ^"^^"ak. 
Index.    S3.  6d.  enlarged.    With  Chronological  Table,  Maps,  and 

iS]f  °;;  sirs,  irrr-  »rf  ™"-  ^'^ 

Maps.    3s.  Cd.  "^  ^'''-  ^-  H"«^'  M.A.    New  Ed.    With  Coloured 

HISTORY  OF  GERMANY     n.r  r  o         ,,  . 

H.TOR.  OP  EUUOPK.//oSxkXi  rr^tM.^  ^..  Map, 

HISTOUY  OF  HOME     by  Edwabd  A   fJ^^'S'^'''-^-       t'»  l»-«i»"»««». 
•HISTOET  PRIMERS  -E.IIM  h.T      p  '^''"°""''  "'•''•I'-  Un  preparation. 

ROME.     BySpc™SoJ.Xf°""'"'°'''''=*''^^-''-    """'•    "•»'="• 
GREECE.    By  0.  A.  Fv.,.,  M.A.,  W  Fellow  „t  University  College,  Oxford 

STSQ?iV,Et'TR^?  f  S"""'^''-  n='  ^-  ^"-™  '^— 
OLASSICAI,  GEOGRaIhY.'  bTh'/t^Z'mV-''-     "'""»«• 
GEOGRAPHY.    By  Sir  0.  Gro™  d  pt      m  '         ' 

ROMAN  ANTIQUITIES      BrProfw/L^KfStD      r,l     ,    ,  . 
ANALYSIS  OF  ENGLISH  HISTOETlT'p^nTV.trM  A 

^•"^I^cnX^'g^H^S^orsST  ■'"'^^  OF  ENGLANI,  ANB 
JENNINGS.-CHRONOLOGICAL    TART  P««'      a'  u       ■  . 

the    events  of  Ancient    ntstoryCwUh   an    Ind^e^^f'^R '*'S  arrangement  of 
Jennings.     8vo.     5s.  ^  ^  index).     By  Rev.    Arthur    C 

Services,  and  System^f  Airnistfation    ^v  s1^  Pn^   Industries;   the  Civil 
of  the  Calcutta  University.     W?th  Maps      C?^8vo  ^gf'^  ^ethbridge.  Fellow 

""^fD^rfoTnl  Sa^^cUq^uS^v^^^^'  T^^  ^«^  «^  ALEX. 

Fellow  of  Trinity  College.  DublS^Ko     lle'd'  '''  ^'  ^^"^*""^'  »•»•' 
THE  GREEK  WORLD  UNDER  ROMAN  ^W a  v     ^'       t.. 
By  the  same  Author.    Cr.  Svo.    lof  Cd  ^™"'  Plutarch  to  Polybius. 

MARRIOTT.-THE  MAKERS  OF  MODERN  ITATY-  m 

BALDi.    Three  Lectures.    Bv  J   A    T?    M.ii  L^^^^'^^' <^avour,  Gari- 

History  and  Political  Economy,  otfo?d      CrTo"'  Ys^e^^'^*"''^^  '"^  ^«^^^n 

'"'T^^^M^'^'I'ltZS^'^O^^^^^^^^  ByM.Michelet.    Trans- 

''^"if^L-p^^nTp^ir  Tr  r  ^^2?"^"^^  ^^^««-    ^y  ^-  NOKOAXE. 
OTTfi.-SCANDINAVIAN  HISTORY.    ByE.'c.Oxx..    With  Maps.    Gl.  8vo     63 
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SEELEY.— Works  hy  J.  R.  Skkmov,  M.A.,  RcKius  Professor  of  Modern  Hintory  in 
the  University  of  C.iml)n(Ij,'e. 

THE  EXPANSION  OF  ENOLANI^    Crown  8vo.    48.  6d. 
OUR  COLONIAL  EXPANSION.    Extracts  from  the  above.    Cr.  8vo.    Sewed.  Is 
*TAIT.  — ANALYSIS    OP    ENGLISH    Hfp.TOliY,    based    on    Green's    "Short 
History  of  the  English  People."     Uy  C.  SV.  A.  Tait,  M.A.,  Assistant  Master 

at  Clifton.     Revised  and  Enlarged  Kd.    Ci.  J-'vu.    48.  6d. 

WHEELER.— Works  by  J.  Talbovb  VVheelkk. 

*A  PRIMER  OF  INDIAN  HISTORY.    Asiatic  and  European.    18mo.    Is. 
^COLLEGE  HISTORY  OF  INDIA,  ASIATIC  AND  EUROPEAN,    With  Maps. 

Or.  Svo.    8s.  ;  sewed,  2s.  6d. 
A  SHORT  HISTORY  OF  INDIA  AND  OF  THE   FRONTIER  STATES  OF 
AFGHANISTAN,  NEPAUL,  AND  BUIIMA.     With  Maps.    Cr.  Svo.     12s. 
TONGE.— Works  by  Charlotte  M.  Yonge. 
CAMEOS    FROM    ENGLISH     HISTORY.      Ex.   leap.    Svo.     5s.    eacJi.     (i) 
FROM    ROLLO   TO   EDWARD    II.    (2)  THE   WARS    IN    FRANCE,    h) 
THE   WARS  OP  THE   ROSES.    (4)   REFORMATION  TIMES.    (5)  ENG- 
LAND AND  SPAIN.    (6)  FORTY  YEARS  OF  STUART  RULE  (1603-1643). 
(7)  REBELLION  AND  RESTORATION  (1642-1678). 
EUROPEAN  HISTORY.    Narrated  in  a  Series  of  Historical  Scloci  ions  from  the 
Best  Authorities.     Edited  and  aiTaiiged  by  B.  M.  Sewell  and  C.  M.  Yonge. 
Cr.  Svo.    First  Series,  1003-1154.    6s.    Second  Series,  10SS-122S.    Os. 
THE  VICTORIAN   HALF  CENTURY— A  JUBILEE   BOOK.    With  a  New 
Portrait  of  the  Queen.    Cr.  Svo.    Paper  covers,  Is.    Cloth,  Is.  6d. 


ART. 

♦ANDERSON.— LINEAR  PERSPECTIVE  AND  MODEL  DRAWING.    A  School 

and  Art  Class  Manual,  with  Questions  and  Exercises  for  Examination,  and 

Examples  of  Examination  Papers.     By  Laurence  Anderson.     Illustrated 

Svo.    2s. 
COLLESR.— A  PRIMER  OF  ART.    By  the  Hon.  John  Collier.    Illustrated. 

ISmo.    Is. 
COOK.— THE  NATIONAL  GALLERY,   A  POPULAR  HANDBOOK  TO.     By 

Edward  T.  Cook,  Avith  a  preface  by  John  RnsKiN,  LL.D.,  and  Selections 

from  his  Writings.    3d  Ed.     Cr.  Svo.     Half-morocco,  14s. 
%*  Also  an  Edition  on  large  paper,  limited  to  2r)0  copies.     2  vols.    Svo. 
DELAMOTTE.— A  BEGINNER'S  DRAWING  BOOK.      By  P.   H.   Delamotte 

F.S.A.    Progressively  arranged.    New  Ed.,  improved.    Cr.  Svo.     3s   *id.         ' 
ELLIS.— SKETCHING    FROM    NATURE.      A    Handbook    for    ,,        ats    and 

Amateurs.    By  Tristram  J.  Ellif.     Illustrated  by  H.  Stm  v  M  uks,  R.A.. 

and  the  Author.    New  Ed.,  revised  and  enlarged.    Cr.  Svo.    8s.  6d. 
GROVE. -A   DICTIONARY   OF  MUSIC  AND   MUSICIANS,     a.h.    1450-1880. 

Edited  by  Sir  George  Grove,  D.C.L.    In  four  vols.    Svo.    Price  21s.  each. 

Also  in  Parts. 

Parts   L-XIV.,    Parts    XIX.-XXIL,    3s.    6d.   each.     Parts   XV.,  XVI.,   7s 

Parts  XVII.,  XVIII.,  7s.    Parts  XXIII.-XXV.  (Appendix),  9s. 
A  COMPLETE   INDEX  TO  THE  ABOVE.     By  Mrs.  E.   Wodehouse.     Svo 

7s.  6d. 
HUNT.— TALKS  ABOUT  ART.     By  William  Hunt.     With  a  Letter  from  Sir  J. 

B.  MiLLAis,  Bart.,  R.A.    Cr.  Svo.    8s.  6d. 
MELDOLA.— THE  CHEMISTRY  OF  PHOTOGRAPHY.    By  Raihaei.  Meldola, 

F.R.S.,  Professor  of  Chemistry  in  the  Technical  College,  Finsbury.   Cr.  Svo.   6s, 
TAYLOR.— A  PRIMER  OF  PIANOFORTE-PLAYING.    By  Franklin  Taylor. 

Edited  by  Sir  George  Grove.    18mo.     Is. 
TAYLOR.— A    SYSTEM   OF   SIGHT-SINGING    FROM   THE    ESTABLISHED 

MUSICAL  NOTATION ;  based  on  the  Principle  of  Tonic  Relation,  and  lUus- 

trated  by  Extracts  from  the  Works  of  the  Great  Masters.    By  Sedley  Taylor. 

Svo.    53.  net. 
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TYRWHITT.-OUIl  SKETOIIINO  CLUH.     Lettcra  and  Studies  on  UndBcnpe 
Art     By  Rev.  R   Hj.  John  TYiiwum-.    With  an  authoriaed  Reproduction 

y/,*^V^''T"'*'V"'^]\'"''^''"*«  '"  ^'■^f-  Huskln's  "Elements  of  Drawing."    4th 
lid.    (Jr.  8vo.     7H.  6d.  * 


DIVINITY. 

ABB0TT.-BII3LB  LESSONS.     By  Rev.  Edwin  A.  Abbott,  D.D.    Cr.  8vo.   4s.  6d 

^®®^,TJn"T.^H^?^?°°^--^'"^  COMMON  TRADITION  or  THE  SYNOPTIC 
GOSPELS,  mtlie  lext  of  the  R.-vi.sed  Version.  By  Rev.  Edwin  A.  Abbott, 
D.D.,  and  W.  G.  Rushbbooke,  M.L.     Cr.  8vo.     Sa.  (5d. 

ARNOLD.— Worlts  by  Matthew  Arnold. 
A   BIBr,E-READING    B'OR    SCHOOLS,-THE    GREAT     PROPHECY    OB- 
IS HAELS    RESTORATION   (Isaiah.    Chapters    xlMtii.)AiT?nged    a^d 
Edited  for  Young  Learnera.    ISnio.     Is.  /  e,        » ■« 

^^w  i^".  ^h'J'^V'    T^^'^  ^^'^  Sliorter  Propliecies  allied  to  it.    Arranged  and 
Edited,  with  Notes.    Cr.  8vo.    68. 

^^w-M^  ?^  JERUSALEM,  IN  THE  AUTHORISED  ENGLISH  VERSION. 

With  Introduction,  Corrections  and  Notes.    Cr.  8vo.    43  Cd 

BENHAM.-A  COMPANION  TO  THE  LECTIONARY.  Being  a  Commentary  on 
the  Proper  Lessons  for  Sundays  and  Holy  Days.  By  Rev.  W.  Benham.  B.D 
Or,  ovo.     4s.  6d, 

CASSEL.-MANUAL  OF  JEWISH  HISTORY  AND  LITERATURE  •  nreceded  bv 
a  BRIEF  SUMMARY  OF  BIBLE  HISTORY.  By  Dr.  D  Cassel'.  ^Snslated 
by  Mrs.  H.  Lucas.    Fcap.  8vo.    23.  6d. 

°^Ta°S~1?r^?vo^®  ^^^^  '^^^  ^^^^^-     ^^  ^^^-  ^  ^-  Cni^Rf'".  M.A.     lUus. 

*°^SHP~T?nn^®nt^^?«?T?r^.  SELECTED  FROM  THE  PENTATEUCH  AND 

™h  nS.^  GLsio^'^Yt.  ""'  '''"   '"'^  ^-   ^'^"•^^-    '"  ^'■'  '^'''^'''' 

DRUMMOND.-INTRODUCTION    TO    THE    STUDY    OP    THEOLOGY       Bv 

James  Drummond,  LL.D.,  Professor  of  Theology  in  Manchester  New  Collce 
London.    Cr.  8vo.    6s.  °  ' 

FARRAR.— Works  by  the  Venerable  Archdeacon  P.  W.  Farbab.  D.D     P  R  S 
Archdeacon  and  Canon  of  Westminster.  ''     '       '' 

THE  HISTORY  OP  INTERPRETATION.    Being  the  Bampton  Lectures,  1885. 

THE  MESSAGES  OF  THE  BOOKS.    Being  Di     ^urse:  and  Notes  on  the  Books 
of  the  New  Testament.    8vo.    Hs. 

•GASKOIN.-THE  CHILDREN'S  TREASURY  OF  BIBLE  STORIES.     By  Mrs 
Herman  Gaskoin.      Edited  with  Preface  by  Rev.  G.   P.    Maclear,  D.d' 
ISmo.    1^   each.    Part  L— Old  Testament  History.     Part  II.— New  TestaI 
MEN!',    lart  III.— The  Apostles  :  St.  James  the  Great,  St.  Paul,  and  St. 
John  the  Divine.  ' 

GOLDEN  TREASURY  PSA  TER.-Students'  Edition.  Being  an  Edition  of  "  The 
1  salms  chronologically  .uranged,  by  Four  Friends,"  with  briefer  Notes.  18mo. 
oS*  on  ■ 

GREEK  TES1AMENT.-E.iited,  with  In;  oduction  and  Appendic. 
WESToon  a. id  Dr.  F   J.  A.  Hort.    Tu„  Vols.     Cr.  8vo.    lOs.  Cd. 
I.  The  Text.    Vol.  II.  Introduction  and  Appendix. 
SCHOOL  EDITION  OF  TEXT.    12mo.    Cloth,  4s.  6d. ;  Roan,  red  edges,  5s.  6d. 
18mo.    Morocco,  gilt  edges,  6s.  6d.  ' 

"ViT'i-I.  'y "^  !"''■•  i,  oOxi-.-Y^-i  ivcjADIiM^.-    r,'  TnE.     ueing  the  o.     ine  of 

the  life  of  our  Lord,  as  given  by  St.  Mark,  with  additions  from'the  Text  of  the 
other  Evangelists.  Arranged  and  Edited,  with  Notes  and  Vocabulary,  bv 
Rev.  A.  Calvert,  M.A.    Fcap.  8vo.    28.  6d. 
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On.SPEL  ACCORDING   TOST    MATfMii,'w      i.  •       .,      ^ 
revise.!  by  JJisho,,  Wkst coti- a  d  I)r   Jlu.n      wm,  i"f'"?  H'?  ^•""^'^  ^ext  as 

by  l)i.li„i.  WMTcrr  a,„l  Dr  ii„",t    Witl.l,,,, „",•'"'  OTt,^'"'  •''»  '"i""'' 

*THE  OOSPEL  ACCORDING  TO  ST  LUKF  n«i.  n  ^  ,  l^"  KCFtrntiou. 
by  Bisliop  Wk.st.'.;tt  ami  Dr  Hour  \vm;  I^fm^.  I'k  ^''"""i  ^J""^  ""  '^^i^e'' 
JouN  UoND,  M.A.    Fciip.  8vo     •>"  C.l  ^'^tro'^uction  and  Notea  by  Rev. 

Assistant  Muster  autam..}!!-hout^''';C^Svo^''"s'^^       ''  ^^°^'  ^^•^•• 

HARDWIOK.- WorkH  by  Arcl.d^acon  IIaudw.ck  ^^"  Pr«para«oH. 

A  HISTORY  OF  THE  CHRISTIAN  mnnnii      nf,,,      . 

HOOLE—THECLASSICALELEMENTINTHENEWTESTAMPNT    r      m       , 

asaproof  of  ts Genuineness  witi.  m.  A,w,ttr1;l       4.,     .  ,  ,    ^'^^-   Considered 

in  the  Fonnaticvi  of  tl  c"Si    By  CntiSHUo^':  '^^T' ^''^''''1^''''  "««d 
Church,  Oxford.     8vo     IO3  6d      '^"^^'''^^  "•  ""o^-e.  M.A.,  Student  of  Cluist 

'^"^iSArNO^S^TyT^C  ?iS  J^A™    INTRODUCTIONS    AND 

KIRKPATRIOK.-THE    MINOR    PROPHFT«4       vr    v     1 

Rev.  Prof.  Kirkpatrick  I'ROPHEIS.      Warburtonian   Lectures.      By 

KUENEN.-PENTATEUCH  AND  BOOK  OP  JO-^HTTA  •    a.  „.f{"r«^«'-«<^"o«- 
"°KT-''°*'  "'  "«  '««>"  «-•'•  =•'  I""™.,  D.D..  late  B„h„p„r 

^^^®P9F?LIC  FATHERS.     Part  I.  ST.  CLEMENT  OF  ROM  F      Ap     •     , 

Text,  with  Introductions.  Notes,  DissertationsTand  TmS^nl'^-s  vtlfZ' 

THE  APOSTOLIC  FATHERS.      Part  IL    ST.  IGNATIUS    ST  PnivnAor. 
fr^mS!:  S  ^']J;"-««-.  Notes.  DiStZs!-aS- ?2.'nli?^^^^^^^ 

ToefT?xraS^ESSsla1?oW^^^^  ™  «^-^  ^"n^tions, 

""""S^:  Ca'Sje^Su'r"  """•  ^'  ^-  ''"^^^^"'  ^•^•'  ^^--^^^  «^S*-  ^"g-tine-s 
ELEMENTARY  THEOLOGICAL  CLASS-BOOKS 
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MAOLEAR.— Works  by  Reyr  n   v  Ma, .,.*..   n  t^ 

..r.^s.BooKo„HKcfS^Z;Sc^"u;r,;.„o.  ..„:..„ 

;^|.'&<i"'^^ifKi,,l;i;™,,'^^V.KOU,SM  OF  THE  CHURCH  OF 

Maurice,  M.A.     ISnio.     i^  '''''""  ^'^'^''^   ^f  the  Scripturen.     IJy  Uev.  F.  D. 
THE  PENTATEUCH  AND  BOOK  OF  JOSHnA  •    An  rr-  .    • 

^^  E,I.     Cr.  8TO.    5i  net  '^^^  ARRANGED.    By  Four  Friends.    New 

J^^'^%Tfes^Se%S^,'^''  ^^f™^  NOTES.     By  A.  0. 

M.A.    Hebrew  Lect'lrer  S  SiS'    Coufl'  Cam  f/V"  ^'^'r*^  ^^  ^^-  ^   ^o^ve 
revised.    Cr.  8vo.    lOs.  (id  each  °  '    ^'"^'^'^Se.    In  2  vols.    2d  Ed., 

SIMPSON.— AN  EPITOME  OP  THE  HTSTOnv  cr?  rr„^  „„^      f^"  preparation. 
ST.  JAMES' EPISTLE.-Tlie  Greek  Text  wlfrr„7,    I  *'»?•«»<>•    S».  6<1. 

JOSEPH  M..„„.M,A.,P.fer„i;j;fes';;s^iijt^^^^^^^^ 

ST.  PAUL'S  EPISTLES  -Ltttp'  wVir^n^r  A  i'^       ^"•'  '^evised.    8vo.     12s.  Cd. 

Very  Rev.  C  J.  VAUG^^^g  ^%?L^^         ™g  ROMANS.    Edited  by    he 

THE  TWO  EPISTlS  J^THE  cSSNTm^^^^^^  ^r.  Svo.     rim. 

the  late  Rev.  W.  Kay  D  D    Rp?fn?i?P^W^',^  COMMENTARY  ON.    Bv 

THE    EPISTLE   TO   THFaATArrTAlxS''^^^^'^''''^^"^^-     8^0.     9s.  ^ 

Liohtfoot:  Dy^loEif^cl.^^8^f  ^l^sf  •    ^'^^^^'^  ^y  the  Right  Rev.  J.  B. 

THE  EPISTLE  TO  THE  PHILIPpiANSRvti,    ^        x.,-. 

THE  EPISTLE  TO  THE  PH  UPPIANH  ^v^^  '"'^'^-  8^«-  ^Ss. 

Notes  for  English  Readers    By  the  Verv  Rev  P  /^^"^^^t'on.  Paraphrase,  and 
THE  EPISTLE  TO  THE  COLOsi?AVcf  at^^  ^i'^^'"''"^''' ^•^-   <^^- 8vo.  5s. 

Rev.  J.  B.  LiGHTFooT,  D  a^S  Ed      ^^^  S  PHILEMON.    By  the  Righi 

ToNTw^Ktr^oirns^Sfo^iJ'^  ">-OSSIANS   AND  PHILE- 

S!rto:"^^'\r-^«-- 

by  Prof.  Cairns.    8vo.    12s  ^  ^^-  ^-  ^°™«'  ^^•^•.  witli  Preface 
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THE  EPISTLE  TO  THE  HEBREWS.- In  Greek  anrl  Fn^iiai,     wuk  n  •>•    ^ 
Explanatory  Notes.    Edited  by  Lv.'p.  RllS.K'^'cr'^l^o^  ^6? '"'  ""'^ 
To  ^^s^'ef  "^  '^'^^^'  ^'^^  COMMENTARY.    By  the  same  *  EdLr.    Cr. 

^??  sT^T?  ;?^''    ''^''^  ""''''  'y  «•  •^-  ^^^««-.  ^'^■'  Dean  of  Llandaff. 

TKsS2?r!^.S^Yvo  T  "'"^^^  '^'^^   ^^^^^^  ^^  *^^  ^^«^^*  «-  Bishop 

"7^saTeZ?.?|lZ^^^^^^^^^ 

Vaoohan,  D.D.,  Dean  of  Llandaff.    New  Ed.    Cr  8vo     10s  6d  ^ 

^^dS'S"^''"^"  ^^  *^'  ^'^^'*  ^'^-  ^^"^•'^  ^««^  Westcoit.  D.D.,  Bishop  of 

A  GENERAL  SURVEY  OP  THE  HISTORY  OF  THE  PANOwnw  tuv  xti^^t 
TESTAMENT  DURING  THE  FIRST  FOUR  CENTUrS  ?S.  ^,^  ^n 
Preface  on  "Supernatural  Religion  "    CrSvo     ] Os  6d  '^-    ^'"' 

''S-''?vr?oTd  "^"^   ^'^   '^^^^  ^^  ™^  FO'UR- GOSPELS.     7th  Ed. 

^?v^o.'^';?s'^'^'=  "^^  '^'^^  HEBREWS.    The  Greek  Text,  with  Notes  and  Essays. 

,v^o!I?«2i™  °^^^'^®  ^^^^  '^^E  ORDINAL.    Cr.  8vo.     Is  6d 

WESTCOTT    and   HORT.-THE    NEW    TESTAMENT    IN   trit    nnroTXT^r 

Introduction  and  Appendix.  ^^'^'     ^^^-   "• 

''iKo^^,Kfe,?"J^r-    '^'"°-    *""'-i«»«". -lodges,  5. Cd.    ISmo. 

WRIGHT.-THE  COMPOSITION  OF  THE  FOUR  GOSPFT^      An;-    ,  t. 

•yONOE—SCRimiKE  READINGS  FOE  SCHOOLS  AND  FAMILIES      Rv 

—The  Gospel  Times.    Fifth  SEhiES.— Apostolic  Timev:       ^""«^«  oeries. 
^^^S^SJ^Er'"'^®  HEBREW  STUDENT'S  COMMENTARY  ON  ywPTTAPT*  j 

Christ's  College,  Cambrklge.'   8va    10s  6d'  ^•^"  ^'^''''  ^''^^'''  ''^ 


Printed  by  R.  &  R.  Clark,  Edinburgh. 


times.-  orawing.  ...  A  capital  magazine  for  all  tables  and  all 

mt  (BngMf  mimttsitb  mmnne,  1884. 

^  JIa„^scme  Volume,  o/ygi  pages,  with  428  Illustratiom,  price  7.  6A 
Ihe'^ASthorTf'  ■•Toh„"'Ha^r''''r  ^T'  °f  ?«"l"-e  Sketches  by 

by°wen.L:o"w„Ti.r  "■°"  '^'""^^  ^"O  Essays  o„^S;X°S™e^; 

afrf  €ttglialj  JU«atrat«J»  ^tagajtttf,  1885. 

-4  Handsome  Volume,  of  %,o  pages,  „.M  neariy  500  lllustraUons, 

price  8j-. 

The  Volume  contains  a  Complete  Novel   ' '  A  F  A  tvttv  v  a  trr-  a  tt^  „ 
by  Hugh  Conway,  Author  of  ''cXd  R.^;  "       f^Y  ^?,^^^^' 

Wat  dnglialT  Jllustratt&  Haga^ittf,  j886. 

A  Handsome  Volume,  of  Ss2  pages,  eontaining  nearly  500  lUustra- 

lions,  price  8j. 

Among  the  Ch.ef  Contributors  to  the  Volume  are  the  following  :- 


The  Author  of  "John  Halifax, 


Gentleman." 
D.  Christie  Murray. 
Margaret  Veley. 
w.  e.  norris, 
Grant  Allen. 


Clementina  Black. 


Mrs.  MOLESWORTH. 

Wilkie  Collins. 
Mrs.  Oliphant. 
.   Katharine  S.  Macquoid 
Rev.  Canon  Ainger,  Alfred  T  ■w/'ATcr.xT    u   o 
WARDS.    Dr.    Morell    MrcKENziF    a    r    Sw        ^^^^^^^^^^  Ed- 
LucY.  Edmund  Gosse,  The  Ri^h    ket  Th.  r^      ''^'''''r,^^^^^  W. 
dolph    Caldecott    Miss   L    ATM?  Ta  '"""J  °'"  ^'''o^'  ^^n- 

ROGER   DE   COVERLEvl^^^Uh^pl^i^s^^^^^^^^^^^  ^'^^     ^^^ 


MACMILLAN  AND   CO.,  LONDON. 


^ht  (BttgUalj  Jlhtatrat^ir  ittajajtn^,  1887. 

A  Handsome  Volume^  of  832  pages,  and  containing  nearly  500  Illus- 

tratiojts,  price  %s. 
The  Volume  contains  the  following  Complete  Stories  and  Serials  :— 
Marzio's  Crucifix.   By  F.  Marion  Crawford.   A  Secret  Inheritance. 

By  B,  L.  Fi^RlEON.     Jacquetta.     By  the  Author  of"  John  Herring."    Gerald. 

By  .Stanley  J.  Weyman.     An  Unknown  Country.    By  the  Author  of  "John 

Hahfax,  Gentleman."     With  Ilkistrations  by  F.  Noel  Paton.     A  Siege  Baby. 

By  J.  S.  Winter.     Miss  Falkland.     By  Clementina  Black. 

%\it  (Bttglialj  JUustrat^tr  iKagajim,  1888. 

A  Handsome  Vohime,  of  ^-^2  pp.,  with  nearly  500  Illustrations, price  %s. 
Among  the  chief  Contents  of  the  Volume  are  the  following  Complete 

Stories  and  Serials  : — 


Coaching    Days    and    Coaching 

Ways.  ByW.  O.  Tristram.  With 
Illustrations  by  H.  Railton  and 
Hugh  Thomson.         [of  "  Mehalah." 

The  Story  of  Jael.    I^y  the  Author 

Lil:  A  Liverpool  Child.  By 
Agnes  C.  Maiti.and. 

The  Patagonia.  By  Henry 
James.  [Weyman. 

Family    Portraits.       By    S.    J. 


The  Mediation  of  Ralph  Harde- 

lot.     By  Prof.  W.  Minto. 

That  Girl  in  Black.     By  Mrs. 
Molesworth. 

Glimpses  of  Old  English  Homes. 

By  Elizabeth  Balch. 

Pagodas,  Aurioles,  and  Umbrel 

las.     By  C.  F.  Gordon  Cumming. 

The    Magic    Fan.      By    John 

Strange  Winter. 


%\n  %n%\n\i  Jlhtstrat^tr  Jltagafitt^,  1889. 

A  Handsome  Volume,  of  <^oo pp.,  with  nearly  tfx>  Illustrations, price  ^s. 
Among  the  chief  Contents  of  the  Volume  are  the  following  Complete 

Stories  and  Serials  : — 


SanV  Ilario,       By  F.    Marion 

Crawford. 
The  House    of  the    Wolf.      By 

Stanley  J.  Weyman. 
Glimpses  of  Old  English  Homes. 

By  Elizabeth  Balch. 
One    Night— The    Better    Man. 

By  Arthur  Paterson. 


How  the  "  Crayture  "  got  on  the 

Strength.      And  other  Sketches.      By 

Archibald  Forbes. 
La  Belle  Americaine.     By  W.  E. 

NoRRis.  [Macquoid. 

Success.       By    Katharine    S. 
Jenny  Hailowe.     By  W.  Clark 

Russell. 


®lje  CSttgltalr  Illustrated  iKsg^^lne,  1890. 

A  Handsome  Volume,  of  ^oo pp.,  with  nearly  550  Illustrations,  pt ice  Ss. 

Among  the  chief  Contents  or  the  Volume  are  the  following  Complete 

Stories  and  Serials  : — 

The  EJng  of  Amasis.  By  the  Earl  of  Lytton.  The  Glittering  Plain : 
or,  the  Land  of  Living  Men.  By  William  Morris.  The  Old  Brown 
Mare.  By  W.  E.  Norris.  My  Journey  to  Texas.  By  Arthur  Patkrson. 
A  Glimpse  ot  Higliclere  Castle  -A  Glimpse  of  Osterley  Park.  By 
Elizabeth  Balch.  For  the  Cause.  By  Stanley  J.  Weyman.  Morised 
By  the  Marchioness  of  Carmarthen.  Overland  from  India.  By  Sir 
Donald  Mackenzie  Wallace,  K.C.I.E.  The  Doll's  House  and  After. 
By  Walter  Besant.    La  Mulette,  Anno  1814.     By  W.  Clark  Russell. 
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